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Abstract

It is shown that a hypothetical gas of charged bosons in two dimensions condenses when
placed in a transverse magnetic field.

We consider a hypothetical gas of N identical bosons in two-dimensions, each of mass m, charge q
and spin S, placed in a transverse magnetic field H directed along the z-axis. We assume that the
effects of the boson-boson interaction are compensated by their interaction with the substrate, and
by the boundaries of the two-dimensional gas, so that we may limit ourselves to the single-particle
energy, given by

Ens = h̄ω (n + 1/2)− αs , n = 0, 1, 2, ... , (1)

where ω = qH/mc is the cyclotron frequency and αs = gmµBsH is the Zeeman energy; gm is the
gyromagnetic factor, µB is the Bohr magneton, and s = −S,−S + 1, ...S is the spin projection
along the z-axis. As it is well-known, an orbital degeneracy Nxy = A(qH/ch) = (A/2π)(mω/h̄)
occurs, where A is the area of the surface covered by the gas, so that the number of particles may
be written as

N =
A

2π

mω

h̄

∑
s

∑
n

1

exp [h̄ω (n + 1/2)− αs − µ] β − 1
, (2)

where µ is the chemical potential, and β = 1/T is the inverse of the temperature. Denoting by
a the inter-particle distance, A = Na2, we introduce the characteristic energy ε0 = 2πh̄2/gma2,
where g = 2S + 1 is the spin degeneracy, and re-express (1) as

ε0/h̄ω =
1

g

∑
s

∑
n

1

exp [h̄ω (n + 1/2)− αs − µ] β − 1
. (3)

The energy h̄ω is, usually, very small in comparison with the temperature, h̄ωβ � 1, and we
might be tempted to replace the summation over n in (3) by an integral, according to the formula

b−1∑
a

f(n + 1/2) =
∫ b

a
dn · f(n)− 1

24
f
′
(n) |ba . (4)

However, this formula is valid for |f(n + 1/2)− f(n− 1/2)| � |f(n)|, and the Bose distribution
in (3) fulfils this requirement only for very large values of n, or for very small values of the fugacity
z = exp (µβ) � 1. The ratio ε0/h̄ω is usually much larger than unity, so that z must be close to
unity; it follows that (4) is inapplicable, and the main contribution to (3) comes from n = 0. This
means that the bosons are condensed on the zero-point energy level, i.e. the two-dimensional gas
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of charged bosons in magnetic field exhibits a Bose-Einstein condensation (at any temperature),
in contrast with the two-dimensional ideal gas of bosons without magnetic field.

Since h̄ωβ � 1 and αsβ � 1 as well, we may neglect their contributions to (3), and retaining only
the n = 0 term, we obtain z = (ε0/h̄ω) / (1 + ε0/h̄ω) ∼= 1, the energy E = (h̄ω/2)N , as expected,
and the grand-canonical potential Ω ∼= −N (h̄ω/ε0) ln (ε0/h̄ω) = −pA, where p is the pressure. In
the present limit h̄ω/ε0 � 1 the entropy of the ensemble vanishes, as expected.
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