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u(0) = − cos ωt
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r(0) = r0(1 − e cos ωt) ,
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ϕ = ωt + 2e sin ωt .
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x = r0e + r(0) cos ϕ
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y = r(0) sin ϕ
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x2 + y2 = r2
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ωt = ϕ − 2e sin ϕ
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u = u(0) + εu(1) = − cos ωt − ε cosωt +
ε
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(3 − cos 2ωt) ,
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r = r0[1 − e cos ωt +
e2
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(3 − cos 2ωt)] ,
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ϕ = ωt + 2e sin ωt − e2
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sin 2ωt)] .
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ωt = ϕ − 2e sin ϕ +
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r = r0(1 − e cos ϕ + e2 cos2 ϕ + ...) .
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r/r0 = 1 − e cos ϕ + e2 cos2 ϕ + ... = 1/(1 + e cos ϕ) ,
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a = r0/(1−e2) = r0(1+e2 + ...)
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ωT = 2π(1 + 3e2/2) ,
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cosϕ = x/(r0 − ex)
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sinϕ = y/(r0 − ex)
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∆ω/ω = −3e2/2
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1,2 + v(r1,2) = E < 0 .
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U(r) = L2/2mr2+v(r)
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r − r0 = Au
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A/r0 = ε
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E = −u0 + mA2[u̇2/2 + ω2u2/2 − εβω2u3 + ε2γω2u4...] ,
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mω2 = 3v1/r0 + v2

©
β = (2v1 − r2

0v3/6)/(3v1 + r0v2)
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γ = (5v1/2+ r3
0v4/24)/(3v1 + r0v2)
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e2 = δ(1 − |E| /u0)
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δ = −(v1 + 2v0/r0)/(3v1 +
r0v2)
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e2 =
2ε2

ω2
(u̇2/2 + ω2u2/2 − εβω2u3 + ε2γω2u4 + ...) .
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ü + ω2u − 3εβω2u2 + 4ε2γω2u3... = 0 ,
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r = r0[1 − e cos ωt +
βe2
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(3 − cos 2ωt)] ,
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e = ε(1 + βε)
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ϕ =
√

v1/(3v1 + r0v2){ωt + 2e sin ωt − e2

2
[3(2β − 1)ωt − 2β + 3

2
sin 2ωt]} .
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√

v1/(3v1 + r0v2) = p/q
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v(r) = −α/r

±v¤h�v�C�
p/q = 1

©3�ò£�¤¦�L�.��£��
�7���%��¤\�A�e²«���7¥C¤L�¦�¦�A���v���1�����O ���¤\�A�

v(r) = const + αr2 ±v¤(���C� p/q = 1/2
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β = 1/2
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γ = 5/8
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1/ν =
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v1/(3v1 + r0v2)
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χ = νϕ
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χ = ωt + 2e sin ωt − e2
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[3(2β − 1)ωt − 2β + 3

2
sin 2ωt] ,
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ωt = χ − 2e sin χ +
e2

2
[3(2β − 1)χ − 2β − 5

2
sin 2χ] .
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r = r′0[1 − e cos χ + (2 − β)e2 cos2 χ] ,
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r′0 = r0[1−2(1−β)e2]
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β = 1
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β = 1/2
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χ = 2ϕ
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r = r′0[1 − e cos 2ϕ +
3e2

2
cos2 2ϕ] .
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r2 = r′20 /(1+2e cos 2ϕ)
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ϕ̇ = (L/mωr2)(ω/ω′)ω′
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∆ϕ/2π = (1/π)

∫

r2

r1

dr · (L/r2)/
√

3m(E − v(r)) − L2/r2 = p/q .

á ;­-HÃC2 (G±ò&ABS+�$���4q�)+�BS&%8%BD4E2À4E&3462 $'(
r = 1/u

4q�)+�+4©C&%-/462 $'(8�Î$H�|4q�)+�4q�ù-¡âD+4¨�46$��69
u(ϕ)

�6+7-'*)B
u′′ + u = −(m/L2)∂v/∂u

�
���)$CBS+®B6$'F &3462 $'(�2 BE±O2�¯O+X(i8:9?¨X2��<¨�&)Fá-����Î&)({¨«462 $'(ABè$'()F 9J�Î$H�m4q�%+y±��E-°¯:254E-/462 $'(%-'F"?�$/46+,(C462á-/F

v ∼ u
-'(%*­4��)+!BS?A-[462á-/F�$CBq¨X25F F -/46$��

?�$/4E+X(C462á-/F
v ∼ 1/u2
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ªù�<¤¦�ò�:���X¨������7�O���7£��A�
Ltot

