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Charge Scattering Immersed in Radiation

-Kroll-Watson (1973)

dσn =
pfn

pi
J2n(epE0/mℏω2)dσB

p = pi − pf , p2fn/2m = p2i /2m+ nℏω

θn ≃
ℏω2

eviE0
αn

-Low fields; importance: multiple photons
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Focused Beams

-mainly heavy ions, electrons
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Scattering in Focused Beams

-non-rel particle, mass m, charge e; em field A = A0 cos(ωt−kr)

(lin pol)

-approx A ≃ A0 cosωt, E(t) = E0 sinωt, E0 = ωA0/c

-dipole hamiltonian

H =
1

2m
p2 − erE(t) + V (r)

- eA0/mc
2 ≪ 1; satisfied for heavy ions, strong fields
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Schrodinger Equation

iℏ
∂ψi
∂t

= (H0 + U + V )ψi , U = −erE(t)

-Incoming, outgoing states

ψ0
i =

1
√
v
e−

i
ℏEit+

i
ℏpir , ψf =

1
√
v
e−

i
ℏEf t+

i
ℏpfr

-Solution

ψi = ψ0
i −

i

ℏ
e−

i
ℏH0t

ˆ t

−∞
dt

′
e
i
ℏH0t

′
(U + V )ψi

-Scatt amplitude (S-matrix)

afi = −
i

ℏ

ˆ +∞

−∞
dt(ψf , (U + V )ψi)
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Canonical Transformations

-GM

ψi = eiS1ϕi , S1 = − e
ℏcrA

iℏ∂ϕi∂t =
[

1
2m(p− e

cA)2 + V
]
ϕi

-KH

ϕi = eiS2χi , S2 = e
ℏmcωpA0 sinωt− e2

8ℏmc2ωA
2
0(sin 2ωt+2ωt)

iℏ∂χi∂t =
(
H0 + Ṽ

)
χi , Ṽ (r) = V (r− eE/mω2)
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-For V - Born approximation; consequently

χi = ψ0
i −

i

ℏ
e−

i
ℏH0t

ˆ t

−∞
dt

′
e
i
ℏH0t

′
Ṽ ψ0

i

afi = − i
ℏ
´+∞
−∞ dt(ψf , (U + V )eiS1eiS2ψ0

i )+

+
(
− i

ℏ
)2 ´+∞

−∞ dt(ψf , Ue
iS1eiS2e−

i
ℏH0t

´ t
−∞ dt

′
e
i
ℏH0t

′
Ṽ ψ0

i )

-Three obs: laser scatt (U), Ṽ is rad-dressed, interf terms
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Simplifications

-S1: order (r/λ)(eA0/ℏω) ≫ eA0/ℏω (E0 = 108esu, I = 1018w/cm2,
eA0 = 106eV )

-S2: order (p/mc , eA0/mc
2)(eA0/ℏω) ≪ eA0/ℏω

-consequently, we may neglect S2

-Ṽ : order r − λc(eA0/ℏω), very large (λc = ℏ/mc Compton, 3 ×
10−11cm); neglect Ṽ
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Scatt Amplitude

afi =
1
v

´+∞
−∞ dtdre

i
ℏ(Ef−Ei)t ∂

∂te
− ie

ℏωrE0 cosωte
i
ℏpr−

− i
ℏv
´+∞
−∞ dtdre

i
ℏ(Ef−Ei)tV e−

ie
ℏωrE0 cosωte

i
ℏpr

- mom transfer p = pi − pf

-Use

e−
ie
ℏωrE0 cosωt =

+∞∑
n=−∞

(−i)nJn(erE0/ℏω)e−inωt

afi = −2πi
v

∑+∞
n=−∞(−i)nδ(Ef − Ei − nℏω)·

·
´
dr [nℏω+ V (r)] Jn(erE0/ℏω)e

i
ℏpr
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Cross-Section

-Trans prob

wfi =
2π
ℏv2

∑+∞
n=−∞ δ(Ef − Ei − nℏω)·

·
∣∣∣∣´ dr [nℏω+ V (r)] Jn(erE0/ℏω)e

i
ℏpr

∣∣∣∣2

-Multiply by density of fin sts vp2fdpfdΩ/(2πℏ)
3

-Divide by the current density vi/v

-Integrate over the final mom pf
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-Get diff cross-section for the n-process

dσn =
pfn

pi

∣∣∣∣ m

2πℏ2

ˆ
dr [nℏω+ V (r)] Jn(erE0/ℏω)e

i
ℏpr

∣∣∣∣2 dΩ
-energy conservation p2fn/2m = p2i /2m+ nℏω
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Relation to Kroll-Watson

We remove S2 and keep S1 - KW keep S2 and has not S1

KW slow modulation of the Born ampl - we get a strong mod-
ulation (well-separated diffraction max)
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Comments

-En cons p2fn/2m = p2i /2m + nℏω; (mom cons!), p along E0
(p ≃ eE0/ω)

-Elastic scatt for n = 0

-Cons laws:

θn ≃ sin(pi,E0)
nℏω
2Ei

-Photon absorption (n > 0), scatt angle θn increases, photon
emiss (n < 0), θn decreases

-Favoured almost transverse, low fields, both forward & “back-
ward” scatt (small n)
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Order of magnitude

(In order to compute σnuse the gen fct of Jn!)

σn ≃ d2[ nℏω
ℏ2/md2]

2( ℏω
eE0d

)2; for d = 1µm, ω = 1015s−1, E0 = 108esu

(I = 1018w/cm2) cross-section σn ≃ 10−2n2A2(cm−2), heavy
ions (small n, forward scatt)

-reduction (a/d)4 ≃ 10−16 (normaliz wavefunction, trajectory)

-electrons, favoured

Final obs

-Duration τ , repetition time ∆t

-Reduction factor τ/(τ +∆t)
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