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21) Imagine a pie
e of matter, either gas, liquid or solid2) Imagine a series of ex
itation levels, atomi
, mole
ular3) Imagine the intera
tion of this substan
e with the EM radiation (dipolar int)Now, you are ready to hearing me telling you something SURPRISING!3 Ele
tromagneti
 Field
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tor potential
A(r) =

∑

αk

√

2π~c2

V ωk

[

eα(k)aαke
ikr + e∗

α(k)a∗αk
e−ikr

]The �elds: E = −(1/c)∂A/∂t , H = curlAThree Maxwell's eqs: curlE = −1
c
∂H/∂t, divH = 0, divE = 04The free Lagrangian:
Lf = 1

8π

∫

dr (E2 −H2) =

=
∑

αk

~

4ωk

(

ȧαkȧ−α−k + ȧ∗αk
ȧ∗−α−k

+ ȧαkȧ
∗
αk

+ ȧ∗αk
ȧαk

)

−

−
∑

αk

~ωk

4

(

aαka−α−k + a∗αk
a∗−α−k

+ aαka
∗
αk

+ a∗αk
aαk

)The intera
ting Lagrangian:
Lint =

1

c

∫

dr · jA =
∑

αk

√

2π~

ωk
[eα(k)j∗(k)aαk + e∗

α(k)j(k)a∗αk
]5Eq of motion:

äαk + ä∗−α−k
+ ω2

k

(

aαk + a∗−α−k

)

=

√

8πωk

~
e∗

α(k)j(k)The fourth Maxwell's eq:
curlH = (1/c)∂E/∂t+ 4πj/c6 Matter Field (Substan
e)Atoms, mole
ules i = 1, 2...N (non-intera
ting)

Hs =
∑

i

Hs(i)Wavefun
tions:
Hs(i)ϕn(j) = εnδij ,

∫

drϕ∗
n(i)ϕm(j) = δijδnm
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al Review 37The �eld:
ψn =

∑

i

cniϕn(i) , Hsψn = εnψn

∑

i

|cni|2 = 1 , ψn =
1√
N

∑

i

eiθniϕn(i)The quantization of the �eld:
Ψ =

∑

n

bnψn8Boson operators: N → ∞ (any o

upan
y)
N =

∑

n

b∗nbnThe Lagrangian:
Ls =

1

2

∫

dr (Ψ∗ · i~∂Ψ/∂t − i~∂Ψ∗/∂t · Ψ) −
∫

drΨ∗HsΨ

Ls =
1

2

∑

n

i~
[

b∗nḃn − ḃ∗nbn

]

−
∑

n

εnb
∗
nbn9S
hroedinger's equation:

Hs =
∑

n

εnb
∗
nbn , i~ḃn = εnbnThe 
urrent density:

j(r) =
∑

i

J(i)δ(r − ri) =
1

V

∑

ik

J(i)e−ikrieikr =
1√
V

∑

k

j(k)eikrRemember the intera
tion with the EM �eld:
Lint =

∑

nmαk

√

2π~

V ωk

[eα(k)I∗mn(k)aαk + e∗
α(k)Inm(k)a∗αk

] b∗nbmNote this matrix:
Inm(k) =

1

N

∑

i

Jnm(i)e−i(θni−θmi)e−ikri
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al ReviewS
hroedinger's equation again, with intera
tion:
i~ḃn = εnbn −

∑

mαk

√

2π~

V ωk

[eα(k)I∗mn(k)aαk + e∗
α(k)Inm(k)a∗αk

] bm10And Maxwell's equation:
äαk + ä∗−α−k

+ ω2
k

(

aαk + a∗−α−k

)

=
∑

nm

√

8πωk

V ~
e∗

α(k)Inm(k)b∗nbmThe most 
ommon from of the intera
ting hamiltonian (Quantum Ele
trodynami
s):
Hint = −