¤¦�!¥O�v ��,�C�4���)�ö��9<�����H�v�C�O©1�7£��C�,�J�A�7�­ ��g����£��O�ò¥C�v ��X�[�� ��7����¡m�ü�A��¤¦�� n�6�A�ò�L�:���X�
�� ����e¨t��¤¦¥C�����/©�îè�� ��ö©v¥O�v ��,�)ct¬��C ��7�L¨v©��7£��®���,�&%��¦�O�ú¤L�|�7�C�7�g�)�+B' ��v �²ù¤¦ ����O±v���1%	�¦�'B%�m�¹�1
t¤¦ �±.¬	�7�!��¡��7£��®¥C�O ����C��²
��¡\²«�ü���,�¯¥C�"�v����¤L ��A�7�

R = m1r1/M + m2r2/M
©ç�ò£	�C�7�

M = m1 + m2

©|�A ����7£����7�O�\�A�7¤(�v�
¥O��������¤L ��A���
r = r2 − r1

©���£	���A �±v¬��¦���®�g�v�ü�O ���¬��ï%b�O¥C�v�g�C�

Ltot = MR × Ṙ + mr × ṙ ,
�6ºvµ'�

�ò£��C�,�
m = m1m2/M

¤L�!��£��­�7�O�\�A�7¤(���.�½�A�7�C�­"�¤L�ü¤L�\���,�L¨�©v��£��­�C 	�C�7±A¨ø¥:�� u%1�?�ò�,¤L�,���C ¹���

E = MṘ
2/2 + mṙ

2/2 − Gm0m1/ |R − m2r/M | − Gm0m2/ |R + m1r/M | − Gm1m2/r .
�6º'p1�

"�¤¦ 	¥C�
r � R

�q"�¬� �²i/·�A�,��£5��¤¦�X�[�� �¥O�
r1 ' 15 × 107Km

©��¹�"�v �²i/����,�7£5��¤L�,�[�A �¥C�
r ' 380 000Km

�®¤L�<¤¦�
¥C�v '���C �¤L�C ��¯���ï�/¸����� ����7£��í±v�7���"¤e�[�A�7¤¦�v ��A�ö�b�A���C ��7¤\���L��¤L º�6º'p1�ò¤L ��b�����C�,�.��¡

rR/R2 �8Q¯�C�C�	¤¦ �±ï�� ��L¨��7£��ct¬��1���,¬��b���\���!¥O�v ����7¤(%�¬	�7¤¦�v ï�7£��­�C ��O�7±�¨u%1�C¥O�v�ü�O�

E = MṘ
2/2 + mṙ

2/2 − α/R − β/r − γ[3(rR)2/R2 − r2]/R3 ,
�6º&v'�

�ò£��C�,�
α = Gm0M

©
β = GmM

�� ��
γ = Gm0m/2

©��v�

E = E1 + E2 + γv ,
�6º1w'�

�ò£��C�,�
E1 = MṘ

2/2 − α/R , E2 = mṙ
2/2 − β/r ,

�fj x �
�� ��

v = −r2(3 cos2 χ − 1)/R3 .
�fj � �

¢!£��ø�� �±��¦�
χ
¤L 
�fj � �i¤¦�i��£��ï�� �±v�L�!%1�O�i���C�C  ��£	�½�i���L���C¥'���v�,�

r
�A ��

R
��"�¤L �¥C�

r/R ∼ 3 × 10−3 ¡D���
�¹�"�v �²M/����X��£�²M"�¬� º�S�� ��

(r/R)2 ∼ 10−5 �<�7£��í¤¦ ��7�C���A¥O��¤L�v  v
�ü�3¨+%1�¼�"¤¦�H�����Õ�A�¯�½�7�ü���L�|�1�C�X��¬��4%��A��¤L�v ö©

�� ��
γ
¤L »�6º&w'�i�½�:¨ �A¥O�ü������¡D�v�7�ü�����1�C�X��¬��4%��A�7¤¦�v  ���A�����g�O�7�C�C�Þ¢!£��¹�,�v�¦¬���¤¦�� ��í��¡<��£��ø��c"¬��A��¤L�v ��
��¡

�ü�A��¤¦�� g¥O�v�7�,�C�,�b�v D��¤¦ �±­���!�6º1w'�����7�N�ò�7¤e�7�7�C ½¤L g�7£��ò±v�C 	�C�7¤L¥<¡D���7�
u = u(0) +γu(1) + ...

