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Abstract

The eigenfrequencies are identified for two electromagnetically-coupled semi-infinite solids
with plane-parallel surfaces (two half-spaces) separated by a third, polarizable body. The
corresponding van der Waals-London and Casimir forces are calculated from the zero-point
energy (vacuum fluctuations) of the normal modes. It is shown how the results can be
extended to bodies of any shape; in particular, the force is given for a sphere interacting
with a half-space. The calculations are performed by using the well-known Lorentz-Drude
(plasma) model of (non-magnetic) polarizable matter. The polarization degrees of freedom
are explicitly introduced. It is shown that the polarization dynamical variables for the two
bodies are coupled through the electromagnetic field, very similar with two infnite sets of
coupled harmonic oscillators.

PACS: 03.50.De; 41.20.-q; 41.20.Jb; 52.25.Mq; 42.50.Wk

Keywords: molecular forces; van der Waals-London force; Casimir force; matter polarization;
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Highlights. van der Waals-London and Casimir forces are calculated explicitly for two semi-
infinite solids (half-spaces) separated by a third, polarizable body inserted in the gap between
the two half-spaces. In contrast with previous, well-known treatments of the problem, the po-
larization degreees of freedom are introduced here explicitly, and their dynamics is included,
beside the Maxwell equations of the electromagnetic field. The equations of motion are solved for
these electromagnetically-coupled bodies, the normal modes are identified as harmonic-oscillators
modes, and the corresponding eigenfrequencies are computed. The force is calculated frm the
zero-point energy of the vaccum fluctuations of the polarization. The extension of the results to
bodies of any shape is done, and the force acting between a sphere and a half-space is calculated
explicitly.

1 Introduction

As it is well known, the molecular forces acting between atoms (molecules), known as van der
Waals-London and Casimir forces, have been derived originally by quantum-mechanical calcu-
lations in the non-retarded (small distance)[1]-[3] and, respectively, retarded (large distance)
regime|4| (see also Refs. |5, 6]). The force acting in the retarded regime between an atom and a
semi-infinite conductor (half-space) has also been derived by quantum-mechanical calculations,|4]



while the retarded force acting between two conducting half-spaces (Casimir force) has been origi-
nally derived by advancing arguments related to the zero-point energy (vacuum fluctuations) of the
electromagnetic field with suitable boundary conditions at the surfaces of the two half-spaces.|7]
On the other hand, it was realized that these molecular forces are related to the internal electrical
polarization of matter, and the macroscopic bodies bring their own characteristics with respect
to the electrical polarization (like plasmons, polaritons, surface effects, etc), in comparison with
individual quantum particles.[8]-[12]

Molecular forces acting between macroscopic bodies, either conductors or dielectrics, have been
derived by the theory of the quantum-statistical electromagnetic fluctuations,[13]-[15] as well as
within the framework of the field source theory.[16, 17] Both theories consider, on one hand,
the polarization as an external source, and estimate the response of the electromagnetic field
to this source, and, on the other hand, include polarization (via the dielectric function) in the
electromagnetic field, viewing the latter as a dynamical variable (coordinate). For this reason,
there was never clearly grasped which are the normal modes which fluctuate and bring the zero-
point energy in the molecular forces.

We describe here the polarization by a displacement field of the mobile charges in polarizable
matter and solve the coupled equations of motion of this field, interacting via the electromagnetic
field, for two semi-infinite solids with plane-parallel surfaces (two half-spaces) separated by a third,
polarizable body. The calculations are done by using the well-known Lorentz-Drude (plasma)
model of (non-magnetic) polarizable matter. We show that the polarizations of the two bodies
interact with each other via their electromagnetic field, very much alike two infinite sets of coupled
harmonic oscillators. The normal modes of the ensemble of the two bodies are identified and
the eigenfrequencies are computed. The force is derived from the zero-point energy (vacuum
fluctuations) of these normal modes. We compute the van der Waals-London and Casimir forces
for two half-spaces, either conductors or dielectrics, separated, in general, by a third polarizable
body. In view of the great deal of interest developed recently for the subject,[18]-[37] we show
here how to compute such forces between bodies of any shape, and give the result for the force
acting between a sphere and a half-space.

Some particular results concerning the derivation of the molecular forces along the lines described
above have been previously published.[38, 39] The method used here has also been previously
illustrated in Refs. [40, 41].

