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∂(curlv)/∂t− curl(v× curlv) = 0
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(ρv2/2 + ρε) + div[ρv(v2/2 + w)] = 0 .
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∂(ρvi)/∂t + ∂Πik/∂xk = 0 ,
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Πik = pδik + ρvivk
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v = dr/dt
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dx/vx = dy/vy = dz/vz = dt
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v = v1 + v2
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v1 = curlA

[D�7©«¤	ªC�
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_��
A
�g¤��

φ
�g 7���,�J¡£��$J�Cª'�¢�J ��g¤���®u 7�C�,�Ã�¨ª¨�7©�$J�¨�N­g®u�7ª:�A�^�g !�1�g�¢�¨¤��¢©^�A�«�C�

I��¨�í²��µ�g�,�7²�¡£���7§u�A�
v1 = 0

®ºo]Ð]q�Ð
v = gradφ

[6�g¤��
curlv = 0

_'�h¦!§	©«��©«��ª:�g�N�«�����¢§	��©N 7 7�A�]�A�7©«�J¤u�A��¡Ñ�A�¢©«�g¤
�J µ�¢§	�l�1�g�7�C¤��¢©«�g�s+u�%"³��G�²��«�¨ �3Å�<�
Nz²u�A�¢©N�J¤~[6»!_��N�:�D�	�ð�7§��C¤ý�¢�
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v2/2 + ψ = const
�
$g�C ,­k"ð§��¨ 7�A�

� ¥D²� ,�7§��C ³�7©N¡Ñ�	�«©�w�ª:�A�7©«�J¤�©«�l�gª]§�©N�
$J�
��¥D�J ³�A¤�©N¤�ªC�J¡£�� ,�C�7�,©)/��N��+u²�©��ï®Bo]Ð]q�ÐÁ�0+u²�©���¥D�J �"ð§	©«ª]§
ρ = const�
$g�C ,­k"ð§��¨ 7�A�.¦!§��Ü�
N"²��A�¢©N�J¤¶�g¥hªC�J¤��¢©N¤z²�©N�°­ú 7�C�D���<�¢§��¨¤

divv = div · gradφ = ∆φ = 0
�uY ©±�¢§��7²�©±�]�D/��N�

/Ã�g²�¤��u�g Y­lªC�J¤��	©N�¢©N�J¤��@�¢§�©N�v�
N"²��A�¢©N�J¤Üª:�A¤./Ã���7�J�*$J���s¥D�J 
φ
®Ho]Ð]q�Ð´¥D�J 

v
®J�g¤��L¥D ,�J¡ë[ �  !_4"í�µ·J�¨�´�¢§��í�� 7�¨�7�7²	 7�

p
��¦!§��l�� ,��/��«�¨¡ ©N�µ�¢§��¨¤��,�J��$g���ý¥D²��«�±­J®��� ,�%$�©���©«¤	·Ü�¢§��³��Nz²u�%�¢©«�g¤ú�A¥h�D�	©^�D/u�%�¢©«ªZ+u�%" ©«�!�7�A�¢©N�Twu�
�ï�
¯ �LªC�g¤W�C�g�7©N�N­{/1�Á�,§��%"ð¤W�¢§u�A�s©N¥í�¢§��2$J�¨�«�"ªC©N�°­ù�A¥��¢§	�Ñ+u²�©���©N�s¡Ü²	ª]§W�7¡Ñ�g�«�N�C .�7§u�g¤��7§��Á�,�J²�¤��~$J�C�N��ª¨©N�°­
©«¤ù�¢§u�%�y+u²	©)�ï®

v � c
®v�7§��C¤��¢§��2+u�%" ¡Á�:­{/1�Ñ$"©«��"��
� �g��/Ã�¨©«¤�·�©«¤�ª¨�J¡£�� 7�¨�7�7©�/��«�A�æ¯ ¥a$g�C�«�"ªC©±�°­ùª]§u�g¤�·g�C�

�g���� ,�Cª¨©^�D/��±­�©«¤£�¢©«¡£�
τ
�%$J�¨ a��©«�Y�]�g¤	ªC�C�

l
®z�¢§	�C¤æ�¢§	�Z+u�%" ¡Á�:­'/1�Z$"©«��"��
�ý�g���Y�¢�C�D�	­£¥D�J 

τ � l/c
®<o]Ð]q�Ðh¥D�J 

©«¤��¢�¨ ¢�gª'�¢©N�J¤��� 7�g�u�g·��A�7©«¤�· � ©«¤��Y�]�g¤��¢�±­ � �
��¤ú�'½	�g¡£���«���A¥´�1�g�¢�¨¤��¢©^�A�s+u�%" ©N�µ�¢§��³�7¡Ñ�g�N���J�,ªC©«�N�^�A�7©«�J¤	���g¥´�
�^�g ,·J��/1�X�	­g��¦!§��C¤ï®
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35����Nz²u�A�7©«�J¤�®º"ð§�©Nª]§

 7�C�D���
∂v/∂t = −grad(v2/2 + ψ)

®ï�J 
∂(curlv)/∂t = 0

�h,<�%"���$J�C ¨®��¢§��Ü¡£�:�A¤L$J�C�N��ª¨©N�°­ú©«¤¶�J�7ª¨©«�«�«�A�¢�g ,­
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dr

"í�ý·J�¨�
(dv/dt)dr = −dψ

�
¯°¤��¢�C·g ¢�A�7©«¤�·
�¢§	©«�!��Nz²u�%�¢©«�g¤��A�«�J¤�·���ªC�N�J�7�
�ýªC²� #$J�h"��l·J�¨�

∮

(dv/dt)dr = −

∮

dψ = 0 .
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∮

(dv/dt)dr =
d

dt

∮

vdr−

∮

vdv =
d

dt

∮

vdr −

∮

d(v2/2) ,
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dt
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vdr =

∮

d(v2/2 − ψ) = 0 ,
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vdr = l = const .
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∫
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divv = 0
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curlv = 2ω
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dx

ωx

=
dy

ωy

=
dz

ωz
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&�©«¤	ªC�

curlv = curl · curlA = −∆A + grad · divA = −∆A = 2ω
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∆A = −2ω
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2π

∫

dr′ ·
ω(r′)

R
,
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R = r − r′
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1
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∫

dr′ ·
ω(r′) × R

R3
.

[ �%F _

¦!§��µ�Y�¢ 7�C�g¡£�«©«¤	�C�v�g 7��ªC�N�J�7�
�ï®J�7�g�«�C¤	�J©)�u�A�"ª¨²� T$g�C�¨®��«©)(A���7§��µ¡Ñ�g·J¤��'�¢©NªBw��C�)��®g�1�C 7�1�C¤H��©«ª¨²��^�g ��¢���¢§���$J�J Y�¢©«ª¨©N�°­
ω
�A¤����¢���¢§��³�1�J�7©±�¢©«�g¤�$J�¨ª¨�¢�g 

R
��¦!§	�C©« !©N¤��¢�C¤	�7©N�°­0���Cª¨ 7�:�A�7�C�<�¢��©«¤Xwu¤�©N�°­g��¦!§�©«�ð©N�µ�¢§��
$J�g ,�¢�/½Ã�

,��@$"©«¤�·d�	�¨�¢�¨ 7¡£©«¤��
�æ�¢§��Z$J�C�N��ª¨©N�°­g®X"í��²��7�.�7§�����Nz²u�A�7©«�J¤��A¥�ªC�J¤��¢©N¤z²�©N�°­L[ 5 _í�g¤��ÓG�²��«�¨ �3Å�!��Nz²u�A�7©«�J¤Ý[T»!_��7�
·J�¨���¢§����	�C¤��,©N�°­

ρ
�g¤��æ�¢§	�.§��:�%�µ¥D²�¤�ª'�¢©«�g¤

w
�h¦!§	����Nz²u�A�7©«�J¤����g 7�.�g·��g©N¤Á�%$J�¨ Y¸b�	�¨�¢�¨ 7¡£©«¤��
�ï®u�g¤H�

ρ
�g¤��

p¡Ü²��Y���¢�A�7©«�Y¥�­s©N¤
�D���	©N�¢�g¤L�¢§�����Nz²u�A�7©«�J¤Ó[6¿�_@�A¥�����©^�D/��A�¢©NªB+��?"³�	Jn�g h�g¤
©N¤�ªC�J¡£�� ,�C�7�,©)/��N��+�²�©)�L�7§��µ�
N"²��A�¢©N�J¤
�g¥vªC�J¤��¢©N¤z²�©N�°­�©N�ð�g�« ,�:�D��­æ�¢�%�¢©«�#wu���à[

divv = div · curlA) = 0
_'®n�A¤���"��l·J�¨����©N 7�¨ª¨�¢�±­Á�7§��³�� 7�¨�7�7²	 7�³¥D 7�J¡

G�²��«�¨ �3Å�<�
Nz²u�A�¢©N�J¤ï�
¦!§��a$J�g ,�¢©NªC�¨���g 7�µª¨�J¤��,©«�,�7�C¤�����/�z,�¨ª¨�7��©N¤
�g¤
©����:�g��+u²�©��ï®J©«¤Ü�7§��µ�,�C¤��,�ð�7§u�A�h�7§��!ªC©N 7ª¨²��^�A�7©«�J¤s�g¥u�¢§	�a$J�C�N��ª¨©N�°­
�g�«�g¤�·æ�g¤�­�ªC�N�J�7�
��ªC²� #$J�Ü©N��ª¨�J¤��,�¢�g¤���©«¤��¢©«¡£�g�ð¦!§��'­��g ,�L�J�1�C¤��¢²�/1�C�¨®ï�J �ª¨�«�J�,���¶�7²�/1�C�.�N©)(g�³�¢�g 7 7©6®1�7§��¨­
¡Á�:­Á§u�@$J�³�¢§��¨©« !�%"ð¤�¡£�g�7©«�J¤ï®�©«¤ý�u�g Y�¢©NªC²��«�g í�7§��³¡Ñ�g�7©«�J¤ý�A�7�7�"ªC©«�A�¢�
��"ð©N�¢§��7§��C©N !ªC�C¤��7�C Y¸ �g¥^¸�$g�J ,�7©«ª¨©N�°­J�
ô >�(.2ü*3+Y(C4E2Å4D9ZÊ±µ)2���µ
�,-/(�8A+B��µ)+���À'+7*ð8:9ð&%B625(�½ð-�½¨-'25(<4©µ)+h4E+Y(%B6$��

εijk

=



6�7g89:<;�=%>@7BA-:�CHE�7 â

Ë4õ q"p�cDrua��Ãknm3o)cTpJq"eD��I��'�h�¢§	�a+u²�©)�
���g ,�7©«ªC�N�C�v 7�g�¢�A�¢�m"ð©±�¢§
ª¨�J¤��,�¢�g¤����g¤�·J²	�^�g 9$J�C�N��ª¨©N�°­
ω = (0, 0, ω)

�D/1�J²	�
�g¤��)½	©N�����g�7�,©«¤�·£�¢§� ,�J²�·J§��7�J¡£�s�1�J©N¤z�C�µ¦!§���$J�C�N��ª¨©N�°­ý©N��·J©*$J�¨¤V/�­

v = ω × r = (−ωy, ωx, 0)
®H"ð§��C ,�

r©«���¢§����Ã�J�,©N�7©«�J¤'"ð©N�7§æ 7�¨�7�1�Cª¨���¢�L�7§��. 7�A�]�A�7©«�J¤Ñ�%½�©«�¨�h¦!§��.ª¨©« 7ª¨²��^�%�¢©«�g¤Ñ�g¥��7§��Z$g�C�N��ª¨©N�°­Ñ�g�«�g¤�·s�7§���ª¨©« 7ª¨�«�<�g¥
 ¢�D�	©«²��

r
©N�

2πωr2
�h¦!§	��ªC²� ,���g¥±$g�C�«�"ªC©±�°­£©«�

curlv = 2ω = (0, 0, 2ω)
®"�g¤���©N�7��©N¤z�7�C·J 7�g�n�%$J�C µ�7§��.�,²� ,¥T�gª¨�

�«©N¡Ñ©±�¢����/�­��¢§��
ª¨©« ,ªC�«�L©«�
2ωπr2

®-o]Ð]q�ÐÜ�7§��
ªC©N 7ª¨²��^�A�7©«�J¤¶�g¥��¢§��.$g�C�«�"ªC©±�°­J®��g���/½��Ã�¨ª¨�¢�
�ï�
¦!§�©N��©«�����7�1�Cª¨©^�g�
$J�J Y�¢�/½�®!"ð§��g�7�v$J�¨ª¨�¢�g ��Ã�g�7�C¤��¢©«�g�	©N�

A = (0, 0,−ωr2/2)
�´¯ ���7�A�¢©N�Twu�¨�h�¢§��!¬@�J©«�,�7�J¤��
N"²��A�¢©N�J¤

curlv = 2ω
®

"ð§��C ,�
ω
©N�íª¨�J¤��Y�]�g¤��µ��$J�¨ ,­k"ð§��C ,�g��¦!§��Z$g�Cª'�¢�J í�Ã�g�7�C¤��¢©«�g�n©«¤�ª¨ 7�C�g�7�¨��©«¤H���
wu¤	©N�¢�¨�N­."ð©±�¢§Ñ©«¤�ª¨ 7�:�A�7©«¤	·s 7�D��©«²	�

r
�ú¦!§���$g�C�N��ª¨©N�°­��g�N�7�¶§��g�Ü�¶�,©«¡£©«�«�g �©«¤��	�
wu¤�©±�¢�£©«¤�ª¨ 7�C�g�7�A�¶¦!§��2+u�%" ©N�s�Y�¢�C�D�	­J®��A¤��\G�²��«�¨ �3Å�L�
N"²��A�¢©N�J¤