��ªù�·¤¦��¥O�v '�v�C 	¤¦�C ��
 ���� �7�g�O�ü�	�¦�3¨ï�1�v�\�A�®¥C�"�v���	¤¦ ��A�7�C�ò�� D�¹�,���ò�7¤e���*�ðj x �®���

E1 = MṘ2/2 + MR2(Θ̇2 + Φ̇2 sin2 Θ)/2 − α/R ,
�ðj U �

�� ��ö©��,¤¦�g¤¦�¦���7�e¨v©
E2 = mṙ2/2 + mr2(θ̇2 + ϕ̇2 sin2 θ)/2 − β/r ,

�ðj�º'�
�ò£��C�,�

cos χ = sin Θ sin θ cos(Φ − ϕ) + cos Θ cos θ
¤¦ >�fj � �'��¢!£��J�A �±v¬��¦���ò�ü�v�g�C ��7¬�� ��¡|��£��i�7�O�\�A�7¤(�v�

�ü�A��¤¦�� ��7�:�{���

lx = −mr2(θ̇ sin ϕ + ϕ̇ sin θ cos θ cos ϕ) , ly = mr2(θ̇ cos ϕ − ϕ̇ sin θ cos θ sin ϕ) ,

lz = mr2ϕ̇ sin2 θ ,

�fj&jI�

�v�
lr = 0

©
lθ = −mr2ϕ̇ sin θ

©
lϕ = mr2θ̇

�y"�¤L�ü¤L�\���·�'¸����,�C�7�,¤¦�v 	��£��v�(��¡D�v�!��£����� �±v¬	�\���®�g�v�g�C ���¬	�
L
��¡

��£��­¥O�C ����O����¡|�ü���7�O©k�� ��
Ltot = L + l

� �fñ
f.nth q)� h)j@� q)� _1a q3s nt_kh3x���¢!£��J���A�7¤¦�g��¡���£��J�b�O�,��¬	��%��A�7¤¦�v 

γv
���½�O ��C�,±�¨

α/R
¤L����¡m��£��í�������O����¡

10−7 �,��v ��,�)ct¬��C ��7�L¨v©A��£����g����¤L�v ¯��¡"��£��
M
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m1

-/(%*
m2
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Ie01-��64q�I�

M ' m1

Pi�%-'(%*�4q�)+-�E+XFá-[4E2�¯O+��®$/4E25$O(8¨X$H���6+7BS?�$'(A*)B�?G�E-�¨«4E2Í¨,-/F F59®4E$®4q�)+�B6+4¨X$'(%*�8A$3*39�Ie;¯$:$'(=�
m ' m2
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%�¨
Ω2 = α/MR3

0

© �i� ��£����������A�ü�'���C�
R0

¤L�ò±v¤(���C L%�¨
R0 = L(0)2/Mα

�ð�ò£��O�7�
L(0) ¤L�<�7£��J¬� 	�b�O�,��¬	��%1�)�

�� �±v¬	�\���i�ü���ü�O t����¡!�7£��
M
²<%b�=�	¨��g����¤L�v ��¯�� ��V�7£��½�O¥C¥C�O ����7¤L¥C¤e�«¨

e1

¤L��±v¤h�v�O z%t¨ |E1| = α
2R0

(1 − e2
1)
�

"�¤¦�g¤¦�¦���7�e¨v©���£	�g�7�A��¤L����¡·��£��
�1�C�X��¬��4%��A��¤L�v 
γv

�7���O ��C�,±�¨
β/r

¤¦�¯��¡·��£	�g�������O�¯��¡
10−3 ©y�� ������7�X�,²«�������O�

¥C�v�,�7�O¥O��¤L�v ���¤L 
γ
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m
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ω
¤L��±v¤h�v�O �%�¨

ω2 = β/mr3
0

© �f� �7£��
�����7���ü�'���O�

r0

¤L�<±�¤(�v�O ¬%�¨
r0 = l(0)2/mβ

�
l(0)

%b�O¤¦ �±
�7£���¬	 ��b�O�,�7¬���%1�)�°�� �±v¬��¦���®�g�v�g�C ���¬�� ��¡m�7£��
m
²

%b�=�	¨��g���7¤¦�v ��®�A ��¹�O¥C¥O�C ����,¤¦¥C¤e�«¨
e2

¤L�<±�¤(�v�O ¬%�¨ |E2| = β
2r0

(1 − e2
2)
��ª« ��1���	¤L��¤L�v ö©�¤L ø�v�����O�<�7�ü�	�7�C�,�C�e�v�
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m
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ϕ0
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z
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θ0
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x
²i�v�

y
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m
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M
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ϕ0

²e�ò�7�����A��¤L�v ¹¥C�� l%1�
��¥C¥O�v¬� �������¡D����%t¨�¥[£��� �±v¤L �±ï��£	�g¤L �¤L�7¤\���y�g�v�g�C ��¯��¡·��¤L�ü�A�J¢!£��

θ0

²ù�7�����A��¤L�v º�6�{%b�v¬��¯��£��
x
²«�%¸�¤¦�¡���L�:�1�	�

���
��£	�i 	��� ¥O���v�4��¤¦ ��A���O�
r′ = r

©��A ��
θ′
©
ϕ′

±v¤h�v�O ¬%�¨

cos θ′ = sin θ0 sin ϕ , tan ϕ′ = cos θ0 tan ϕ .
�fjt»1�

¶. ��
¥:�� �¥[£	�C¥¡
��:�A�7¤¦�e¨ø��£��A�
(dθ′/dϕ)2 + (dϕ′/dϕ)2 sin2 θ′ = 1

©#�ò£�¤L¥[£��/¸����7�O�7�7�O�i�7£��
¥C�� ��7�O�4�A�A��¤L�v ���¡
��£��i�� 	±v¬��\�A�®�ü���ü�O t�7¬�� ¬	 ����C�ò��£	¤¦�!�7�A�[�A�7¤¦�v ö��/-c"¬��A��¤L�v ��À�fjt»1���¦�:�{�ø�7�

ϕ′ = ϕ − 1
4
θ2
0 sin 2ϕ + ... = ωt + 2e2 sin ωt − 1

4
θ2
0 sin 2ωt + ...,

θ′ = π/2 − θ0 sin ϕ + ... = π/2 − θ0 sin ωt + ...,

r′ = r = r0(1 − e2 cos ωt + ...) .

�fj�µ'�

¢!£��C�,�i���7�.�7£���KC�O�7���7£��������O�!¥C�v ����,¤.%�¬���¤¦�� ��
u(0) ���
��£	�¯±v�C ��O�������7�v�L¬	��¤L�v  u = u(0) + γu(1) + ...

�è¡D�v���7£��
m
²i%1����¨��ü�A��¤¦�� ö�ü¶¯ 	�ü¥C�� Õ¥[£	�C¥¡
��:���,¤¦�L¨¹��£��%�i�7£��O¨��	�°¤¦ D���C���n���C�7¤e¡Û¨���£��g¬� ��1�C�X��¬��4%b���Þ��c"¬��A��¤L�v ��­��¡

�ü�A��¤¦�� ö�
ô�õ � � q)� _1a|d
_k��oÕ_ q3� _1a`��¢!£��i�)ct¬��%��¤¦�� ��ò��¡m�g���7¤¦�v ½¡D���®��£��

m
²i%1�=�	¨v©��A�<±�¤(�v�O ¬%�¨n�Sº&w'���7�5�ðj � �/©��7�C�1�

mr̈ − mr(θ̇2 + ϕ̇2 sin2 θ) + β/r2 = 2γ(r/R3)(3 cos2 χ − 1) ,

d(mr2θ̇)/dt − mr2ϕ̇2 sin θ cos θ = 6γ(r2/R3) cos χ[sin Θ cos θ cos(Φ − ϕ) − cos Θ sin θ]

d(mr2 sin2 θϕ̇)/dt = 6γ(r2/R3) cos χ sin Θ sin θ sin(Φ − ϕ) .

,
�fjIp&�

¢|�í�7£��.�L�G���C�X�ò�v���	�C�®��¡y�1�C�X��¬��4%��A�7¤¦�v ½�7£��C���,¨½�7£��.¥O���v�4��¤¦ ��A���O�
R = R0

©
Θ = π/2

©
Φ = Ωt

�� ��
r = r0

©
θ = π/2

©
ϕ = ωt
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ct¬��1���7�A��¤L¥
¤¦ �¤¦ �¥O�¦¤L ��A��¤L�v ��A �±v�¦�

θ0

���7�
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m
²i%1���	¨��ü���7¤¦�v 
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Ω
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¥C�v�g�����,¤¦�,�v }�ò¤L�7£
ω
©	�7¤¦ 	¥C�

Ω � ω
� � ¹ü���v¤L �±��7��©���c"¬��A��¤L�v ��À�fjIp1�­%b�O¥C�v�g�

mr̈ − mr(θ̇2 + ϕ̇2 sin2 θ) + β/r2 = γ(r0/R
3
0)(1 + 3 cos 2ωt) ,

d(mr2θ̇)/dt − mr2ϕ̇2 sin θ cos θ = 0 ,

d(mr2 sin2 θϕ̇)/dt = −3γ(r2
0/R

3
0) sin 2ωt .

�fj'v'�

��� #G�E$H�
Ω2 = α/MR3

0

$'(%+E¨,-/(J¨<�)+4¨<Ã<+,-'B62 F59!4��)+�01-H�S4��Iå Bö9O+,-H� ∼ 365
*)-�93B,=�f� ;¯$:$'(=å Bö?�+e�E25$3* ∼ 27

*%-�9:Bö2áB�¨<�)+�¨<Ã'+,*��§�6$��
ω2 = β/mr3

0
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θ0 = 5◦ = π/36

=� ® 01-H�S4��Iå By$H�E8)2À4�+�¨e¨�+,(C4q�E2Í¨X2À4D9ò2áB
e1 ' 0.017

-'(%*.;¯$:$'(Iå Bö$H�E8)254ö+�¨e¨X+X(C4q�E2Í¨X2À4D9!2áB
e2 ' 0.055
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