∑

nmαk

√

2π~

V ωk
[eα(k)I∗mn(k)aαke

i
~
(εn−εm−~ωk)+

+e∗
α(k)Inm(k)a∗αk

e
i
~
(εn−εm+~ωk)]b∗nbm11 Coheren
e Domains

Lint =
∑

nmαk

√

2π~

V ωk

Fnm(αk)
(

aαk + a∗−α−k

)

b∗nbm

Fnm(αk) =
1

N

∑

i

eα(k)Jnm(i)eikri−i(θni−θmi)What I want? A 
lassi
al dynami
s!Note the RANDOM PHASE ikri − i (θni − θmi)! Vanishing intera
tion!We may arrange, perhaps, for some k's, but no thermodynami
s!12 Way out: A LATTICE!For any pair (nm) of energy levels: ri = Rp + rpi, spatial latti
e Rp, rpi restri
ted to the �rstWigner-Seitz 
ell
Rp su
h that the magnitudes of its shortest re
ipro
al ve
tors kr, r = 1, 2, 3, are equal with themagnitude of the relevant waveve
tors k, i.e. those waveve
tors whi
h satisfy ~ωk = εn − εm > 0;and krRp = 2π × integerOnly a 
ubi
 and a trigonal (rhombohedral) symmetry is thus allowedA 
ubi
 latti
e: a periodi
ity length λ = 2π/k, where k is the magnitude of the relevant waveve
tor13Again

Fnm(αkr) =
1

N

∑

pi

eα(kr)Jnm(i)eikrrpi−i(θni−θmi)
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al Review 5Coheren
e 
ondition:
krrpi − (θni − θmi) = KThe subsets Nnm(αkr): eα(kr)Jnm(i) = Jnm

Fnm(αkr) = JnmNnm(αkr)/N
∑

(nm)αkr

Nnm(αkr) = N14The phase of the internal motion of the i-th parti
le is 
orrelated to the position ofthat parti
leLong-range order, a 
ooperative phenomenonThe phase of the internal motion "feels" the parti
le positionVarious pairs (nm): a superposition of su
h latti
es of 
oheren
e domainsThese latti
es 
an also be one- or two-dimensionalA one-dimensional latti
e of 
oheren
e domains: a set of parallel sheets (layered stru
ture), withthe relevant periodi
ity length λ15 Classi
al Dynami
sGround-state n = 0, the �rst ex
ited state n = 1Ma
ros
opi
 o

upation: use c-numbers β0,1 for operators b0,1The o

upation number has no de�nite value, its 
onjugate phase is well de�nedThese are 
oherent states de�ned by b0,1 |β0,1〉 = β0,1 |β0,1〉
ε1 − ε0 = ~ω0, where ω0 = ck016Limit the waveve
tors to the basi
 re
ipro
al ve
tors kr of magnitude kr = k0 = 2π/λ0Use c-numbers α for the photon operators aαkr

Lint =

√

2π~

V ω0
J01 (α + α∗) (β∗

1β0 + β1β
∗
0)

Lf =
~

4ω0

(

α̇2 + α̇∗2 + 2 |α̇|2
)

− ~ω0

4

(

α2 + α∗2 + 2 |α|2
)

Ls =
1

2
i~

(

β∗
0 β̇0 − β̇∗

0β0 + β∗
1 β̇1 − β̇∗

1β1

)

−
(

ε0 |β0|2 + ε1 |β1|2
)

Lint =
g√
N

(α + α∗) (β0β
∗
1 + β1β

∗
0)17

g =
√

π~/6a3ω0J01 =
√

π~ω0(e2/6a0)(a0/a)
3/2

ε1 − ε0 = ~ω0 = 10eV , λ0 = 103Å, g ∼ 0.8eV (a0 = 0.53Å)
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Ä + ω2

0A = 2ω0g

~
√

N
(β0β

∗
1 + β1β

∗
0)

i~β̇0 = ε0β0 − g
√

N
Aβ1

i~β̇1 = ε1β1 − g√
N
Aβ018The Hamiltonian:

Hf = ~

4ω0

Ȧ2 + ~ω0

4
A2

Hs = ε0 |β0|2 + ε1 |β1|2

Hint = − g
√

N
A (β0β

∗
1 + β1β

∗
0)Conservation laws:

Hf +Hs +Hint = E , |β0|2 + |β1|2 = N19Solutions: Ground-State β0,1 = B0,1e
iΩt

A = 2g
~ω0

√
N

[

1 − (~ω0/2g)
4]1/2

B2
0 = 1

2
N

[

1 + (~ω0/2g)
2]

B2
1 = 1

2
N

[

1 − (~ω0/2g)
2]

Ω = ω0

[

−1

2
+

2g2

~2ω2
0

]20Criti
al 
oupling:
g > gcr = ~ω0/2Ground-state energy:

E = − g2

~ω0

N
[

1 − (~ω0/2g)
2]2

= −~ΩB2
121
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al Review 7Some 
onsequen
esEle
tri
 �eld vanishingMagneti
 �eld quite high H ∼
√

~ω0/a3 ∼ 106GsPolarization P = 1
V

∑

i p(i) cos (θ1i − θ0i)
[

1 − (~ω0/2g)
4]1/222 Elementary ex
itations

A→ A+ δA, β0,1 → β0,1 + δβ0,1, δβ0,1 = (δB0,1 + iB0,1δθ0,1) e
iΩtSolutions of the form (δA, δB1, δϕ)eiωt

ω2
1,2 =

1

2
ω2

0

[

λ4 + 1 ±
√

(λ4 − 1)2 + 4

]

, λ = 2g/~ω0Elementary ex
itations Ω1,2 = Ω ± ω1,2Weak 
oupling limit these frequen
ies behave as ω1 ≃
√

2ω0 and ω2 ≃
√
λ2 − 1ω0 (Ω1,2 ≃ ω1,2).23 Thermodynami
sNo thermodynami
s

Z ≃ treβ(µN−H) =

∫

dρ · eβNµρ

√

~ω0 (~ω0 − µ) − 4g2̺
≃ eβNµ~ω0(~ω0−µ)/4g2(Compute tr by ∫

dβ0xdβ0y...)Thermodynami
 potential Ω = Nµ~ω0 (~ω0 − µ) /4g2Ordered phase, vanishing entropy24 Super-Radiant Phase Transition
Hf = ~ω0

∑

µ

(

a∗µaµ + 1/2
)

, Hs = ~ω0b
∗
1b1

Hint = − 1√
N

(Gb∗1b0 +G∗b∗0b1)

µ stands for the pair αkr, G =
∑

µ gµaµ and gµ =
√

2π~/V ω0J01N(µ)/
√
NCompute the partition fun
tion by introdu
ing spin variables

Sz = b∗0b0 − b∗1b1 =
∑

i (b
∗
0ib0i − b∗1ib1i) =

∑

i szi

S+ = b∗0b1 =
∑

i b
∗
0ib1i =

∑

i s+i

S− = b∗1b0 =
∑

i b
∗
1ib0i =

∑

i s−i
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al Review24Free ensemble for g < ~ω0, at any temperatureFor g > ~ω0 there exists a 
riti
al temperature Tc given by ~
2ω2

0/g
2 = tanhβc~ω0/2 (or βc ≃

2~ω0/g
2)For T > Tc free ensemble, for T < Tc a non-trivial thermodynami
sIn the former 
ase the ensemble of parti
les is in the normal state, with a free energy per parti
le

f0 = ~ω0/2 − β−1 ln [2 cosh β~ω0/2]For T slightly below Tc the free energy per parti
le is
f ≃ f0 −

~ω0

4
(1 − T/Tc)

225The entropy is 
ontinuous at the 
riti
al temperatureThe spe
i�
 heat has a dis
ontinuity C = C0 + ~ω0/2TcThe transition is of the se
ond kind, with the order parameter the photono

upation number26 Con
lusionsA new state of matter intera
ting with EM radiationMa
ros
opi
 o

upation of the atomi
, mole
ular energy levelsMa
ros
opi
 o

upation of the photon �eld, 
lassi
al �eldAll due to a 
orrelation between the internal phases and spatial positionsPattern: 
oheren
e domainsProviding 
ertain 
riti
al 
onditions on the 
oupling strength, temperatureNew 
olle
tive ex
itations, measurable27
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