(vgrad)v = −gradψ
·J©*$J�C�

ψ = ω2r2/2
�|Jn�g Ü�g¤W©N¤�ªC�g¡Ñ�� ,�C�,�7©)/	�«�Ñ+�²�©)�

divv = 0
©«�s�¢�A�7©«�Tw����ï®��g¤��

�¢§��l�� ,�C�7�,²� 7�s©«�ð·J©*$J�C¤�/�­
p = ρω2r2/2

�í¯ �<©«¤�ª¨ 7�:�A�7�C�<�¢�%"��g ��ú�¢§��lªC©N 7ªC²	¡£¥D�¨ 7�C¤	ªC�³�g¥´�7§��l 7�g�¢�A�¢©N¤�·d+u²�©)��®
�gªCª¨�J ��	©«¤�·¶�7�¶�¢§	�æªC�¨¤z�7 7©±¥D²�·��g��¥D�J 7ª¨�g��¯°¤ ·J�¨¤��C 7�g�E®´�7§��æ¡£�g�¢©N�J¤��g¥<�� 7�g�¢�A�¢©N¤�·�+�²�©)�W©N�����¨�7ª¨ 7©)/1��� ¡£�J 7�
ªC�J¤!$g�C¤�©N�C¤��¢�±­Ñ©N¤£�7§��< 7�g�¢�A�¢©N¤�·l¥D 7�g¡£�g®�"ð§��¨ 7���7§��<ªC�C¤��7 7©N¥D²	·��g�u¥D�J 7ª¨��¡L²��,��/Ã���D���	���Ñ�7�.G�²��N�C �3Å����Nz²u�A�7©«�J¤ï�
¯ ¥!�¢§��2+u²�©��W§u�g�
�A�«�7�¶�K$g�C�«�"ªC©±�°­� 7�C�«�A�¢©*$J���¢�¶�7§��æ¡£�%$�©N¤�·úªC�"�J ���©N¤u�A�7�C�C®v�¢§��¨¤��¢§���ö��J 7©N�J�«©N�³¥D�g 7ªC�Ñ¡Ü²��Y�
�g�«�,�h/Ã���D�����
�ï�h¦!§�©N�í©N¤��C Y�¢©«�g��¥D�J ,ªC�����¨�7�C ,¡Ñ©N¤��C���g¤£©«¤�§	�J¡Ñ�g·J�C¤��¨©N�°­L©«¤��¢§��ð�� ,�C�7�,²� 7�A®	�,�s�¢§��A���¢§��¨ 7�<�'½�©«�Y�
©«¤��¨ ,�7©^�g�4"��@$J�C��©N¤��£ 7�g�¢�A�¢©N¤�·2+�²�©)�ï�Z&�©N¡Ñ©N�^�g �©«¤��¢�¨ 7¤u�g�±"��@$J�C�³�A 7���	²��s�7�Á·J 7�%$"©±�°­J®º/Ã�¨�7©)�	�L�7²	 ,¥T�gª¨��"µ�@$g�C�
�g�«�,��ª:�g²��,���K/�­ý·J ¢�@$"©N�°­g�
¦!§��l��Nz²u�A�7©«�J¤ú�g¥´�D��©^��/u�A�¢©Nª�+u�%"� ,�:�D���

vgradp = 0
¥D�J <���,�7�:�D�	­�+��?" �g¥��A¤�©N¤�ªC�J¡£�� ,�C�7©�/��«�Z+u²�©)�s�u©N�ð©«�

�¢�A�7©«�#wu���K/�­æ�¢§�©N�v$J�J Y�¢�'½Ã�
� ¡£�J 7�Üª¨�J¡£���«�/½�$g�J ,�7�'½�©«�.·J©*$J�¨¤{/z­�$J�¨�«�"ªC©N�7©«�¨�

v = ω × r · f(r)
®<"ð§��¨ 7�

ω = (0, 0, ω)
©«�.�æª¨�J¤��Y�]�g¤��

$J�¨ª¨�¢�g ��g¤��
f(r)

©«�´�g¤
�g T/�©N�7 ¢�g Y­�¥D²�¤�ª'�¢©«�g¤Ü�g¥
r = (x2+y2)1/2

�´¦!§��m$g�C�N��ª¨©N�°­l 7�C�D���
v = (−ωyf, ωxf, 0)

®
�g¤��£��ªC©N 7ªC�N�µ�g¥1 ¢����©«²��

d
¡Ü²	�,�B/1�<²	�7����¥D�J ´�7§��!©«¤��7�C·J 7�A�¢©N�J¤
ªC�J¤��7�J²� C®!/1�C�,©)���µ�7§��ðªC²� , 7�¨¤z��ª¨©« 7ª¨�«�µ�A¥Ã 7�D��©N²��

r
®"©N¥Ã¥D²�¤�ª'�¢©«�g¤

f
©«���7©«¤	·J²��^�A ��A�í�7§����g 7©«·g©«¤4�z©«¤£·J�¨¤��C 7�g�E®k"���¡Ü²��Y��²��,�.¡Ü²��±�¢©N���N­�¸°ª¨�J¤�¤��¨ª¨�7���£ 7�C·g©«�J¤��B"ð§��¨ 7�

�7©N¤�·J²��«�g 7©±�¢©«�¨�!�g ,�l�	 7�C�,�C¤��:®Ã©«¤��Y�¢�C�D���A¥h�7©N¡Ñ�	�N­�¸°ª¨�J¤�¤��¨ª¨�¢�
���g¤��C�ð¥D�J vwu¤�©±�¢�
$J�¨�«�"ªC©N�7©«�¨�C��¦!§��sª¨©« ,ªC²��«�A�¢©N�J¤��g¥
�¢§��v$g�C�«�"ªC©±�°­
©«�h�7§��C ,�¨¥D�J ,�

2πω[r2f(r)−d2f(d)]
�v¦!§��u$J�J Y�¢©«ª¨©N�°­
©N��·J©�$g�C¤2/�­

curlv = (0, 0, 2ωf+ωrf ′)
®

�g¤��Ü�g¤��µª:�A¤
ª]§��Cªª(l�¢§u�A�v�¢§���ªC©« ,ªC²��«�A�¢©N�J¤l©«�´·g©�$J�¨¤./�­d&z�¢��(A�C��3A�¢§��¨�J 7�¨¡��v¦!§��µ�7�1�Cª¨©^�g�"ª:�A�7�
f = 1/r2

·g©�$J�¨�
�h$A�g¤	©«�7§	©«¤�·lªC©N 7ªC²	�^�A�7©«�J¤ï�@¯ �í©«�-"��g ,�¢§Ñ¤��g�7©«¤�·³�¢§u�%���7§��u$J�J Y�¢©«ª¨©N�°­'���¨�Ã�¨¤����í©«¤£·J�C¤��¨ ¢�g�n�J¤Ñ ¢�D�	©«²��

r
®ºo]Ð]q�Ð�©N�

©«�h¤	�g��ªC�g¤��,�¢�g¤���©«¤Ü�¢§	�a+u�%"ð©«¤�·�+u²	©)�ï�	&�²�ª]§£�.ªC�J¡£���N�'½y$J�J Y�¢�'½Ü�«�"��(z�h�«©�(g�!�.�,²��1�C 7�1�J�,©N�¢©N�J¤Ü�g¥1�¨�«�C¡£�C¤��¢�g ,­
$J�J Y�¢©NªC�C�¨�æ¦!§���¥D�J 7ª¨�C�s�g 7�£·J©*$J�C¤Ý/�­

−∂ψ/∂x = (vgrad)vx = −2ω2f 2x
®´�'�¢ªg®v�g¤���®´�«©�(g�Ü�7§��2$g�C�N��ª¨©N�°­J®

�¢§��'­¶¡Ñ�:­K/Ã�s�7©«¤	·J²��^�A ��%���¢§	�L�J ,©«·J©N¤ï�vY��Ü·g�¨�
ψ = 2ω2

∫

rf 2dr
®Ã�g¤����¢§��Ü�	 7�C�,�7²� ,�

p = 2ρω2
∫

rf 2dr¥D�J ��g¤�©N¤�ªC�g¡Ñ�� ,�C�,�7©)/	�«�
+u²�©��ï�!¦!§��Lª¨�J¤��¢©N¤"²	©N�°­ý��Nz²u�%�¢©«�g¤
divv = 0

©«�<�¢�A�7©«�Tw����ï®Ã�g¤����7�Á©N�<�7§��l��Nz²u�A�7©«�J¤
vgradp = 0

�A¥v�7§��l�D��©^��/u�A�¢©Nª�+u�%"³�
yLx�qwpg{�p�aTk1tB� `!cTaDru��q"tÃo!�Ý&�²	���Ã�g�7�����7§�©«¤�®´ 7�¨ª¨�7©«�«©N¤��:�A ��	©«�,�7 7©�/�²	�¢©N�J¤��g¥a$J�g ,�¢©NªC©±�°­�·g©�$J�¨¤P/�­

ω(r) =
ωa2δ(r)

�g¤��2��©« ,�Cª'�¢���Ñ�g�N�J¤�·.�¢§	�
z
¸��%½�©N�C®�"ð§��¨ 7�

a
©«����ª]§u�g 7�gª¨�7�C ,©«�,�7©«ª!�¢§	©«ªª(z¤��C�,�í�A¥Ã�7§�©«�-��©N�,�7 7©)/	²	�¢©N�J¤��g¤��

r
©N���¢§	���Ã�J�,©N�7©«�J¤�"ð©±�¢§� ,�C�7�1�Cª'�ð�¢�Ü�¢§	�

z
¸��)½	©N�C��&�²	ª]§¶�.��©N�,�7 7©)/	²	�¢©N�J¤Á�g¥Ö$g�J ,�7©«ªC©±�°­Á©N�µª:�A�«�«�
�ý��wu�^�A¡Ñ�¨¤z���	©±�

 7�¨�7�C¡�/��«�¨��$J�¨ ,­�¡Ü²�ª]§��Á ,�Cª'�¢©«�N©«¤��C�g C®n©N¤Hwu¤�©±�¢�C�±­æ�¢§	©«¤ï®1�C�N�Cª¨�7 7©Nªsª¨²� 7 ,�C¤��:�.¦!§	��$J�¨ª¨�¢�g .�Ã�A�¢�C¤��7©^�g��·J©*$J�C¤V/z­
[ � âD_�ª:�g¤ú�:�g�,©«�±­�/1�³ª:�g�NªC²��«�A�¢�
�4��©N�µ©«�!·J©*$J�C¤K/�­

A(r) = (ωa2/2π) ln(z/r +
√

z2/r2 + 1
∣

∣

+L
−L ' −(ωa2/π) ln(r/2L) ,

[ �%c _
"ð§��C ,�

2L
©«�ï�7§��í�N�C¤�·A�¢§³�g¥	�7§��-wu�^�A¡Ñ�¨¤z�@�A¤��

r
©N���¢§��B��©N�,�]�A¤�ªC���¢�ð�¢§��-wu�«�g¡£�C¤��:��¯°¤����¨���ï®

∆ ln r = 2πδ(r)
�

¦!§���$J�¨�«�"ªC©±�¢©«�¨���A 7�.·J©*$J�¨¤�/z­
v = (−ωa2y/πr2, ωa2x/πr2, 0) = (a2/π)ω× grad(ln r)

��¼.¤��.ªC�g¤�ª]§��Cªª(
�:�g�,©«�±­s�7§u�A�

curl(ω× f) = ωdivf−(ωgrad)f
®D"ð§	�C 7�

f
©«���,�J¡£�a$J�Cª'�¢�J ¨® e]÷ �7�

curlv = (a2/π)ω∆(ln r) =
2ωa2δ(r)

�
¼.¤��³ª:�g¤��g�«�,�
ª]§��Cªª(ý�C�g�7©N�N­Á�7§u�A�

divv = 0
®��g¤��ï®�¥D�J ð�A¤ú©N¤�ªC�g¡Ñ�� ,�C�,�7©)/	�«��+u²�©��ï®

p = −ρω2a4/2π2r2
�A¤��

vgradp = 0
[6�D��©«�D/u�A�7©«ª�+u�%"Z_'®	¥D�J µ���Y�¢�C�D�	­�+��?"³��¦!§�©N�!©«�aNz²�©±�¢�.�,²�·J·J�¨�,�7©�$J�³�g¥v�g¤ú�A�7¡Ñ�g�7��§��¨ 7©Nª.ª¨­"ªC�N�J¤ï�

¦!§��
¥D�J 7ª¨�
−v × curlv = −(2a4/π)ω2δ(r)grad(ln r)

/� ,�J²�·J§��h/�­|G�²��N�C �3Å����Nz²u�%�¢©«�g¤Q[D�Ã�¨ �²�¤�©±��¡Á�A�7�ª_
$A�g¤�©«�,§��C�Á�
$J�¨ ,­k"ð§��¨ 7�g� ¯ �Ñ¥D�J�«�N�?"ð���¢§��A�

v2/2 + ψ = const,
o]Ð]q�Ð �¢§����	 7�C�,�7²� ,��ª]§u�g¤�·g�C�æ�,²�ª]§ �g�Ñ�7�

�Íø ´�9<&%B62 (?½!-�½¨-'25(<4©µ)+h4E+Y(%B6$��
εijk

=



F 6�7989:<;
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�gªCª¨�J¡£¡Ñ���u�A�7���7§��2("©N¤��¨�7©«ª£�C¤��¨ 7·g­
v2/2 = ω2a4/2π2r2

®h�g�³¥D�J²�¤����D/1�?$g�g��Y��Á¤��g�7�£�7§u�A�l�¢§��Ñ�C¤��¨ 7·g­
∫

dr · v2/2
©N��©N¤Hwu¤�©±�¢�A®<��²	�L�¢�Á�7§��y$g�J ,�7�'½��7©«¤	·J²��^�A 7©N�°­g�ð¦!§�©«��©«���7§��y$g�J ,�7�'½��7�C�±¥^¸°�¨¤��C ,·g­J��&�©«¡£©«�«�g 7�±­J®��7§��

�7�¨�N¥^¸ ¥D�g 7ªC�
−v× curlv = −(2a4/π)ω2δ(r)grad(ln r)

