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ω2u +

d2u

dx2
= 0 (1)written here in a simpli�ed form in one dimension with usual notations may hold for the desriptionof ertain wave phenomena. Obviously, the quantities in equation (1) must have a de�nite meaning,whih means that funtion u must be ontinuous and di�erentiable on an open domain. We maybe interested for instane in solving equation (1) for x > 0. Then, on obvious physial grounds,we must admit that u = 0 for x < 0, and the natural question arises: what happens for x = 0?Of ourse, we have the lateral limit u → u0 for x → 0 with x > 0 and must notie that equation(1) gives

du

dx
|x=0 = u

′

0
= 0 (2)by integration about x = 0, where u

′

0
is the lateral derivative. Equation (2) provides the so-alled"free-end" boundary ondition. Obviously, du/dx may be viewed as a generalized "fore", forinstane an elasti fore (per unit length), and the boundary ondition (2) tells that the "surfae"fore at x = 0 is vanishing.We might be interested to add a fore to equation (1), in partiular a fore loalized at x = d, sowe may write
ω2u +

d2u

dx2
= fδ(x − d) (3)and wish to onsider the limit d → 0 as desribing a fore loalized on the surfae. Now, indealing with δ(x) we must understand that this is a highly-peaked funtion on x = 0, suh that

∫

dxδ(x) = 1, but otherwise ontinuous and di�erentiable. Similarly, when using the step funtion
θ(x), θ(x) = 1 for x ≥ 0 and θ(x) = 0 for x < 0, for whih δ(x) = θ′(x), we must onsider it asan abrupt funtion, but otherwise ontinuous and di�erentiable. It follows that we have to admitthat solution u in equation (3) must have a little extension to the lhs of x = 0, and ertainly bede�ned for x = 0, of ourse as its lateral limit u0; and, moreover, be di�erentiable for x = 0 withderivative u

′

0
. Now, it is easy to see that u should be of the form uθ(x) whih makes equation (3)beome

(

ω2u +
d2u

dx2

)

θ(x) + u
′

0
δ(x) + u0δ

′(x) = fδ(x − d) . (4)It folows that equation (3) remains unhanged, while, by integrating around x = 0, we get theboundary onditions
u0 = 0 (5)
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u

′

0
= 0 (6)for d 6= 0 and

u
′

0
= f (7)for d = 0. We an see that we get an additional boundary ondition, that of a �xed end, given byequation (5). We an use in general the linear ombination αu0 + βu

′

0
, where α, β are onstants,for aounting for both boundary onditions (free end and �xed end). In addition, we may seethat the surfae fore u

′

0
must ompensate the fore f loalized on the surfae.Let us solve equation (3). By Fourier transform it is easy to get the partiular solution

up =
f

2ω
sin ω(x − d)sgn(x − d) . (8)Of ourse, this partiular solution does not satisfy any boundary onditions as given above. Inorder to do this we must add the solution of the homogeneous equation to this partiular solution.We may all it the free solution, as being given by "free waves", in ontrast with the partiularsolution, whih orresponds to "fored waves". The free solution reads

uf = A cos ωx + B sin ωx , (9)where A, B are onstants. Therefore, the omplete, or general, solution is given by
u = A cos ωx + B sin ωx +

f

2ω
sin ω(x − d)sgn(x− d) . (10)We may impose now the boundary ondition, for instane the free-end ondition. We get

u = A cos ωx +
f

2ω
cos ωd sinωx +

f

2ω
sin ω(x − d)sgn(x − d) . (11)It is interesting to note that the fored waves generates free waves, suh as the surfae fore

u
′

p0
= −

f

2ω
cos ωd (12)generated by the fored waves be ompensated by the surfae fore

u
′

f0
= Bω (13)generated by the free waves, in order to satisfy the free-end boundary onditions.As a matter of fat, we an get the general solution (11) by taking two free solutions, one for

x < d another for x > d, and imposing upon them the ontinuity and the "boundary ondition"arising from equaling the jump in their derivative at x = d with the loalized fore f , aordingto the equation. This an be seen easily for d = 0.© The Antiphysial Review 2009, apoma�theor1.theory.nipne.ro