2 Matter polarization

We adopt a generic model of matter polarization consisting of identical mobile charges ¢, with mass
m and density n, moving in a rigid, neutralizing background of volume V. A small displacement
field u(R,t) in the position R of these charges gives, at the time ¢, a local density imbalance
on = —ndivu and a polarization charge density p = —ngdivu. We can see that P = nqu is the
polarization. Therefore, the displacement field u(R, t) is a representation for the polarization field
P(R,t). The displacement field obeys the Newton law of motion

mit = ¢(E + Eg) — mw?u — myu | (1)

where E is the polarization electric field generated by the polarization charges (and currents),
we is a characteristic frequency, v is a (small) damping factor and Eg is an external electric
field. This is the well-known Lorentz-Drude (plasma) model of polarizable matter,|42]-[44] which
assumes a homogeneous, isotropic matter, without spatial dispersion, represented by a field of



harmonic oscillators of frequency w.. Taking the temporal Fourier transform of equation (1),
with E, = E 4+ Eq the total electric field, we get the electric susceptibility x(w) = P/FE; and the
dielectric function

w® — W) —w} w? —w?
2 -2

e(w)=14+4ry(w) = (2)
where w, = y/4mng?/m is the plasma frequency. This is also well known as the Lydane-Sachs-
Teller dielectric function,[45] with the longitudinal frequency wy, = /w2 + w2 and the transverse
frequency wr = w.. The latter can be taken as the main absorption frequency of the substance.
The model can be generalized by including the spatial dispersion, several characteristic frequencies
we, or by adding an external magnetic field, etc. It is worth noting the absence of the magnetic
part of the Lorentz force in equation (1), according to the non-relativistic motion of the slight
displacement u. It is easy to see that, apart from relativistic contributions, it would introduce
non-linearities in equation (1), which are beyond our assumption of a small displacement u. Using
spatial Fourier transforms, this approximation can be formulated as Ku(K) <« 1, where K is the
wavevector.
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In general, an additional displacement uy can be introduced in such a model, originating in external
causes, subjected to collisions and obeying a different, averaged equation of motion, muy = qE;T,
where 7 is a relaxation time; as it is well known, it gives rise to a density of "conduction" current
jo = nquy = (ng*t/m)E, and the conductivity ¢ = ng*r/m. We can see that it implies w. = 0
in equation (1), a condition which defines the conductors; for dielectrics, w. # 0. We leave aside
the conduction current j,. We also leave aside the small damping parameter v in the equation of
motion (1).

The displacement field u produces polarization charge and current densities given by

P
p = —divP = —ngdivu , j = %—t =nga , (3)

which can be used to compute the electromagnetic potentials

R/, t—|R—R/|/c
B(R,t) = [ dRAREEI

(4)

A(R,1) =L [ qRA®IRRI/O

(subjected to the Lorenz gauge divA + (1/c¢)0®/0t = 0). These potentials give rise to the electric
field E in equation (1), whence we can get the displacement u. This way, we can compute the

electromagnetic fields of a polarizable body, subjected to the action of an external electromagnetic
field.

3 Half-space

For a half-space extending over the region z > d we take the polarization as
P =ng(u, u.)0(z — d) , (5)

where 0(z) = 0 for z < 0 and 6(z) = 1 for z > 0 is the step function. The polarization charge and
current densities are given by

p = —ng(diva + 22)0(z — d) — nqu.(d)é(z — d) ,
(6)

j=nq(u, @,)0(z —d) .



We use Fourier decompositions of the type
1 o
u(r, z;t) = > zk:/dwu(k,z;w)e’”t“kr : (7)

where R = (r, z), and may omit ocassionally the arguments k, w, writing simply u(z), or u.
The electromagnetic potentials given by equations (4) includes the "retarded" Coulomb potential
e'eR=R'l /1R — R/|, for which we use the well-known decomposition|[46]

¢ AR-R/| i dkl (et in|z=|
_ o tK(r—r IK|Z—Z 8
R-R/| 27T/ K" ‘ ’ (8)

where A = w/c and kK = VA2 — k2. It is more convenient to compute first the vector potential A
and then derive the scalar potential ® from the gauge equation divA —iA® = 0. The calculations
are straightforward and we get the Fourier tranforms of the potentials
Ok, z;w) == 2?” fdoo dz'kue™l==='1 — 2;” gz fdoo dz'u,el==#1
c 9)
Ak, z;w) = % fdoo dz'(u, u,)e™l==