¥D�J²	¤��æ�D/1�%$J��©«���7©N¤�·J²��«�g �©«¤£�J 7©N·J©«¤ï�@¦!§�©N�í©N�í¤��A�µ�g�
�,�7 ¢�g¤�·g���g��©±��¡Ñ�:­£�«�"��(n�´¯ ¥Ö"��Z"µ�g¤��µ�7�ÜªC ,�:�A�7�.�yw�¤�©N�7�Z$J�g ,�¢©NªC©±�°­Á�A�«�J¤�·L�s�N©«¤��<�g¥±$A�g¤�©N�7§�©N¤�·s�7§�©«ªª(z¤��¨�7�!©N�
©«�ð¤u�A�7²� ¢�A���¢�£·J©�$g�l�g¤�©N¤Hwu¤�©±�¢���¨¤��C ,·g­��¢���¢§��³ ,�g�]�A�7©«¤�·d+u²	©)�ý�g¥x$A�g¤	©«�7§	©«¤�·�¡Ñ�g�7�ð�«�"ª:�A�«©)O¨���æ�g¤ú�7§u�A�<�«©N¤��g®
�g¤��Á�g¤Á©N¤Hwu¤�©±�¢�µ¥D�J ,ªC�ð�¢�L�¨¤u�D/��N���,²�ª]§��³¡Ñ�A�¢©«�g¤ï��¼�¥ïª¨�J²� ,�7�g®"�¢§��

δ
¸ ¥D²�¤�ª'�¢©N�J¤Ñ©N��¤��g�í�7©«¤	·J²��^�A �©«¤�¥T�gª¨�C®X/�²��

©N��©«���,�J¡£�Zwu¤�©±�¢�ZN"²��g¤��¢©N�°­Á�«�"ª:�g�N©)O¨���£�J¤��Ü�7¡Ñ�g�N�1 7�g¤�·J�A��¦!§��C ,�¨¥D�J ,�g®H"í�.§u�@$g��¤��g�!¡Ü²	ª]§æ�¢��"í�J 7 Y­æ��/Ã�J²��
�¢§��³�,©«¤�·J²	�^�g ,©N�¢©N�C����©«�,���^�:­J�
��/�­��N��ªC�g�«©�OC�
��$J�J Y�¢©NªC�C�¨�
���u�A ,�ú¥D 7�J¡ �7§��ù¥D 7�C��¡Ñ�A�¢©«�g¤��g¥Ü�¢§	���N©«¤����g¥�$J�J Y�¢©«ª¨©N�°­��A¥
��w��^�g¡£�C¤��:®Z"���ª:�g¤ ªC�J¤��,©)���¨ ú�7§����7¡Ñ�g�«�
���
$"©«�A�¢©N�J¤��
�g¥��¢§�©N�.$J�J Y�¢©«ª¨©N�°­�¥D 7�J¡ �ù�,�7 ¢�g©N·J§����«©N¤��g� ¦!§��¨¤ï®m"í�ý¡Á�:­ §u�@$g���J�,ªC©N�«�^�%�¢©«�g¤��Ü�g¤H��"��@$J�C�Ñ�g¥
$J�J Y�¢©NªC©N�°­Á�� 7�g�u�g·��A�7©«¤�·��A�«�J¤�·Ü�7§��
wu�^�A¡Ñ�¨¤z�C�
�.r�m)ruaTaTq"a-ùhaDru��q"tÃo3eD�vI��¨�ð²����g�,�7²�¡£�l�g¤ý�C¤��,�C¡./��N�³�g¥´���g ¢�g�N�«�¨�<wu�«�g¡Ñ�¨¤��¢�v���¨�7ªC ,©)/1���K/�­�$J�J Y�¢©«ª¨©N�°­

ω = a2
∑

i

ωiδ(r − ri) ,
[ 5  !_

"ð§��C ,�
ri
�g 7�L�Ã�J�,©N�7©«�J¤����g¥��¢§	�C�7�.w��^�g¡£�C¤��¢��©«¤��æ���«�g¤��s�Ã�¨ 7�1�C¤���©NªC²��«�g ��7�æ�¢§��¨©« Z��©« ,�Cª¨�7©«�J¤���Y��Ü·g�¨�.�7§��

$J�¨ª¨�¢�g ��1�g�¢�¨¤��¢©^�A�
A = −(a2/π)

∑

i

ωi ln |r − ri|
[ 5�� _

�g¤��Ó$J�¨�«�"ªC©N�°­

v = curlA = (a2/π)
∑

i

ωi × grad(ln |r − ri|) = (a2/π)
∑

i

ωi × Ri

R2
i

,
[ 5�5 _

"ð§��C ,�
Ri = r − ri

�
G�²��«�¨ �3Å�<�
Nz²u�A�¢©N�J¤Ó/� 7©N¤�·J�ð�
¥D�J 7ª¨�2[T�1�C ð²�¤�©±�ð¡Á�A�7�ª_

−v × curlv = 2ω × v = −(2a4/π)
∑

ij δ(r − ri)ωiωjgrad(ln |r − rj|) =

= −(2a4/π)
∑

ij δ(Ri)ωiωjRj/R
2
j

[ 5 ¾!_

"ð§�©«ª]§S$g�A¤�©«�,§��C�Ñ�
$J�¨ ,­k"ð§��¨ 7�g®��'½�ªC�¨�	�æ�7§���wu�«�g¡£�C¤��¢�¨� ¦!§	�
v2/2

¸°ªC�g¤z�7 7©�/�²	�¢©N�J¤ �¢���7§��àt`Û!l¶�g¥hG�²��N�C �3Å�
��Nz²u�A�7©«�J¤ý ,�:�D���

v2/2 =
1

2
(a2/π)2

∑

ij

ωiωjRiRj/R
2

iR
2

j ,
[ 5 �k_

�g¤��ú©N�7�!·J ¢�D�	©«�C¤��ð©N�!·J©�$g�C¤Ó/�­

grad(v2/2) = (a2/π)2
∑

ij

ωiωj
R2

i − 2(RiRj)

R4
iR

2
j

Ri .
[ 5 ¿�_

�!ªCª¨�J ���©N¤�·Á�7����Nz²u�A�7©«�J¤ú[ 5�5 _/®º"í�
¡Á�:­ú�«�"��(æ¥D�J ��Á�,�7�:�D��­z¸�+u�%" �,�J�«²��¢©«�g¤ï®��A��"��Ü�g�7�,²�¡Ñ�LªC�J¤��Y�]�g¤��
ωi
35�
�

�¢§��¨¤ï®"�7©«¤	ªC�ð�¢§��ð¥D�J 7ª¨��·g©�$J�¨¤Ñ/�­V[ 5 ¾!_x$g�A¤�©«�,§��C���J²	�7�7©)�	���A¤z­
ri
®"�7§��yt`Û!l��g¥4G�²	�«�C 
35����Nz²u�%�¢©«�g¤2$A�g¤�©N�7§��¨��¥D�g 

�g¤�­
r 6= ri

®"�,�l�7§u�A���¢§	���� ,�C�,�7²� ,��©«���,�Ü�g���7�L�gª¨ªC�J¡£¡£�X�u�%�¢���7§��
v2/2

®Wo]Ð]q�Ð
p = −v2/2

®�¥D�J �©N¤��,�¢�g¤�ª¨�g��¯°¤
·J�C¤	�C ¢�A�E®u�7²	ª]§��£�,�J�«²��¢©«�g¤ý�7��G�²��N�C 
35�<��Nz²u�A�7©«�J¤ú¡Ñ�3­æ�'½�©«�Y�:®u�¢§��g²�·J§�¥D�g ��A¤�©N¤�ªC�J¡£�� ,�C�7�,©)/��N��+u²�©���©±�u�����¨�
¤��g�CÂ��¢§�������©^�D/��A�¢©Nªs�
N"²��A�¢©N�J¤

vgradp = 0
©«�.¤��A�³�¢�A�7©«�Tw����ù©«¤��7§u�A��ªC�g�7�A®v�A��©N�.ªC�g¤|/Ã�
�C�g�7©N�N­�ª]§��Cªª(A���

��©« ,�Cª'�¢�N­./z­�¡Ñ�D(z©«¤	·s²��,���A¥B[ 5D5 _��g¤��{[ 5 ¿�_/�	,��%"í�
$g�C C®	�7²�ª]§��³�7�g�«²	�7©«�J¤'���"�C��¤��g�í�'½�©«�Y��©N¤�·J�C¤��¨ ¢�g�u¥D�J ��7§��
�Ã�g©«¤��¢�

r = ri

®º"ð§��¨ 7�L�7§��s¥D�g 7ªC�
−v × curlv

©«�<�7©«¤	·J²��^�A ��n�7²�ª]§ù�£�7�J�N²	�¢©N�J¤Ó"ð©«�«���7§��C¤L/1����©«�,ªC�J¤��¢©N¤z²��J²��
©«¤ý�7²	ª]§¶�1�J©«¤��¢�¨�
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¦!§����7©«¤	·J²��^�A ï�Ã�g©«¤��¢���g ,�B���:�g�±�4"ð©N�7§y/�­��¨¤�ªC©N 7ª¨�«©«¤	·ð�g¤�­³�Ã�J©N¤��
ri

/�­³�ð�7¡Ñ�g�N�gªC©N 7ª¨�«���g¥� ¢�D�	©«²��
ε
®%©«¤��¢�¨·J ¢�A�7©«¤�·

�%$J�C <©N�7�!�7²� Y¥T�gªC�l�g¤H���N�¨�7�7©«¤�·s�¢§��¨¤
ε→ a

�����J©N¤�·��7��©«¤~[ 5 ¾!_'®H"í�l·J�¨�<�
¥D�J 7ª¨�

fi = −(2a2/π)
′

∑

j

ωiωjRij/R
2

ij ,
[ 5 »!_

�gª¨�7©«¤�·s²��1�J¤Ñ�7§��
i
¸ �¢§2wu�^�A¡Ñ�¨¤z�C®	�A���g ,©«�,©«¤�·³¥D 7�J¡

−v× curlv
®�"ð§	�C 7�

Rij = ri − rj

�g¤H�Á�¢§��<�� ,©«¡£���%$J�¨ 
�¢§��l�7²	¡ ¡£�:�A¤��

j 6= i
�aY��l¤��g�7�l�7§u�A�<�¢§��l�7©N¤�·J²��«�g !�7�¨�N¥^¸E¥D�J 7ª¨�s©N�<¤	�g��©N¤�ªC�N²����
�ï®1�g��©±¥v�7§��yw��^�g¡£�C¤��¢�<�g ,�

�«©N¤��'¸ �«©)(A�g�v¦!§���¥D�J 7ª¨�³�7§��
j
¸ �¢§�wu�«�g¡£�C¤��<�gª¨�7�ð²��Ã�g¤ý�7§��

i
¸E�¢§Ówu�^�g¡£�C¤��!©N�µ�¢§��¨ 7�'¥D�J 7�

fij = −(2a2/π)ωiωjRij/R
2

ij ,
[ 5 â�_

"ð§�©«�N�.�¢§���¥D�J ,ªC�.�7§��
i
¸ �7§Kw��^�g¡£�C¤��ð�gª'�¢�ð²��1�J¤ý�¢§��

j
¸ �7§Ów��^�g¡£�C¤��!©N�

fji = −(2a2/π)ωiωjRji/R
2

ij = −fij .
[ 5DF _

¼�/k$"©N�J²��7�±­J®n©N��©«�!�7§��Ü�g¤��g�«�J·£�g¥´��¡£�Ã�¨ 7�D3Å���¨�«�¨ª¨�¢ ,�X��­�¤��g¡Ñ©Nª�¥D�J 7ª¨�Ü�gª'�¢©«¤	·Ñ/1�¨�b"í�C�¨¤��b"��æ���g ¢�g�N�«�¨�ï�C�N�Cª¨�7 7©Nª
ªC²� , 7�¨¤z�7�C®	�g�

−v× curlv → j×H
©N�í�A¤��^�g·g�J²��h�¢��I��J 7�¨¤z��OD3Å��¥D�g 7ªC�A�	Y��<ª:�A�«�

F = −v× curlv = 2ω×v�¢§���G�²��«�¨ l¥D�J ,ªC�A��Ju�J ,¡Á�A�«�N­�©N�l©N�L�g¤��g�«�J·g�J²����¢�ú�¢§���I��g 7�C¤���OÑ¥D�J ,ªC�
∼ j × H

�gª¨�7©«¤�·ú²��1�J¤W�A¤��C�N�Cª'�¢ 7©Nª
ªC²� , 7�¨¤z�

j
���^�AªC���w©«¤���¡Á�A·J¤��¨�7©«ªÓwu�C���

H
�û,<�?"í�
$g�C ¨®��g�2"��¶�7§u�g�N�ð�7�C�¶�7§��J Y�¢�±­|�7§��C ,�¶©N�Á���	 7�g¥D�J²	¤��

��©�ÎÃ�C ,�C¤�ª¨�h/Ã�'�b"��¨�C¤{G�²��N�C �3Å�!¥D�J 7ª¨�³�g¤��ý�¢§���I��J ,�C¤��`O�¥D�J ,ªC�g�
¯ �<©«�!�:�A�,­æ�7�£�,�C�³�¢§u�%�!�¢§���¥D�J ,ªC�³·J©�$g�C¤K/�­Ý[ 5DF _m���C ,©�$J�¨�<¥D ,�J¡ �
�1�g�¢�¨¤��¢©^�A�

Uij = (2a2/π)ωiωj lnRij ,
[ 5Dc _

�7���¢§��³�¨¤��C ,·g­��g¥@�¢§��³©N¤z�7�C 7�gª¨�7©«¤�·dwu�«�g¡Ñ�¨¤��¢��[T�1�C !²	¤�©N�ð�N�C¤�·g�7§W_� 7�C�D���

U = (a2/π)
∑

i6=j

ωiωj lnRij .
[6¾� !_

¯ ��©«��"í�J Y�¢§ ¤��g�7©«¤�·��7§u�A�
�¢§	�æ¥D�J 7ª¨�æ�¢�g�¢�g� ∑

i6=j fij
�J¤ �¢§����¨¤��7�¨¡./��N�Ó$A�g¤	©«�7§	�C�C�ÝY��ý�A�����N­��¢§����7�g¡£�

�� 7�"ªC�
��²� ,�.�¢�
�g�N�u�¢§����g�7§��C íªC�J¤��7 7©)/	²	�¢©N�J¤��í�7�'G�²��«�¨ �3Å�µ��Nz²u�A�7©«�J¤��xY��Zwu¤����:�A�7©«�±­J®X/z­Ñ��©N 7�Cª'�!©«¤��7�C·J 7�A�¢©N�J¤ï®
�¢§u�%�

(v)i → 0
®
(∂v/∂t)i → 0

®1�g¤��
(grad(v2/2))i → 0

®W"ð§��C ,�L�¢§	�s�,²�/��7ª¨ 7©N�	�
i
���C¤��A�¢�C���¢§��s 7�C�,²��N���g¥

©«¤��¢�¨·J ¢�%�¢©«�g¤��?$g�C v�!ªC©« ,ªC�N���g¥X$A�g¤	©«�7§	©«¤�·ð ¢����©«²��
ε
�� ¢�@"ð¤s�g 7�J²	¤��l�7§��

i
¸E�¢§
wu�«�g¡Ñ�¨¤��:�@¯ �@¥D�g�«�«�%"ð���7§u�A�9G�²��N�C �3Å�

��Nz²u�A�7©«�J¤� ,��Nz²�©N 7�C�.�7§��Ü�
N"²	©«�«©�/� 7©N²�¡ ªC�g¤���©N�7©«�J¤
fi = −(gradψ)i

®��g¤H�L"���¡Ñ�3­ý�¢�D(g���g¤�­¶�� 7�¨�7�7²	 7�
�¢§u�%�
�¢�A�7©«�#wu�C�ð�¢§��³�
N"²��A�¢©N�J¤��A¥��D��©«�D/u�A�7©«ª�+��?"h�u�7§��C¤ú�'½"�¢�¨ 7¤u�A��¥D�g 7ªC�¨���A 7�³¤��C�
�������¢���¢�A�7©«�Y¥�­æ�¢§��l��Nz²�©N�«©�/� 7©N²�¡
ªC�J¤H��©N�7©«�J¤ï�
¦!§��s¥T�Aª¨�ð�¢§u�%��G�²��N�C 
35�<��Nz²u�A�7©«�J¤�§u�g�<¤��£�7�J�N²	�¢©N�J¤�¥D�J !�¢§��l·J©�$g�C¤���©«�Y�¢ 7©�/�²	�7©«�J¤ý�g¥g$J�J Y�¢©«ª¨©N�7©«�C��[ 5  !_µ©«�ð¤��A�
�7²� ,�� 7©N�7©N¤�·�Â@¤��g�í�g¤�­.$J�¨�«�"ªC©±�°­
¡Á��(g�C�����7�g�«²	�7©«�J¤ï�´¼.²� B��©«�Y�¢ ,©)/�²	�7©«�J¤d�	�C�1�C¤������J¤
�¢§	���u�A ¢�g¡£�¨�7�C 7�

ri

®��A¤��
©«¤��J ����¨ <�7�Á�N����(Ñ¥D�J ��Ñ�7�J�N²	�¢©N�J¤ï®�"í�L§u�@$J�A®��A���«�C�g�,�C®n�7�Á·J©*$J�L�Ñ�	­"¤u�g¡£©«ª¨�<�7�Ñ�7§��C�,�Ü�u�g 7�g¡Ñ�'�¢�¨ 7�C®9o]Ð]q�Ðð�7�
�«�'�í�7§��Zwu�«�g¡£�C¤��¢�í¡Ñ�%$J���g 7�g²�¤��ï��¯°¤��	�C����®	�¢§��<¥D�J 7ª¨�

fi
�gª¨�7©«¤�·s²��1�J¤��g¤�­

i
¸E�¢§�wu�«�g¡£�C¤���©N�í¤	�g�m$A�g¤�©N�7§�©N¤�·�®

�7���¢§	�C 7��©N�³�ý¡£�g�7©«�J¤��A¥í�7§��dwu�^�g¡£�C¤��7�C�yY����C¡£��§u�g�,©)O¨�Ü�¢§u�A�l�0$g�C�«�"ªC©±�°­
ui = ṙi

¡L²��,�h/1���A�7�7 7©�/�²	�¢�
�
�¢�ú�g¤�­

i
¸E�¢§{wu�«�g¡Ñ�¨¤��:®��g�h��©N�,�¢©N¤�ª¨��¥D 7�J¡ �7§��d+u²�©��|$g�C�N��ª¨©N�°­

(v)i

®@�g¤H�ï®��7©«¡£©«�«�g 7�±­
(gradψ)i = 0

®v�A�.¥D�J 
�«©N¤��'¸ �«©)(A�.wu�^�A¡Ñ�¨¤z�7�C�ÓY��Ñ·J�¨�s�¢§��¨¤ �V��©N�,�7©«¤�ª'�y��­�¤��g¡Ñ©NªC�s�g¥µ�¢§	�Ñwu�«�g¡Ñ�¨¤��¢�C®h�g�L�¨¡Ñ�¨ 7·J©N¤�·ú¥D ,�J¡üG�²��«�¨ �3Å�
+u²�©����
N"²��A�¢©N�J¤ï®n�g¤���ªC�J²	���«�
��©N¤¶��ªC�¨ ,�]�A©«¤Ó"µ�:­ý�¢���¢§��h+u²�©���¡£�g�7©«�J¤ï®	�g�<©N�u"ð©«�N�4/Ã�³�,�C�C¤¶�7§��J Y�¢�±­J�aJv©« 7�Y�:®
"��l¤��g�7�.�¢§��³�
N"²��A�¢©N�J¤��A¥´¡£�g�¢©N�J¤

dui/dt = fi = −(2a2/π)
′

∑

j

ωiωjRij/R
2

ij

[6¾ � _
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¥D�J vwu�^�A¡Ñ�¨¤z�7�C�µ¯ ��©«�<ªC�g¤�ªC�¨©�$A�D/��N�³�7§u�A�<�¢§��l�
$g�J�«²��¢©«�g¤��g¥v�¢§��s�Ã�g�7©N�7©«�J¤	�
ri

�g¥v�¢§���wu�^�g¡£�C¤��7�<¡£©«·g§z��/1�s�,�
�g�!�¢�£�A�,�]�g©N¤��
¡£©«¤�©N¡Ü²�¡ �g¥@�¢§�� � ¡£�Cª]§u�A¤�©«ªC�g� � ®��Ã�A�¢�C¤��7©^�g�ï�¨¤��C ,·g­

U
·J©*$J�C¤Ó/�­~[6¾D !_'®4o]Ð]q�Ð�¥D�J a$A�g¤�©«�,§�©«¤	·

¥D�J 7ª¨�C�ð�J¤��g¤�­0wu�«�g¡Ñ�¨¤��:®
′

∑

j

ωjRij/R
2

ij = 0 .
[6¾ 5 _

,��%"í�
$J�¨ C®ï�,²�ª]§ù�Á�,�J�«©����Y�]�A�7�L�g¥	w��^�g¡£�C¤��¢�<©«�<¤��g���,�¢�D/��N�g�<¦!§�©«�<ª:�g¤V/Ã�sª]§��Cªª(A���|/�­V��©N 7�¨ª¨��ª:�g�NªC²��«�A�¢©N�J¤ï®
�¢§��g²�·J§�©N�
"í�J²��)��©«¡£���±­��ý�«�J¤	·A¸° 7�g¤�·J�Ü�g ����¨ h"ð§	©«ª]§�©N��¤��g�s�A�,�]�g©N¤u�D/��N�Ü©«¤ù·J�¨¤��C 7�g��©«¤��b"�����©«¡£�C¤	�7©«�g¤��C�
¼.¤��¢§	�Ñ�g�7§��C l§u�g¤H�ï®v�7§��Ñ¡£�g�7©«�J¤��¢�%"��g ����7²�ª]§ �ý�,�¢�A�¢�Ñ¡Á�:­�¤	�g�L�	 7�C�,�C #$J�Á�7§��Ñ�¨¤��7�¨¡./��N�Á�g¥�$J�J Y�¢©«ª¨�C�¨�
¦!§��

v2/2
·J©�$g�C�<�g¤ý�C¤	�C 7·A­ý�Ã�¨ !²�¤�©N�ð�N�C¤�·A�¢§

E =
∫

dr · v2/2 =
∫

dr · vcurlA/2 =
∫

dr · Acurlv/2 =

=
∫

dr · Aω = −(a4/π)
∑

i6=j ωiωj lnRij = −a2U .

[6¾J¾!_

¼.¤��ùª:�g¤ �7�¨���7§u�A���¢§	� � ¡£�Cª]§��g¤�©«ªC�g� � �C¤��¨ 7·g­
U
�	²����7� �¢§���¥D�J ,ªC�C���gª'�¢©«¤	·\/Ã�'�b"��¨�C¤ �7§��{wu�^�g¡£�C¤��7�

ª]§u�g¤�·g�C�ð�A�µ�7§���ªC�g�,�!�g¥��7§�� � wu�¨�)� � �C¤��¨ 7·g­
E
�,�¢�g 7����/�­Ñ�¢§���$g�C�«�"ªC©±�¢©N�C�C®"�7²	ª]§��A�

E/a2 +U = const
®u�g�

¥D�J �¡Ñ�g·J¤	�¨�¢©NªZwu�¨�)���¨��¦!§��³�g¤u�A�«�J·g­��A¥
Aω

"ð©±�¢§Á�7§��.©N¤z�7�C 7�gª¨�7©«�J¤æ�¨¤��C ,·g­
jA

�g¥@�ÜªC²� , 7�¨¤z�ð©N¤��L¡Ñ�g·J¤��'�¢©Nª
wu�C���Ü©«�´��/!$�©N�J²��¨�´¦!§�©N�h©«�@�¢§��m"��:­L�7§��µ¡£�g�¢©N�J¤L�g¥u�7§��mwu�«�g¡£�C¤��¢�h©N�´ª¨�J²����N���Ü�¢���¢§��µ¡£�g�7©«�J¤s�g¥u�¢§���$J�C�N��ª¨©N�°­
wu�C���ï�
��²� ,©«¤�·��¢§	©«���
$g�J�«²	�7©«�J¤�®kG�²	�«�C 
35���
N"²��A�¢©N�J¤�¡Á�:­d/1�!�¢�A�7©«�#wu���£¥D�J ���¤��J¤�¸ �,�¢�C�D�	­d+u�%"w�g¥<$g�C�N��ª¨©N�¢©N�C�¨®J�¢§��J²	·J§
©N�´©«�h¤��A��¤��Cª¨�C�,�¢�g Y­
¥D�J ��.·J©*$J�C¤
�¨¤��7�¨¡./��N�!�g¥W$J�J Y�¢©«ª¨©N�7©«�C�¨�v¦!§	�<�	 7��/��N�C¡ �g¥n�¢§���ªC�J¤��¢©N¤z²�©N�°­L�g¥n�¢§��µ�,�J�«²��¢©«�g¤
���"�C��¤��g�í�g���1�:�A ��g¤�­�¡£�J ,�g®z�7©N¤�ªC�!�¢§	�<�N©«¤��/¸°�N©)(g��[T�1�J©«¤��Y¸°�«©�(g�@_9wu�^�A¡Ñ�¨¤z�7���g 7�ð¤��%"w 7�C¡£�%$J�
�Ñ¥D 7�g¡ �¢§	�u+�²�©)�ï�
¦!§�©«��©N���¢§	�d/u�g�7©Nª.���¨ªC�J¡£�Ã�g�7©N�7©«�J¤¶©«¤��¢���u�A ,�¢©NªC�N�C�.�A¤��{wu�C�����C®��g�.�g�«�N�?"í���{/�­��7§��.$J�g ,�¢�/½�ª¨�J¤�ªC�¨�	�:�L¦!§��
wu�C�������g ,�Ü�� ,�X��²	ªC���{/�­¶�u�g ,�7©«ª¨�«�C�¨®Ã�7§��Ü�u�g Y�¢©NªC�«�¨�.�g ,�Ü�«�"ª:�A�«©)O¨���Ówu�C�����C®��7©«¤	·J²��^�A 7©N�7©«�¨�<©N¤¶�¢§	��wu�C�����C®s/Ã�g�7§
�¢§��.w��C�)�	�³�g¤����¢§��
���g ,�7©«ªC�N�C��¡Á�:­�§��%$g�
�¢§��¨©« .�%"ð¤|�	­"¤u�g¡£©«ª¨�C®��g¤H�ù�7§��.wu�¨�)����©N¤z�7�C 7�gª¨��"ð©±�¢§ù�u�g Y�¢©NªC�«�¨�C�
¦!§�©«�£©«¤��7�C ¢�Aª¨�¢©N�J¤  7�¨�^�A�7�C�
�¢§��ú¡£�g�¢©N�J¤ �g¥��7§��Ówu�C�����£�7���7§��ý¡Ñ�A�¢©«�g¤|�A¥��¢§	���u�A ,�¢©NªC�N�C�C�úY��ú¤	�g�¢�ý�¢§u�%�
�¢§��|(z©«¤	�¨�¢©Nªù�C¤��¨ 7·g­

Ekin

�A¥s�7§������g ,�7©«ªC�N�C�¨®.�g�,�7�"ªC©^�%�¢���ý"ð©±�¢§þ$J�C�N��ª¨©N�7©«�C�
ui

®�©«���7²	ª]§ �g�ý©N�ýª¨�J¤��,�C T$g�C�
�g·��g©N¤��,���¢§��
�1�g�7�C¤��¢©«�g�v�¨¤��C ,·g­