(where we have left aside the factor ng; it is restored in the final formulae). In order to compute
the electric field (E = iAA — grad®) it is convenient to refer the in-plane vectors (i.e., vectors
parallel with the surface of the half-space) to the vectors k and k; = e, x k, where e, is the unit
vector along the z-direction; for instance, we write

k k
u:ulk—I—uQ kJ_ (10)

and a similar representation for the electric field parallel with the surface of the half-space. In
performing the calculations, it is worth paying attention to the derivative of the modulus function,
according to the equation

0?

me“"“z_z' = —g2eisle=1 2ik0(z — 2') . (11)
z

We get the electric field

_ . 0 / ik|z—2' 2k 0 [° / ik|z—z'
E1—27Tmfd dz'u e |——K —8Zfd dz'u,erlF =1
_ 2mid2 o0 gy ik|z—2'
Ey =2 [dz ugetl= =21 (12)

B, = =200 [ deuges 4 2 [ dtu el — A6z — d)

Making use of equations (12), we can check easily the equalities

OE, . Ou _
5 = —4r (zkul + E) 0(z —d) —4ru,(z = d)o(z — d) (13)
which is an expression of Gauss’s law, and
E
k% ViRl E, = —4miN2uf(z — d) (14)
z

which reflects Faraday’s and Maxwell-Ampere’s equations. From equation (13), we can check the
transversality condition divE = 0 for the electric field outside the half-space (z < d).



We use now the equation of motion (1) (with v = 0) for E, given by equation (12) and for the
combinations iku; + Ou,/0z and kOui/dz + ik*u, in the region z > d. Taking into account that
divEy = 0 and kOFEy, /0z + ik*Ey, = 0 (for a plane wave) we get

ou, ou
zkul—i—au =0, ka—;—i—z =0,
or
P4 1 kPu=0, (15)
where o
w
5’2:/<c2—w2_7:u2. (16)

The components u; 5 of the displacement field are given by u; o = Awei""z, where A; 5 are con-
stants, while u, = —(k/r")A;e™'* (we restrict ourselves to outgoing waves, £’ > 0). The total
electric field inside the half-space is given by the equation of motion (1):

E = — = (w’ —w?)u (17)

for z > d. We can see that the field propagates in the half-space with a modified wavevector
k', according to the Ewald-Oseen extinction theorem.[47] The modified wavevector k' given by
equation (16) can also be written as

u)2

2 2

=e— —k 18

. (18)

where ¢ is the dielectric function (as given by equation (2)). We can check the well-known polari-
tonic dispersion relation ew? = ¢?K 2, where K’ = (k, «') is the wavevector.

The amplitudes A; » can be derived from the original equation (1) and the field equations (12)
(for z > d). We get

1 2 _kK'+k2 (K 7!{)d ikz _ 4
A wl’fe’(fe /-c)e - m‘EO1 )

(19)

1 2\ (k' —k)d ikz _ g
2A2wp R(K/—n)e € - mE02 :

The (polarization) electric field, both inside and outside the half-space, can be computed from
equations (12). We get

E, = —47rnqA1 e's — 2mng A, "f’({;f_kj) giln' =m)dgirz o~

E, = —47rnqA2 e’z — 2mnqAs el —r)dginz o > (20)

—r)

E, = 4mngA; 7) w2 4 9rngA, %’i;ei(“,_“)demz , z2>d .
p
for z > d. It is worth noting that the polarization electric field, as given by equations (20), includes
both the external field ~ e** (with opposite sign) and the displacement field u ~ ¢**'*. This can
be checked easily by using equations (19) and (20). The (polarization) electric field outside the
half-space (in the region z < d) is given by

E, = _27anA1 :ﬂn fj)ei(nuﬂi)de*mz L2 < d ’

(21)

Ey = —2mngA, gl tRdg=inz o

/-c(/-c +,‘€)



and E, = (k/k)E; for z < d. We can see that it is the field reflected by the half-space (k — —k).
Making use of equations (19) and (21) we get the total electric field E; = E + Eq outside the
half-space

E, = —2mng4, n/{n fj) ek +r)d g—irz + 27ngA, ;I(il;fr_kj) iK' —r)d gikz 7
2 i(k +,‘€) —ikz i(k'—kK)d ikz
Eiy = —2mngA, FCETLE + 27rnqA2 )e e (22)
Etz — _27anA1 ﬁiﬁf({;ﬁ; 6i(n/+n)de—mz _ 27anA1 ﬁg;f(fl;:k’j; 6@(5/_n)deinz

for z < d.