U
®��,�ú©±�.©N���æ¡Ñ�C�g�7²	 7�Ü�g¥��7§�� � wu�¨�)� � �¨¤��C ,·g­

E
�l¦!§�©«�.©N����©N�,�¢©N¤�ª¨��¥D 7�J¡

�C�N�Cª¨�7 7�J¡Ñ�g·J¤	�¨�¢©N�7¡ú�v¦!§	�<���g ,�7©«ªC�N�C���A 7�ð�7©N¤�·J²��«�g 7©±�¢©«�¨�´�g¥1�¢§	�awu�C�����C®"�g¤��Ñ�g���N�J¤�·³�g���¢§	�<�,�C�±¥^¸°©«¤��7�C ¢�Aª¨�¢©N�J¤Ü©N�
�@$J�J©�������/z­ý�7§��s�1�J©N¤z�Y¸°�N©)(g�2[D�«©N¤��'¸ �«©)(A�%_í¤��A�¢²� ,�s�A¥h�¢§��l�u�g Y�¢©NªC�«�¨�C®��7§��C ,�L©«�ð¤��Ñ�� 7�D/��«�¨¡ �g¥h©N¤Hwu¤�©±�¢©«�¨�C�í¦!§��
�� 7�D/��«�¨¡ ©«�
§	�?"í�
$g�C Ñ²�¤u�@$J�J©��u�D/��N��©«¤ �C�N�Cª'�¢ 7�g¡Á�g·g¤��¨�7©«�7¡ú®	"ð§��¨ 7��"��ú�,�¢�g ,�d"ð©±�¢§ �b"í�à��©N�,�¢©N¤�ª¨�L�¢§�©N¤�·J�C®
�Ã�g©«¤��,¸ �«©)(A��ª]§u�A 7·J�¨���g¤H�Kwu�¨�)���¨®n�g¤��ý�C¤H����²	�K"ð©±�¢§ý�J¤��A®��¢§��³²�¤�©N�J¤ý�g¥@�¢§����b"í���
Ju�J ��A¤|[T²�¤	�,�]��/��«�@_���Nz²�©N�«©�/� 7©N²�¡ �g¥��7§��.�C¤	�7�C¡�/��«���g¥��¢§���wu�^�A¡Ñ�¨¤z�7�C®��gªCª¨�J ��	©«¤�·L�7�Ó[6¾ 5 _'®k"ð§�©«ª]§Á¡Á�:­£�«�"��(
�«©�(g�l�g¤¶�g ����¨ 7����® � ���¨ªC�J 7�A�¢�
� � ®n�b"��Ñ��©«¡£�C¤	�7©«�g¤u�g���^�%�7�¢©NªC���g¥xwu�^�g¡£�C¤��7�C®Öo]Ð]q�Ð����^�A�,�¢©NªC�³�g¥	wu�«�g¡£�C¤��¢�v"ð©N�7§
�J���1�J�7©±�¢��¤��:�g ,�C�Y�,¸°¤	�C©«·g§�/1�J²� ,��$J�g ,�¢©NªC©±�¢©«�¨�C®��7§��Pt`Û!l��A¥�G�²	�«�C 
35�Á��Nz²u�A�7©«�J¤Q$A�g¤	©«�7§	�C�C®<�g¤H�w�¢§��¶�� 7�¨�7�7²	 7�
¥D�J�«�N�%"ð���¢§��

v2/2
�dI��¨���7§����J 7©N·J©«¤�/Ã���J¤ù�7�g¡Ñ�

i
¸ �¢§{wu�«�g¡£�C¤��:®��A¤����N�¨�

ρ
/1�Ü�¢§����1�J�7©±�¢©«�g¤V$J�¨ª¨�¢�g h"ð©±�¢§

 7�¨�7�1�Cª¨�<�¢�
�7§�©«�!�J ,©«·J©N¤ï�	Ju�J 
ρ
ªC�N�J�7�.�7�£�7§��³�J 7©N·J©«¤Ñ"��l§u�@$J�

v = (a2/π)
ωi × ρ

ρ2
+ ...,

[6¾D�!_

¥D 7�J¡ÿ[ 5�5 _'®u�g¤H�

p = −v2/2 = −
1

2
(a2/π)2ω2

i /ρ
2 + ...,

[6¾�¿D_

¥D�J h�¢§	�v���J¡£©«¤u�g¤���ª¨�J¤��¢ ,©)/�²	�7©«�J¤	�C®J�� ,�%$�©���©«¤	·.�¢§��!�
N"²	©«�«©�/� 7©N²�¡ ªC�J¤H��©N�7©«�J¤K[T¾ 5 _v©N�h¥D²���wu�N�«�
�ï��¦!§��vwu�^�g¡£�C¤��7�
/Ã�¨§u�@$J���¢§��¨¤L¡Ñ�g©«¤��±­��g�@©«¤H���C�1�C¤��	�C¤��:® � �J¤��/¸°�u�g Y�¢©NªC�«� � ®)��/�z,�¨ª¨�¢�¨�´¯ �v©«���:�A�,­³�¢§��¨¤s�7���,�C�í�7§u�A���¢§	�í�
N"²��A�¢©N�J¤
�g¥��D�	©^�D/u�%�¢©«ª
+u�%"

vgradp = 0
©«���7�A�¢©N�Twu�
�ï®���$J�¨¤�¥D�J �©N¤�ªC�J¡£�� ,�C�7�,©)/��N�
+u²�©)�	�C��¯ ��©«�<¤��g����/!$�©N�J²��<�¢§u�A��©N�

©«�ð�g�N�7���¢�%�¢©«�#wu���ý¥D�J ð�g¤ý©N¤�ªC�J¡£�� ,�C�7©�/��«�Z+u²�©)��¥D�J aw�¤�©N�7�
ρ
�
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¦!§����¨¤��7�¨¡./��N�í�g¥	©«¤��¢�¨ ¢�gª'�¢©N¤�·v$J�J Y�¢�'½�wu�«�g¡£�C¤��¢��©«¤��7 7����²�ªC�
�L§��¨ 7��ª:�g¤y/Ã�B$"©«��"��
�Ü�g�v��wu�«�g¡£�C¤��¢���«©�Nz²�©)�ï®3�g 
���^�A�7¡Ñ�	�h¼�/!$"©«�J²	�7�N­g®��¢§��ð�«�¨¤�·g�7§

a
���^�:­"���¢§��< 7�g�«�!�g¥����7§��J Y�,¸  ¢�g¤�·g�<ª¨²	�¢��Î´®"�g���«�¨¤�·g�7§

L
���^�:­"���¢§��ð 7�g�«�!�g¥

���«�J¤�·%¸° ¢�A¤�·J��ª¨²	�¢��Î´�h¦Ö"í��wu�«�g¡£�C¤��¢�x"ð©±�¢§��J���1�J�,©N�¢�a$g�J ,�7©«ª¨©N�¢©N�C�h ,�C�1�C���C�gª]§£�g�¢§��¨ C®z�7�	®z�gªCª¨�J ���©N¤�·��¢�2[T¾� !_'®
"��£¡Ñ�3­¶�C�Y�¢©«¡Ñ�A�7�Ü�¢§���©«¤	ªC 7�C�g�7�£©«¤ù�¨¤��C ,·g­ù�g�,�7�"ªC©^�%�¢���|"ð©N�7§ù©«¤��¢ ,�X��²	ªC©«¤	·ú�,²�ª]§W�A¤��A¤z�7©±¸�wu�^�g¡£�C¤���©N¤��g¤
�C¤!$"©« ,�J¤�¡£�C¤��µ�g¥�¤	�:�g ,�C�,�Y¸°¤��¨©«·J§k/1�J²� ,©«¤�·s�u�g ¢�A�«�«�¨��wu�^�A¡Ñ�¨¤z�7�µ�g�

δU ∼ −(a2/π)ω2 ln(a/L)
®�¥D�J B$J�g ,�¢©NªC©±�¢©«�¨�

��Nz²u�g�!©N¤|�D/��7�g�«²	�7��$A�g�«²��A�W�µ���¢§����7�g¡£�æ�¢©«¡£�g®��7§���·��g©N¤ ©«¤ �C¤��¢ ,�J��­ ©«�
�A¥��7§����J ��	�C 
δS ∼ ln(L/a)

�
� ��§u�A�7�¶�7 ¢�g¤��,©N�7©«�J¤j©«�Ñ�7§��C ,�¨¥D�J ,���1�J�7�,©)/��N�¶�A�Ñ�¢�¨¡Ñ�1�C 7�A�¢²� ,�

T ∼ a2ω2/π
� ¦!§�©«�æ©N�Ñ�7§��V"í�C�«�Õ¸b(z¤��%"ð¤

¹��C ,��O¨©«¤��T(z­�¸b^��J�Y�¢�C ,�«©±�`O'¸ ¦!§��J²��N�C�,���¢ 7�g¤��7©±�¢©N�J¤�©N¤¶�b"í����©«¡£�C¤��,©«�J¤	�<¥D ,�J¡ �Á§�©«·g§�¸ �7�C¡£�Ã�¨ ¢�A�7²� 7�h��©N�7�J T���C ,���
�«©�N"²	©)��[T�	�^�g�,¡Á�!_��7�ú�ú�N�?"µ¸E�¢�¨¡Ñ�1�C 7�A�¢²� ,� � ªC�g¤����C¤	�7��� � ��§u�g�,�g®9"ð§��C ,�2wu�«�g¡£�C¤��,¸°�g¤��¢©±¸�wu�^�A¡Ñ�¨¤z���u�g©N 7�l�g ,�
�� 7�¨�7�¨¤z�C� ebe ���ð©N�!©N�u"í�C�N�±¸�("¤	�?"ð¤�®�©N�ð©N�ð�
�7�J�1�J�«�J·g©«ª:�A�«�N­Ü�J ����¨ 7�
�¶��§u�A�7�g®u¤	�g�����N�J¤�·A¸  ¢�g¤	·J�.�J T���C ,���ú�J¤��g�
� Ìva6c]�ïb�q�ùhaDru��q"tÃo3eD�-Y��í¡Á�:­lªC�J¤	�7©)�	�C ��g¤s�C¤��,�C¡./	�«�µ�g¥���/��«©�Nz²���wu�«�g¡£�C¤��¢�¨®D/�²	�´©N�v©«�@¡Ñ�g 7��ª¨�J¡£���«©Nª:�A�7�g�
¯°¤��,�7�:�D��®9"í�Ñ¡Ñ�:­� 7�¨�,�7 ¢�g©N¤��g²� 7�,�C��$g�C�³�¢�ú�ý���^�g¤	�
�g¥µ��/	�«©)Nz²��ywu�^�g¡£�C¤��7�C®±"ð©N�7§|$g�J ,�7©«ª¨©N�°­�·J©*$J�¨¤~/�­�[ 5  !_'�
I��¨�

ri

/Ã�£�¢§��¨©« l�Ã�J�,©N�7©«�J¤��³©N¤����«�g¤��D�h�7§��C¤�®´�¢§��Ñ$J�Cª'�¢�J 
r
ª:�g¤P/1�Ñ"ð ,©N�,�¢�C¤��g�

r = ri + li + di

®x"ð§��C ,�
li = ωi[ωi(r − ri)]/ω

2
i

®ï�g¤��
d2

i = |r − ri|
2 − [ωi(r − ri)]

2/ω2
i

�L¯ ��©N���¢§�©N�
di

"ð§�©«ª]§ù�¨¤z�7�C ,�³�7§��.$J�¨ª¨�7�J 
�Ã�A�¢�C¤��7©^�g�x[ 5�� _'�	Y��.ª:�g¤0"ð ,©N�7���g·��g©N¤Á�¢§	� � wu�¨�)� � �¨¤��C ,·g­��AªCªC�g ���©N¤�·Ü�¢�Ó[T¾J¾!_/�B,��%"���$J�¨ C®��¢§	�hG�²	�«�C í¥D�J 7ª¨�
[ 5 âD_ð©N��¤��A��©N¤����«�g¤��s�g¤�­"¡Ñ�J ,�g®º/�²	��©N�<§u�g���g�«�,�Á�£ªC�J¡£�Ã�g¤��C¤��.�1�C ,�Ã�¨¤���©NªC²��«�g !�¢�Ñ�7§��L�	�^�g¤��A�!¦!§�©«�<�¢�¨�«�«�
²��³�¢§u�A�³�7§��Ñ ,�C�Y�¢ 7©Nª¨�7©«�J¤ù�¢���ú�	�^�g¤���©N�l¤	�g�s����§�­"�7©Nª:�g�N�N­V$A�g�N©)�ù�� ,��/��«�¨¡��£���h"í�Á�7§��g�«���,�C�£�7§��J Y�¢�±­J®v�g¤
�C¤��,�C¡./	�«�³�g¥9wu�^�g¡£�C¤��7�!�g¥g$A�g ,©«�J²	�!�J 7©N�C¤��]�A�7©«�J¤	�µ©«�!¤��A���
�Y�]�D/��N���C¤��,�C¡./	�«�g�
&�²����1�J�,�Ü�¢§u�A���¢§��L©«¤��¢�¨·J ¢�g�@©«¤\[ �%c _ð©«��ª:�g , 7©«�
���g�N�J¤�·Ñ�7§���wu�«�g¡£�C¤���/1�¨�b"í�C�¨¤

z − ε
�g¤H�

z + ε
®ï�A��¥D�J .�

�7¡Ñ�g�«�Uwu�«�g¡£�C¤����N�C¤�·A�¢§
2ε
�´¦!§��C¤ï®X"��.·g�¨�

A = (ωa2ε/π) · 1/R
®X"ð§��¨ 7�

R
©N�í�¢§	����©«�Y�]�g¤	ªC���7�L�¢§��A�µ�,¡Á�g�N�

�Ã�g ,�¢©N�J¤Á�A¥4wu�^�A¡Ñ�¨¤z�7�C��¼�/!$"©«�J²	�7�N­g®
∆A = −4ωa2εδ(R)

®"�g�µ©±¥ï�¢§	�Z$J�g ,�¢©NªC©±�°­Ñ©N�
ω(R) = 2ωa2εδ(R)

�gY��
·J�¨�ð�7§��C ,�¨¥D�J ,�l�N��ªC�g�«©�OC�
�æ�u�g Y�¢©«ª¨�«�¨�!�g¥g$g�J ,�7©«ª¨�C�C�
ilk1m3o3q!ò õ r�m3o)cTp�aDq�e��<ilknm3o)c6p�cDruaïaTc]�ïbvcTdB��I��'�

ω(r) = ωa3δ(r)
/Ã�µ�7§��a$J�J Y�¢©NªC©N�°­y��©N�,�¢ ,©)/�²��¢©«�g¤L�g¥Ã��$J�J Y�¢�/½

�u�g Y�¢©«ª¨�«�.�A¥g$g�J ,�7©«ªC©±�°­
ω
�g¤��ú ¢�D�	©«²��

a
��¦!§��
$J�¨ª¨�7�J ��1�g�7�C¤��¢©«�g��·J©*$J�¨¤�/�­~[ � â�_í©«�

A(r) = (a3/2π) ·
ω

r
,

[6¾J»!_

�gªCª¨�J ��	©«¤�·
�¢�
∆A = −2ω(r)

��¦!§��
$J�¨�«�"ªC©N�°­æ©«�!·J©*$J�C¤Ó/�­

v = −(a3/2π) · ω × grad(1/r) .
[6¾!âD_

¦!§��ÓG�²��«�¨ s¥D�J ,ªC�
F = −v × curlv == 2ω(r) × v = −(a6/π)δ(r) · ω × [ω × grad(1/r)]

$g�A¤�©«�,§��C�
�
$g�C ,­k"ð§��¨ 7�Ü�/½�ªC�C����¥D�J µ�7§��³�u�g Y�¢©«ª¨�«�A®��g¤���G�²��«�¨ �3Å�ð��Nz²u�A�7©«�J¤ý©«�!�7�A�¢©N�Twu�
�ï®n�g�u��©N�7ªC²	�7�7�
���D/1�%$J�A�
I��¨�<²��<�g�7�,²�¡£�s�A¤ú�¨¤��7�¨¡./��N�l�A¥g$g�J ,�7�'½ú�u�g Y�¢©NªC�«�¨�C®H"ð©±�¢§�$J�g ,�¢©NªC©±�°­0��©N�,�¢ ,©)/�²��¢©«�g¤

ω(r) = a3
∑

i

ωiδ(r− ri) .
[6¾ F _

¦!§��
$J�¨ª¨�¢�g ��1�g�¢�¨¤��¢©^�A�ï©«�

A(r) = (a3/2π)
∑

i

ωi

|r− ri|
,

[6¾ c _

�g¤��ý�¢§��
$g�C�«�"ªC©±�°­æ©N�!·J©�$g�C¤K/z­

v = −(a3/2π) ·
∑

i

ωi × grad(1/ |r − ri|) .
[]�! !_

����� =%R°=?´Ã+T�6+TÅY2 (%B©ÀC9
�)S:$ª¯J=H�ºµC93B,= \}Á¨0W�ºÂ�H���X�¢'[�KDVT¢@¾]OCQb²��*�M�*���gH��.P)V,O�KDV�¢�¾3V7Qb²%ÁA=);
=�³v$¨BT46+T�6F 2Å4�Å´-'(%*�®�=�ÁA=?Â4µ)$¨&)F5+7B6BT�%Á%=
�Wµ:93B,=��
	LV¨V,_%V�KTVT¢�¾/[¨Q�=
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¦!§���G�²��«�¨ ð¥D�g 7ªC�Ñ[D�Ã�¨ !²�¤�©N�ð¡Ñ�g�,�ª_

F = −v × curlv = −(a6/π)
∑

ij

δ(r − ri)ωi × [ωj × grad(1/ |r− rj|)]
[]� � _

·J©�$g�C�<�Ü¥D�J 7ª¨�

fi = −(a3/π)

′
∑

j

ωi × [ωj × gradi(1/ |ri − rj|)]
[]� 5 _

�gª¨�7©«¤�·s²��1�J¤Á�¢§	�
i
¸E�¢§æ���g ,�7©«ªC�N�g�v¯ ��¥D�J�N�«�%"ð���7§u�A���¢§���¥D�J 7ª¨���¢§	�

j
¸ �7§Á�u�g Y�¢©NªC�N���gª'�¢�í²��Ã�g¤Á�¢§��

i
¸E�¢§æ�u�A ,�¢©NªC�N�

©«�
fij = (a3/π)[ωj(ωiRij) − (ωiωj)Rij]/R

3

ij ,
[]��¾!_

"ð§��C ,�
Rij = ri − rj

®H"ð§	©«�«�.�7§���¥D�J 7ª¨���¢§��
i
¸E�¢§ý�u�g Y�¢©NªC�«�.�gª¨�7�<²	�Ã�J¤ý�¢§	�

j
¸E�¢§ý�u�g Y�¢©«ª¨�«�.©N�

fji = −(a3/π)[ωi(ωjRij) − (ωiωj)Rij]/R
3

ij .
[]���k_

¼�/k$"©N�J²��7�±­J®g�7§��C�,�µ¥D�J 7ª¨�C���g ,�µ¤��g�hªC�C¤��7 ¢�g�6®���²��µ�7�.�¢§��¨©« gw� 7�,���7�C ,¡��@¦!§�©«�h�7�C ,¡R/� ,©«¤�·g����¤��'��¥D�J 7ª¨�!�gª¨�7©«�J¤	·
²��1�J¤����u�g©« v�g¥W$J�J Y�¢�/½��u�g Y�¢©«ª¨�«�¨�C®J�A¤��£�.¤��¨���7�J �Nz²��A�h¦!§�©«��©N�h¤��g�h�7²� ,�� 7©N�7©«¤	·�®J©«¤.$"©N�
"|�g¥n�¢§��!¤	�J¤�¸°�N©«¤��C�g 7�±­
©«¤��¢�¨ ¢�gª'�¢©N¤�·d$J�C�N��ª¨©N�7©«�C�!�	 7����²�ªC�
��/�­ý�N��ªC�g�«©�OC���0$g�J ,�7©«ª¨�C�ð©«¤��.+u²�©)����¬v�g ¢�g�N�«�¨�<$J�g ,�¢©NªC�¨���¨¤��7²� ,�

fij = −fji
�

¦!§��
�g¤��g�«�J·A­0"ð©N�7§¶�¢§��s¡Á�A·J¤��¨�7�J�,�¢�A�¢©NªC�<�,�7�J����§	�C 7�A��¦!§��¨ 7�Ü©N���Ñ�� 7�g¥D�g²�¤��V�	©�ÎÃ�C 7�¨¤�ªC�L©«¤��7§��s�7§��C�g ,­ú�g¥
�C�N�Cª¨�7 7©NªC©N�°­L�g¤��£¡Ñ�g·J¤��'�¢©«�,¡ ©N¤
ªC�J¡£�u�g ,©«�,�J¤."ð©N�7§'+�²�©)�'�	­"¤u�g¡£©«ª¨�C�v¯ ��ªC�J¤��,©«�Y�¢��©«¤£����©N�,�¢©N¤�ª¨���g 7©«·g©«¤Ü�g¥n�7§��
�C�N�Cª¨�7 7©Nª�ªC²	 7 7�¨¤��

j
®X"ð§	©«ª]§����"�C�µ¤	�g�!�g ,©«�,�<�7§��C ,��¥D 7�J¡ �L¡Ñ�g·J¤	�¨�¢©Nª�w��C�)��®��g���¢§���$g�J ,�7©«ª¨©N�°­Ñ�g 7©N�7�¨��©«¤Ñ+u²�©)�	�

¥D 7�J¡ �lª¨²� 7�n�g¥<$J�C�N��ª¨©N�°­g�h¦!§����¨�«�¨ª¨�¢ ,©«ª!ª¨²� 7 ,�C¤��µ©N�� ,�C�«�A�¢�
�£�7�l�7§��<�7©«¡£�v���C ,©�$A�A�7©�$J�ð�g¥Ã�¢§��<�1�J�7©±�¢©«�g¤'$g�Cª'�¢�J ¨®
j ∼ dRij/dt

®k"ð§	©«ª]§£¡Á�D(A�C���¢§��vwu ,�,���¢�¨ 7¡ ©N¤£�
Nz²u�A�¢©N�J¤V[]��¾!_v�7�y/1�ð�� 7�g�Ã�J Y�¢©N�J¤u�g��"ð©N�¢§Ñ���¢©«¡£�a���¨ 7©*$g�%�¢©�$g�
d(1/Rij)/dt

�	ö��J¤��7�
Nz²��C¤��¢�±­J®"�¢§�©N��ªC�J¤��7 7©)/	²	�¢©N�J¤d$g�A¤�©«�,§��C�-"ð§��¨¤æ�@$J�¨ ¢�g·J�
�Á�%$J�¨ -wu¤�©N�7�ð¡Ñ�%$J�¨¡Ñ�¨¤��¢���g¥1�¢§��
�C�N�Cª¨�7 7©Nª!ª]§u�g 7·g�C�C®"�g�� ,��Nz²�©« ,���
¥D�J ��Y�]�A�7©«ªawu�¨�)���¨�h¯°¤£�D����©±�¢©«�g¤ï®D"í�<¤	�g�¢�!�¢§��A���¢§��!�,�Cª¨�J¤��Ñ�7�C ,¡ ©«¤Ü�7§��!¥D�J 7ª¨�
·J©�$g�C¤{/�­��
Nz²u�A�¢©N�J¤ú[Í��¾!_'®��g�N�7§��J²�·g§��g¥�ö��J²��N�J¡./�¸ �^�@" �°­"�1�g®�©«¡£���N©«�C�v$g�J ,�7©«ªC©±�¢©N�C��/	²	��¤��g���7ªC�g�^�g ��C�N�Cª¨�7 7©Nª
ª]§u�g ,·J�C�s�g��©«¤��7§��
�¢§��¨�J ,­ù�g¥í�C�N�Cª'�¢ 7©NªC©±�°­��g¤H��¡Ñ�g·J¤��'�¢©N�7¡ú�dG-N"²��A�¢©N�J¤S[]��¾!_�·g©�$J�¨�l�ý¤	�
" �°­"�1�£�A¥�¥D�J ,ªC�g�
Y���¡Á�:­Ñª:�g�N�Ã�,²�ª]§ú�g¤��C¤��,�C¡./	�«�.�g¥@�u�A ,�¢©NªC�N�C�C®"�C¤H���%"��
�K"ð©±�¢§ý�L�u�A©« í¥D�g 7ªC�.�g�µ·J©*$J�C¤�/�­{[]��¾!_/®��y$g�J ,�7©«ª¨©^�g�
�«©�N"²	©)�ï�
¯°¤�·J�C¤	�C ¢�A�E®Ã�Ñ$J�J Y�¢©NªC©^�A�v�N©)Nz²�©)�ú©«��¤��g�.�A�.�
N"²	©«�«©�/� 7©N²�¡K�1©±���1�J�,�7�C�,�³©«¤��¢�¨ 7¤u�g�@¡£�?$g�C¡£�C¤��¢�¨��¯ �.¡Ñ�:­�¤	�g�
/1�
���Ã�g�7�C¤��¢©«�g�h�¨¤��7�¨¡./��«����$J�C¤�®�o]Ð]q�Ð��J¤��d"ð©N�7§������'�¢�¨ 7¡£©«¤��
���¨¤��C ,·g­��g�l�æ¥D²�¤�ª'�¢©«�g¤��A¥��Y�]�A�7�g®Ö��²��
�¢���7§��
¤��J¤�¸ ªC�¨¤z�7 ¢�g�v¥D�J 7ª¨�C�C�s��¤ù�J T���C ,���ùªC�J¡�/�©«¤u�%�¢©«�g¤¶�g¥��u�g 7�g�«�N�C�v�g¤����g¤��¢©N�u�g 7�g�«�N�C�±$J�J Y�¢©NªC�C�¨®-o]Ð]q�ÐÜ�g¤��J T���C ,���
ªC�J¡�/�©«¤u�%�¢©«�g¤��g¥H$g�J ,�7©«ªC�¨�´�A¤��L�A¤z�7©±¸�$J�J Y�¢©«ª¨�C�¨®A¡Ñ�:­�·J�¨�@�
N"²	©«�«©�/� 7©N²�¡ú®@/�²	�v�7²�ª]§L�g¤L�
Nz²�©«�N©)/� ,©«²�¡ ©«��²�¤��Y�]�D/	�«�g�
¯°¤����¨���ï®h�g¤��ÁªC�g¤�ª]§��¨ªª(à/�­Ý��©« ,�Cª'�LªC�g�«ª¨²��^�A�7©«�J¤��7§u�A�l¥D�J 7ª¨�
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∑
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∫
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ω = (−ω sin θ,ω cos θ, 0)
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ω(r) = ωε2δ(r−a)δ(z)
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��Nz²u�A�7©«�J¤~[ � â�_�·J©*$J�¨�ð�7§��
$J�¨ª¨�¢�g <�1�g�7�C¤��¢©«�g�
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v = −m/r3 + 3r(mr)/r5 .
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ω(r) = (2/a3)
∑
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(mi × Ri)δ(Ri − a)δ(z − zi)
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A(r) =
∑
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mj × Rj

R3
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∑
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[−mj/R
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j + 3Rj(mjRj)/R
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Rj = Rij + Ri
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E =

∫

dr · v2/2
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wu�C���ýªC�J²�¤��7�C Y¸�/u�g�«�g¤�ªC�¨�!�¢§�� � ¡£�Cª]§u�A¤�©«ªC�g� � �1�g�¢�¨¤��¢©^�A�ï�C¤��¨ 7·g­æ�g¥´�7§��.�¢�J , 7©±��©N�,�7 7©)/	²	�¢©N�J¤

U = 2π
∑

i6=j

[−mimj/R
3

ij + 3(miRij)(mjRij)/R
5
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¤ �E$�¦ 4�µ)+
Rj = Rij + ρi