The magnetic field, given by H = curlA, can be obtained from equation (9) for the vector
potential. It is given by

H, = 47qu27)\w2 w2) pin' = + 27qu2 A Z(“/_"‘)deim , z2>d

w2,w2 Kokl o .
Hy, = —47rnqA17) 'z _ 2rngA, AU/ +k?) i’ —r)d iz L 2>d (23)

kw2 kk! (K —K)

H, = —47rnqA2w in'2 _ 9mngAs, gl =Rdginz 5~ g
Wp

/-c(/-c —K)

for z > d and

H, = —27rnqA2ﬁei("/+“)de_i’“ L z<d,
Hy = 2mngA, %ei(“'”)de_im L z<d, (24)
H, = QquA2 ,{(,{ +,{) ei(nurﬁ)defmz L2 < d

for z < d. We can check the Maxwell equation curlE = i\H. Making use of equations (19) and
(23), from curlEy = iA\H, we get the total magnetic field H; = H + Hj inside the half-space

/ w2—w2—w?)
Htl = 47T7”LQA2M in'z Ht2 = —47T71QA1 WG“{ z s

kw2
(25)
H oy _47anA2 k(w)\w;u )eZFi z
for z > d and the total magnetic field outside the half-space
Htl _ —27rnqA2 = z K —Hc)d —iKZ 27T7”L(]A2ﬁ6i(”/_n)d€mz ’
Hyy = 2mngA, :Kﬁjfj)) el +r)dg—irnz 4 2mrngA; ifjf(fl;rjj)) iK' —k)d girz ’ (26)
H,, = _27anA2 ;{(;{ +,{) ’L(I{ +r)dp—irz + 27anA2 )ei(n’fﬁ)demz

for z < d.

The amplitudes A; 5 can be viewed either as being determined by the external field E, (and Hy)
through equations (19), or as free parameters. In the latter case equations (19) are not valid
anymore, but the (polarization) electric and magnetic fields given by equations (20), (21), (23)
and (24) hold. We can check also that all the fields are continuous at the surface z = d, except
for £, and E;,, which exhibit a discontinuity (E,(z =d~) = eE (2 = d)), as expected.



4 Two half-spaces

For a half-space extending in the region z < —d we can repeat the calculations done in the previous
Section. The displacement field in this case is written as (v, v,)0(—z — d). It is easy to see that
we can get the results for the half space extending in the region z < —d from those pertaining to
the half-space extending in the region z > d by changing z into —z. For instance, the displacement
field is given by vy 5 = Bl,ge_”‘"Z and v, = (k//i’)Ble_“"z, where Bj 5 are constant amplitudes; the
electric field is given by

B, = —4mngB, %e_“‘/z — 2mngB, ;Z;tk,j) el —Rde=inz o« _(
D
Ey, = —47an32%6_m’3 — QWnQBQI{(KA,ii’{)ei(“/_“)de_im , 2 < —d, (27)
D
E, = —4mngB; 7’6%2,;;2)6_“"2 — 2mnq By i%ﬁfjg el —r)dg—inz , 2 < —d
p
for z < —d and o .
By = —2mnqByfi g e et 2> —d
(28)
EQ = —27an32 I"i(l:;j-ﬁ:) ei(n’—l—fﬁ)deiliz Lz > —d
and E, = —(k/k)E; for z > —d; and the amplitudes By 5 are given by
LB i — 4
(29)
2 .y .
%BQWE =) el(l{ fn)defmz — %EOQ ]