�%Ê±µ)+T�6+
ρi

2 B�4�µ)+-¯'+��°4E$��4�E-¨*32 &%B�KÕ$�¤	F +Y(?½'4©µ
a
Q�$�¤�4�µ)+

i
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$g�J ,�7©«ªC©«�g���N©)Nz²�©��ï�
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���J¤
+u²�©��Ó$g�J ,�7©«ª¨�C�C��,<�?"í�
$g�C ¨®Ã�,²�ª]§��
ªC�g¤��,�7 7²�ª'�¢©«�g¤�©N�!²�¤��¢�C¤��D/��«�A�
Ju�J �©N¤��,�¢�g¤�ªC�A®	�J¤	�.¡Á�:­'$"©«��" �7§��.¡Ñ�g·J¤��'�¢©NªZwu�¨�)�

H
�g�!�ywu�¨�)���g¥±$g�C�N��ª¨©N�¢©N�C��"ð§��J�7��ªC²� ,��©«���� 7�J�1�J Y�¢©«�g¤u�g�

�¢�L�7§��
���¨¤��7©±�°­
j
�g¥��¨�«�¨ª¨�¢ ,©«ª.ª¨²� 7 ,�C¤��¢�¨�-Y��.·g�¨�µ�7§��C¤æ�7§��. 7©N·J§��µ�«�%"ð���g¥�¡Á�A·J¤��¨�7�J�,�¢�A�¢©NªC�¨�h¯°¤����¨���ï®u��²��¢©«¤	·

v → H
�g¤��

curlH = 4πj/c
®W"í�L§��%$g�Ü�g�N 7�C�D�	­���¡Ñ�1�C ,�D3Å���^�@"³�mY ©±�¢§

H = curlA
�g¤��

divA = 0
®U"��

·J�¨��º³ ,�C�C¤s35���^�@"
divH = 0

®z�g¤���¹í©«�g�h�g¤��Ñ&	�@$A�g ,��35���,�J�«²	�7©«�J¤
A =

∫

j/R
®
H = −(1/c)

∫

j×grad(1/R)¥D�J ð¬v�g©«�7�,�J¤ú��Nz²u�A�7©«�J¤
∆A = −4πj/c

�í���J ,�C�%$J�¨ C®ºG�²��«�¨ �3Å�ð¥D�g 7ªC�
F = −v × curlv

©«¤KG�²��«�¨ �3Å�<�
Nz²u�A�¢©N�J¤
/Ã�¨ªC�J¡£�C�mI��J 7�¨¤z��OD3Å�

j×H
¥D�J ,ªC�A®	�g¤H�æ©N�7�í¡£�Cª]§u�A¤�©«ªC�g�U"��J T(�¡Á�:­£ªC�J¡£�1�C¤��7�A�¢�ð�¢§���$A�g 7©«�A�¢©N�J¤��g¥ï�¢§	�Zwu�¨�)�

�C¤��¨ 7·g­
H2/2

�B,<�?"í�
$g�C ¨®��¢§��<�¢§�©N¤�·J���Y�¢�J��§	�C 7�A��¯ �!©«�í©«¡£�Ã�g�7�7©�/��«�!�7�L·J�'�!�«�"ª:�g�N©)O¨���'$J�J Y�¢©«ª¨�C�µ�D/Ã�'­�©N¤�·s�7§��
�^�@"ð�ð�g¥h�¨�«�¨ª¨�¢ ,©«ª¨©N�°­ý�g¤H�¶¡Ñ�g·J¤��'�¢©«�,¡�®	�g�<�7§��%"ð¤L/�­��¢§	��$g�J ,�7©«ªC©«�g���g¤H�V��©N�Ã�J�«�g µ�N©)Nz²�©)�	�v���C�,ªC 7©�/Ã�
���D/1�%$J�A�
¯°¤��D����©±�¢©«�g¤ï®Ã�7§��Ü�¢©N¡Ñ�y���C�1�C¤��	�C¤�ª¨�Ñ�g¥��7§��
¡Á�A·J¤��¨�7©«ª
�A¤����C�N�Cª¨�7 7©Nª�wu�C�����³�g ,�
¤��g���,²����1�J ,�7�����g¤�­�¡£�J ,�
/�­
�¢§����g¤u�g�N�J·g­�"ð©N�7§2$g�J ,�7©«ªC�¨���A¤��2+�²�©)�2�	­"¤u�g¡£©«ª¨�C�´¦!§	�Z/u�A�7©«ªu��©*Î��¨ 7�¨¤�ªC��/Ã�'�b"��¨�C¤�+�²�©)�2�	­"¤u�g¡£©«ª¨�í�A¤��
�C�N�Cª¨�7 7©NªC©N�°­æ�g¤��ý¡Ñ�g·J¤��'�¢©«�,¡ �g ,©«�,�C�!¥D 7�J¡ �¢§��³�/½	©N�,�7�C¤�ª¨�s�g¥v�«�"ª:�A�«©)O¨���æ�¨�«�¨ª¨�¢ ,©«ª�ª]§u�A 7·J�A�
��rHò4çÜq"aTaµq��ïb@r�o)cTk1t@eD��1<�
"!�7�J¤43Å���^�@"ð�ð�g¥´¡Ñ�g�7©«�J¤ú�g ,©«�,�³¥D ,�J¡ �'/u�g�7©Nª³�Ã�¨ 7ªC�¨�	�¢©N�J¤¶�A¥h¡£�g�¢©N�J¤ý©«¤ú�7�u�gª¨�
�g¤����¢©N¡Ñ��"ð§�©«ª]§ù©N���¢§��L©«¤��¨ ,�¢©«�g�@¡Ñ�g�7©«�J¤���� �7©«¡£©«�«�g ð�Ã�¨ 7ª¨�C�	�7©«�J¤{"í�J²��)�{/1�
�¢�%�¢©«�Y¥T�gª¨�7�J ,­ú¥D�J .�¨�«�¨ª¨�¢ ,©«ª¨©N�°­
�g¤��ú¡Á�A·J¤��¨�7©«�,¡��
¦!§��V/��g�7©Nª�¥T�gª'��(z¤��%"ð¤ �D/1�J²	�Ñ�C�N�Cª¨�7 7©NªC©N�°­ �g¤���¡Ñ�g·J¤��'�¢©N�7¡ ©N�£�7§u�A�Ñ�7�J¡£��¥D�J ,ªC�Ówu�C�������	���"ªCªC²	 C®ð�g ,�
�� 7����²�ª¨���ï®Z/�­��g¤��¨�«�Cª'�¢ ,©«ª¶ª]§��g 7·J�L"ð©±�¢§ý���¨¤��7©±�°­J®��¢�:­J®

ρ(r)
� ¦@� �� ,�X��²	ªC���7�g¡Ñ�'�¢§�©N¤�·�®a"í��§��%$g���b"��

¡Ñ�C�g¤��¨Âh²��7�.�L·J ¢����©«�¨¤z�
gradϕ

�g¥��,�J¡Ñ���7ªC�g�^�g ��1�g�¢�¨¤z�7©^�g�
ϕ
®��g¤��Á²��7���l�¢©«¡£�u���C ,©�$A�A�7©�$J�

∂A/∂t
�g¥��,�J¡Ñ�

$J�¨ª¨�¢�g l�1�g�7�C¤��¢©«�g�
A
�l¯°¤����¨���ï®��7�g¡Ñ�'�¢§�©N¤�·�©«�.�	 7����²�ªC�
�|/z­�ª]§u�g¤�·J�¨�³�g¥��7�J¡£�¨�7§�©«¤�·	�s¯ �³©N��"��g ,�¢§ù¤��A�¢©«¤	·

�¢§u�%���7²�ª]§£�.�� ,�X�	²�ª¨�7©«�J¤
©N�´¤��g����+u�%"
∂/∂t+(vgrad)

"ð©N�¢§.$g�C�N��ª¨©N�°­
v
�A¥Ã�,�J¡£�¨�¢§	©«¤�·��v¬�²	�7�7©«¤�·.�7�J·J�'�¢§��¨ 

�¢§��ð�b"í�Lª]§u�g¤	·J�C�
gradϕ

�g¤��
∂A/∂t

 ,��Nz²�©« ,�C����/!$"©«�J²��,�N­��³²�¤�©*$J�¨ 7�¢�A�W$g�C�N��ª¨©N�°­
c
��©±��©«���¢§	���N©«·J§��	$g�C�«�"ªC©±�°­J�

¦!§��C¤�®W"í�³¡Á�:­��	�
wu¤��l�g¤ú�C�N�Cª'�¢ 7©Nª�wu�C�����¢§� ,�J²�·J§

E = −gradϕ−
1

c

∂A

∂t
.

[E¿ 5 _

¦!§�©«��©N�Ü�¢§��Ó/u�g�,©«ª��«�%" �g¥<�¢§����7§��C�J Y­ �g¥��C�N�Cª¨�7 7©NªC©N�°­W�g¤��|¡Á�A·J¤��¨�7©«�,¡��W¼
/!$"©«�g²��7�±­J®�©N��©«����ª¨�J¤��7©N�,�7�C¤��
�^�@" ¥D�g �©«¤��¨ ,�¢©«�g�´¥D 7�g¡Ñ�¨�C®�©N¥�"í�Ñ$"©«��" �¢§	�Ñ�u�A�7�7©N¤�·ý¥D 7�J¡ ��¥D ¢�A¡Ñ�Ü�7�¶�g¤	�g�¢§��¨ ³¡Ñ�%$"©«¤�·�"ð©±�¢§��úª¨�J¤��,�¢�g¤��
$J�¨�«�"ªC©N�°­

v
�g���Á 7�g�¢�A�¢©N�J¤ú©«¤��7§��L¥D�J²	 Y¸b�	©«¡£�C¤��,©«�J¤u�A���7�u�gª¨�.����wu¤����{/�­

(r, ict)
��¦!§	�C¤ï®s"í�Ü§u�@$g���A���g¤�ªC�

�¢§��³�� ,©«¤�ª¨©«���N�.�g¥v 7�¨�^�A�7©�$"©N�°­g®��¢§	�yI��J ,�C¤��`O��7 ¢�g¤��Y¥D�J 7¡Ñ�A�7©«�J¤��µ�g¤����¢§����7§��C�J Y­ý�g¥v 7�C�«�A�¢©*$"©N�°­J�fe �
G-N"²��A�¢©N�J¤{[6¿ 5 _� 7��Nz²�©N 7�¨���7§����/½	©N�,�7�C¤�ª¨�.�g¥��g¤	�g�¢§��¨ �w��C�)�

H
®k����wu¤�����/�­

H = curlA
�v¯°¤����¨���ï®�©±¥s"í���¢�D(g�

�¢§��sªC²� ,�v©N¤�/1�g�7§¶�7©����C���g¥�[6¿ 5 _a"��s·J�¨�
curlE = (1/c)[d(curlA)/dt]

®u�,©«¤�ª¨�
curl · grad = 0

�vY��s§u�@$J�
�¢§��¨¤�©N¡Ñ¡£���	©^�A�7�C�N­��7§��l�¶�%½�"í�C�«���
N"²��A�¢©N�J¤

curlE = −
1

c

∂H

∂t

[E¿g¾!_

¥D�J ��¢§��2Jn�g 7�D�u�:­ù�g¤��àI��C¤�O£�^�@" �g¥µ©N¤���²�ª'�¢©«�g¤ï�Ñ¯°¤��D���	©N�¢©N�J¤ï®��,©«¤�ª¨�
H = curlA

®±"��£·J�¨�³�7§��æ���%½�"��¨�«�
��Nz²u�A�7©«�J¤

divH = 0
[E¿��k_

¥D�J <º� 7�C�¨¤43Å�<�«�@" �g¥@�¢§��³ ,�g�]�A�7©«�J¤��g�Ã¡Ñ�g·J¤	�¨�¢©Nª�wu�¨�)�ï�
�]È Â4µ)+±�E+YFü-]4E2j¯:2üBD4E2��Ã25(@¯]-��E2ü-/(��Y+<�E+�
C&)2��6+7B

(p, iE/c)
8g+ï-´()+T½¨-/462�¯'+�25(@¯]-��E2 -'(C4X¤Õ$
�n-v?A-��6462���F +�²/254W½'2�¯'+7B�0125(%BT46+,25(�� BU�E+YFü-]4E2j¯:2üBD4E2��

+,()+#��½'9
E =

√

m2c4 + c2p2
�?Ê±µ)+#�E+

E
2 B�4�µ)+�+Y()+T�©½¨9!$�¤	4©µ)+�?A-��6462���F +��

p
2üBï2Å4 B±¦µ$�¦µ+Y(C46&�¦j-/(A*

m
2üBï254EB±¦!-'BEB,=
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Y����¢�D(g��¤��%" �¢§��h��©*$J�C ,·J�C¤	ªC�³�g¥v��Nz²u�A�7©«�J¤Ý[6¿ 5 _'Â
divE = −∆ϕ− (1/c)[∂(divA)/∂t]

�u©±�!©«�!�C�g�,­Á�¢���7�¨�
�¢§u�%��"í�LªC�g¤��A 7 7©*$J�l�A�<�J¤�ª¨�l�7�Á�d"��%$g�Ü��Nz²u�%�¢©«�g¤K"ð©±�¢§ú�7�J²� ,ªC�¨�.�g¤��¶�£�«�@" �g¥´�� 7����²�ª¨©«¤�·£�C�N�Cª¨�7 7©Nªhw��C�)�	�
¥D 7�J¡ �7²�ª]§��7�J²	 7ªC�¨�Z/�­ý©N¡Ñ�1�J�7©N¤�·L�7§���I��g 7�C¤���Ol·J�g²�·J�

divA +
1

c

∂ϕ

∂t
= 0 ;

[E¿J¿D_

¦!§��C¤K"��³·J�'�ð�¢§��
"��%$g�s�
Nz²u�A�¢©N�J¤

∆ϕ−
1

c2
∂2ϕ

∂t2
= −4πρ

[E¿A»!_
¥D�J µ�¢§	�l�,ª:�g�«�g !�1�g�¢�¨¤z�7©^�g��·J�C¤��¨ ¢�A�7���K/�­��C�N�Cª¨�7 7©Nª�ª]§u�g 7·g�C�C®1�g¤H�ú�7§��s�¶�%½�"��¨�«���
N"²��A�¢©N�J¤

divE = 4πρ
[6¿�â�_

¥D�J µ�¢§	�Lº³�g²��,�ð�^�@" �A¥v�7§��³�C�«�¨ª¨�7 7©«ª�w��C�)�	�C�
¯ �. ,�C¡Ñ�g©«¤��<�¢�Á�¢�D(g�s�¢§��L�7©«¡£�y�	�C 7©*$A�A�¢©*$J�L�A¥���Nz²u�A�7©«�J¤�[6¿ 5 _/®Ã²��,�L�¢§	�dI��J 7�¨¤z��OÜ·��g²	·J�gÂ

∂E/∂t = cgrad ·
divA − (1/c)(∂2A/∂t2)

®n�g¤��ú²��,�l©N¤ú�D����©±�¢©«�g¤
curlH = curl · curlA = −∆A + grad · divA

�X"��l·J�¨�
(1/c)(∂E/∂t) − curlH = ∆A − (1/c2)(∂2A/∂t2)

�¶¯°¤ �J ����¨ L�¢�¶·J�¨�Ü��¤��
" "��%$g����Nz²u�A�7©«�J¤�¥D�J s�7§��
$J�¨ª¨�¢�g 
�Ã�g�7�C¤��¢©«�g���� 7����²�ª¨���\/�­W�¨�«�Cª'�¢ ,©«ªÁª¨²� 7 ,�C¤��¢�

j
®��g¤�� ���� ,�X��²	ª¨�¢©N�J¤W�g¥ð¡Ñ�g·J¤	�¨�¢©Nª2w��C�)�\/�­��C�N�Cª¨�7 7©Nª

ªC²� , 7�¨¤z�7�C®U"í�s��²��

∆A −
1

c2
∂2A

∂t2
= −

4π

c
j

[E¿ F _
�g¤��ú·J�¨�!�7§��s�¶�%½�"í�C�«���
N"²��A�¢©N�J¤

curlH =
1

c

∂E

∂t
+

4π

c
j

[E¿ c _

¥D�J ´��¡Ñ�1�C ,�D3Å�´�«�%" �A¥n�� 7����²�ª¨©«¤�·�¡Á�g·g¤��¨�7©«ªBwu�C�����v�7§� 7�J²	·J§Ü�C�N�Cª'�¢ 7©Nª�ª¨²� 7 ,�C¤��¢�¨�
(1/4π)∂E/∂t

©«�´�¶�%½�"í�C�N��3Å�
��©«�,���^�AªC�C¡£�C¤��³ª¨²� 7 ,�C¤��:�Ñ¯°¤W�D���	©N�¢©N�J¤ï®��¢�D(z©«¤�·��7§��£�7©«¡£�.���¨ 7©�$A�A�7©�$g�£�A¥
[6¿�â�_.�g¤���²��7©N¤�·~[E¿ c _Z"��£·J�¨�³�7§��
ªC�J¤��7©«¤z²�©N�°­æ��Nz²u�A�7©«�J¤

∂ρ

∂t
+ divj = 0 ,

[T»� !_
"ð§�©«ª]§ú�7§	�?"ð�ð�¢§��A�ð�C�N�Cª¨�7 7©Nª�ªC²� ,�C¤��¢���g 7��¡£�%$�©N¤�·
�C�N�Cª'�¢ 7©Nª�ª]§u�g ,·J�C�¨®

j = ρv .
[6» � _

Y ©N�7§ �7§�©«�¨®��7§��Ó���C ,©�$A�A�7©«�J¤ �g¥<�¢§	�¶���%½�"��¨�«�!��Nz²u�%�¢©«�g¤����g¥��¨�«�¨ª¨�¢ ,©«ª¨©N�°­ �A¤��j¡Ñ�g·J¤	�¨�¢©N�7¡ ©«�
ª¨�J¡Ñ�	�«�¨�7���ï�
¹í­��D���
Nz²u�A�¢�£¤��g�¢�A�¢©N�J¤��¨®@©±�l©«�³�:�g�Y­��¢�ú�7§��%" �7§u�A�³�¢§��'­��g 7�£ 7�¨�^�A�7©�$"©«�Y�¢©Nª:�g�N�N­ý©«¤!$A�g ,©^�g¤��:�'Y��£¤	�g�¢���¢§u�%�
�¢§��'­ �g ,���«©«¤	�:�g s��Nz²u�A�7©«�J¤���©N¤Pwu�C�����C�W¦!§	�¨­ ¥D�J�N�«�%" �¢§����	 7©«¤	ªC©«�	�«�æ�g¥��7²	�Ã�¨ 7�1�J�7©±�¢©«�g¤ï��¯°¤|�D���	©N�¢©N�J¤ï®�©N¤
�¢§��s¤��J¤�¸  7�¨�^�A�7©�$"©«�Y�¢©«ª��N©«¡£©N�

v/c → 0
�7§��y$g�Cª¨�7�J .�1�g�¢�¨¤��¢©^�A�Ö$A�g¤	©«�7§	�C�C®Ã�7�Á�7§��L¡Ñ�g·J¤	�¨�¢©Nª
wu�C����©«���Á��²� ,�C�±­

 7�¨�^�A�7©�$"©«�Y�¢©«ªÑ�
ÎÃ�Cª'�:�|���J ,�C�%$J�¨ C®��¢§��'­ ªC�J¤��¢�g©«¤ �7©N¤�·J²��«�g 7©±�¢©N�C�³¥D�J 
�Ã�g©«¤��,¸ �«©)(A�Áª]§u�A 7·J�¨�Ñ�A¤�� ªC²� , 7�C¤��7�C®µ�N©)(g�
G�²��«�¨ �3Å�<�
Nz²u�A�¢©N�J¤ý�g¥9+u²�©)�	�ð¥D�g !�Ã�J©N¤��,¸°�N©)(A�Z$J�g ,�¢©NªC�¨�C�
,��%"í�
$J�¨ C®z�¢§��¨ 7�µ©N������ ,�g¥D�J²�¤H�d��©�ÎÃ�C ,�C¤�ª¨�v/Ã�'�b"��¨�C¤ÑG�²	�«�C 
35�´��Nz²u�A�7©«�J¤Ü¥D�J 9+u²�©������g¤��£���%½�"��¨�«���
N"²��A�¢©N�J¤��C�
G�²��«�¨ �3Å�Ñ�
N"²��A�¢©N�J¤j§��g���J¤��N­W�J¤��ú��/�z,�Cª'�:®��¢§��Ówu�C���j�A¥�$J�¨�«�"ªC©±�¢©«�¨�C®í�g¤��|�u�g Y�¢©«ª¨²��^�A Ü¥D�J 7¡£�
�g¥��7§�©«�dwu�¨�)�ï®
�«�"ª:�g�N©)O¨���Q$g�J ,�7©«ªC�¨�C®�ª:�g¤ /Ã��ª¨�J¤��,©«�,�7�C¤��¢�±­��,�C�u�g 7�A�¢�
� ¥D ,�J¡ �7§��{$J�¨�«�"ªC©N�°­Swu�C���ï®<�� 7�%$"©)��©N¤�·W�¢§	�C 7�
/�­ �g¤
©«¡Ñ�g·J�£¥D�J 
�u�g Y�¢©«ª¨�«�¨�
�g¤��\wu�¨�)���¨�W¦!§����b"�����/�z,�¨ª¨�7���7§z²����7�C���g ¢�A�7���|§u�@$J���¢§	�C©« L�?"ð¤��	­"¤u�g¡£©«ª¨�C®��
$g�C¤
�Ã�g�7�7©�/��N­ú©N¤�ªC�J¤	�7©«�Y�¢�¨¤z�.©«¤�·J�¨¤��C 7�g�E®��g¤����1�J�7�,�7©�/��N­ú©«¤��7�C Y¸  7�¨�^�A�7����©N¤��7�J¡£�L���g ,�7©«ªC²	�^�g <ª:�g�,�C�¨�l�µ�.�«�:�A�,��©N¤
�7©N¡Ñ���N�.ª:�A�7�C�<�«©�(g���J¤	��$J�J Y�¢�'½ú�,²�ª]§��
�,�C�u�g 7�A�¢©N�J¤ý©«�µ¥D²��N�N­ÁªC�J¤��,©«�Y�¢�C¤��C�
¦!§�©«��©N��¤��g�³�,�Ó"ð©±�¢§��¶�%½�"í�C�N����Nz²u�A�7©«�J¤��¨�Ü¦!§��
�¢§	�C�J Y­��g¥í�C�N�Cª¨�7 7©NªC©N�°­¶�g¤��ù¡Ñ�g·J¤��'�¢©N�7¡  ,�Cª¨�J·J¤�©�OC�C�.�b"í�
�7�¨�u�g ¢�%�¢�g®9��©N�,�¢©N¤�ª¨�l�¨¤z�7©N�7©«�C�¨®±wu�C�����L�A¤����1�J©N¤z�Y¸°�N©)(g�Lª]§u�g 7·g�C�C®g/�²	�s©«¤��¢�¨ Y¸  7�C�«�A�¢�¨�.�¢§��¨¡ �¢§� ,�J²�·J§��¶�%½�"í�C�N�
��Nz²u�A�7©«�J¤	�C®�"ð§	©«ª]§j�g¡Ñ�g²�¤��¢�Ü�¢��©)�	�C¤��¢©±¥�­��¢§	�C¡ �g���J¤	���A¤��|�7§��ý�¢�g¡£�ý��/�z,�¨ª¨�:�|¦!§�©N�£©N�����«�J·J©NªÁ¥T�g²��±�:®
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�g�)/1�C©±���,²����1�J ,�7���|/�­¶�7§��
¤u�A�7²� ¢�g�v�C¡£��©« ,©«ªC�g���7©N�7²u�A�7©«�J¤ï��¯ ��§u�g�.�7 7�J²�/	�«©«¤	·ÁªC�g¤��7�
N"²	�C¤�ª¨�C�C®´�g�.�/½	�1�Cª'�¢�
�ï®
©«¤��7§��V"í�C�«�Õ¸b(z¤��%"ð¤ � �7�¨�N¥^¸ ©«¤��¢�¨ ¢�gª'�¢©«¤	·�©«¤Xwu¤�©N�7©«�¨� � ��¦!§���²	¤u�@$J�J©��u�D/��N���«�J·g©«ª:�A�<ª¨�J¤��,��Nz²��C¤	ªC���A¥³�7²�ª]§ �
�7�¨�N¥^¸°ª¨�J¤��¢ 7�D��©«ª'�¢�J Y­ý�Ã�g�7©N�7©«�J¤�®Ã©N�<�7§u�A�.�,²�ª]§��Á�7©±�¢²u�%�¢©«�g¤ï®1�g�����¨�7ªC ,©)/1���{/�­ú�¢§��L�7§��C�g ,­��g¥��C�N�Cª'�¢ 7©NªC©±�°­¶�A¤��
¡Á�A·J¤��¨�7©«�,¡�®��	���¨�í¤��A�í�/½�©«�,�C®�²	¤����C �ªC�¨ ,�¢�g©«¤£ªC�J¤H��©N�7©«�J¤��¨�´¦!§�©N�í©N��©«¡£���«©N���./�­��¢§��uNz²u�g¤��¢�g�W���C�N��ªC�g�«©�O:�A�7©«�J¤
�g¥@�¢§��³�1�J©«¤��,¸ �«©�(g�.ª]§u�A 7·J�¨���	²� 7©N¤�·
�¢§��¨©« ! 7�¨�^�A�7©�$"©«�Y�¢©Nª��'½�©N�,�¢�¨¤�ªC�A�
¦!§��0"��%$g�ý��Nz²u�A�7©«�J¤��K[6¿g»!_l�g¤��î[E¿ F _l�7²	·J·J�C�Y�
�¢§u�%�.wu�C�������g ,�æªC�J²	���«�
�W�¢��¡Ñ�A�7�7�C L�7§� 7�J²	·J§ �g¤ �gª'�¢©«�g¤
 7�C�D��©«¤	·

Sfm =

∫

dt · (−qϕ+ iA/c) ,
[T» 5 _

"ð§��C ,�
q
©«�ð�
�Ã�g©«¤��,¸ �«©)(A�.ª]§u�g ,·J�l�g¤��

i = qv
©«�µ�¢§	�³ªC�J , 7�C�,�Ã�g¤���©«¤	·£�¨�«�¨ª¨�¢ ,©«ª�ª¨²� 7 ,�C¤��:�BY��³·J�'�

−qgradϕ− (q/c)(Agrad)v
[T»J¾!_

¥D�J L�7§���$A�g 7©«�A�¢©N�J¤��A¥<�7§�©«�Ü�gª¨�7©«�J¤à"ð©±�¢§  ,�C�7�1�Cª'�
�¢���u�A ,�¢©NªC�N�ÁªC�"�J T��©«¤u�%�¢�
r
�Ý1��%"Ù"���²	�7�

grad(ab) =
(agrad)b + (bgrad)a + a × curlb + b × curla

¥D�J 
v
�g¤��

A
® e Ô��g¤��ý·J�'�

−qgradϕ+ (q/c)(vgrad)A + (q/c)v × curlA =

= −qgradϕ− (q/c)∂A/∂t + (q/c)dA/dt+ (1/c)i × H =

= qE + (1/c)i × H + (q/c)dA/dt

[6»D�k_
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P = p + qA/c
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dp/dt = qE + (1/c)i× H
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�	 7�J�u�A·��A�¢�¨�
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∂Ef/∂t = −jE − divS
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S = (c/4π)E × H
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H = p2/2m + qϕ = (P − qA/c)2/2m + qϕ
=

�]ê S:2 (���+
div(a × b) = bcurlb − acurlb
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