We consider now two half-spaces, one, denoted by 1, extending in the region z > d/2, another,
denoted by 2, occupying the region z < —d/2. The field pertaining to these half-spaces is given
here and in the previous Section, with d replaced by d/2. We focus on the amplitudes equations
(19) and (29). The external field for the half-space 2 (equations (29)) is the field given by equations
(21), produced by half-space 1 in the region z < d/2; similarly, the external field for the half-space
1 (equations (19)) is the field given by equation (28), produced by half-space 2 in the region
z > —d/2. All the quantities pertaining to half-spaces 1, 2 will get a suffix 1 or, respectively, 2.
Introducing these fields in equations (19) and (29) we get the dispersion equations

! / .
K=K | KY—K 2ikd _ 1
Ki+Kk  KhFK )

(30)
Kl—k Kh—K ”“/1*]“2 n/{éka 2%ikd __ 1
Ki+k  khte  kE]HEZ keL+E? -

The solutions of these equations give the eigenfrequencies of the two electromagnetically-coupled
half-spaces. Since
(k' £ k) (kK £ k) = N (er £ ) (31)

according to equation (18), the second dispersion equation (30) can also be written as

!/ /

1, 32
Ky + &1k K+ 9k (32)
where €1 o(w) are the dielectric functions of the two half-spaces. These dispersion equations have
been established in Refs. [8], [10, 11|, by using continuity conditions for the electromagnetic field
at the surfaces of the two half-spaces.



5 Casimir force

In general, the dispersion equations (30) have not solutions. However, there exist particular
conditions, corresponding precisely to physically interesting cases, which ensure solutions for the
dispersion equations (30). For instance, conductors are characterized by w. = 0 and large values
of wy,. In this case, the z-component ' of the wavevector is purely imaginary and its magnitude
acquires large values in comparison with & (i.e., A). Purely imaginary wavevectors &’ correspond
to damped surface plasmon-polariton modes in conductors (see, for instance, Refs. [38, 40]),
in agreement with the original Casimir’s assumption concerning the boundary conditions at the
surfaces of two semi-infinite metals. In this retarded regime of interaction the electromagnetic field
is propagating between the two half-spaces (k real), but it is damped along the z-direction inside
the conducting half-spaces. Good dielectrics are characterized by w < w. < wy, so that ' (which
is real) acquires again large values. This condition is usually referred to as the condition of long
wavelengths in comparison with the main (characteristic) absorption wavelength of the substance
(see, for instance, Ref. [15]). It is easy to see that equations (30) have solutions kd = mn, n
any integer, for ‘/ﬁ’m‘ > K12, |€12| K12. Solutions kd = 7wn can be easily understood. In the
in-between region there is a field produced by the half-space 1, which goes like EM, H1) ~ =2
and a field produced by the half-space 2, which goes like E®), H® ~ ¢**  Cross-terms of the
form EM*E® | integrated over z from —d/2 to d/2, in the energy of the electromagnetic field in
this region give rise to the factor sin kd. The condition kd = mn ensures the vanishing of this
interaction energy. There is also an interaction electromagnetic energy inside the two half-spaces
(involving cross-terms), which cannot, in general, be removed, except in those cases where it is
practically negligible. This condition correspond to }m/m} > K12, €12] K12

The solutions kd = mn (k = v/ A% — k?) imply the eigenfrequencies

Qo (k) = cy/ k2 + ”ZZQ (33)

according to equations (19) and (29); the corresponding amplitudes can be written as
Aj o, =2marpn0(w — Q(k)) (34)
where uy 9, (k, 2;t) = al,gmem”(k)temhz. We can see that a2, are displacements, according to

equation (7), and they correspond to the coordinates of harmonic-oscillators with frequencies
Q. (k). According to equations (29), a similar representation holds for the amplitudes By of
the displacement field in the half-space 2, as well as for the associated electromagnetic fields. In
effect, the coordinates of the a;o,-type are the coordinates of the normal modes (labelled by k
and n) of the two electromagnetically-coupled half-spaces. The motion of the normal modes can
be quantized, according to standard rules, so that the ground-state energy is given by

E= ZZhQ SHCZ/dk kg [ k2 + ”2”2 (35)

n=0 k

where S denotes the area of the surface and factor 2 has been introduced in order to account for
the two labels 1 and 2.

We estimate the change brought about by the finite distance d in the energy E by using the
Euler-Maclaurin formula:|49]

A= Z nlT T pm-iyg) (36)

|



where B,, are the Bernoulli’s numbers and

f(r) = ? /dkk\/ k2 + K2 (37)

™

introducing u = k? 4+ k2, equation (36) becomes

Ap _ heS > (—=1)" By (1 /d)?™ < / du\/a> (2m—1) | o)

Am o~ (2m)! 0

The only contribution to equation (38) comes from the third-order derivative. We get (By = 1/30)

m2heS 1
AFE = — - — 39
720 d3 ( )
and an attractive force 2hes 1
m“hc
- _ . 4
240 ds ( 0)

which is the well-known Casimir force, acting between two half-spaces with parallel surfaces sep-
arated by distance d. We can see that it is the same for dielectrics and conductors (under the
conditions given before), including the pair conductor-dielectric, does not depend on the nature
of the two semi-infinite bodies and arises from the zero-point (vacuum) fluctuations of the motion
of the charge carriers in the two polarizable bodies. We may say that it has a universal character.

The effect of the temperature 7" = 1/ can be incorporated in equation (38) by the change

L dui / duy/icoth Bmﬁ] | (41)

For realistic values of the parameters we have Shc/d > 1, so we get a small temperature correction
factor ~ coth(/Shc/d) in the expression of the force.

6 van der Waals-London force

For shorter distances d, the electromagnetic field acquires the non-retarded regime corresponding
to A — 0; it follows that x =~ ik, 7.e. the electromagnetic field is damped along the z -direction,
both inside and ouside the half-spaces. In this limit we have
A2w?2 w?
Iilﬁli——p,lili,+k22)\2|:1—7p:| (42)
2(w

20(w? — 2) T ?)

and rk’ — k* ~ —2k?. Making use of these approximations, the second equation (30) leads to

1 1 1
(W2 - Wc21 - 5%31)((“’2 - Wé - 5“);2;2) = ZW2 W§2€_2kd . (43)

pl
We solve this equation for large values of the kd, which bring the main contribution to integrals over
k. Within this approximation, the rhs of equation (43) may be treated as a small perturbation.

From the zero-point energy, we get the van der Waals-London force (per unit area) for distinct

bodies
. hwplwpg

1
N _167T\/§O102(Wp101 + Wp202) . E ’

(44)



where

Cig=/—— (45)

01,2 being the static dielectric constants (for conductors, C'; 5 — 1). For identical bodies, the

force becomes 52
F = — hwp 60 _ 1 * i (46)
327v/2 \ €0 + 1 a3

(for conductors |g¢| — 00).

7 A third body

We assume now that a slab of thickness d and parameters w3, w3 (body 3) is inserted in the gap
between the two half-spaces. All the calculations given in Sections 2 and 3 are repeated for this
body, which brings its own component % of the wavevevector along the z-axis, given by

2, 2
A“wps

2

’2: 2
2 _
W Wes

- S (47)

g3 being the dielectric function of this body. The first dispersion equation (30) becomes now

R G| rotm 11\ p2ikhd
Ki—Kk  KL+K Kh—K Kkh—K  KL+R Kh—K

(48)
<n’1+n. 1 1)(/@’2%. 1 1)
Ki—k  KL—kK Kbtk kh—Kk  KL—kK Kbtk )
while the second dispersion equation (30) can be written as
(arb_ — by )(agh_ — by)e?™sd = (ayb, —b_)(azhy —b_) | (49)
where TR )
KK, + K, + K EiK + K; .
L B L B Li=1,2 50
¢ KK, —k? K, —K  &K—K] ! (50)
and )42
by = (51)
Ky F R

We can see that the dispersion equations (30) can be retrieved from equations (48) and (49) by
putting formally % = &, as for vacuum.

For large values of |k ,| (either conductors or dielectrics), equations (48) and (49) have solution
kyd = mn, n integer, which implies e3(w)\? = *K%, where K} = (k, mn/d). This equation has
two solution branches, one starting at y /w2; + w2 with an asymptote ~ cK3, and another starting

as vK} and asymptote w3, where

We3 C
v=c = ; (52)
\/ WZ:% + Wc23 V€30
£30 being the (static) dielectric constant of the body 3. These are the well-known polariton
branches in a polarizable body. It follows that the Casimir force is given by the same equation



(40) with the renormalized light velocity (polariton velocity) v, as expected. For a conducting
body inserted in the gap (k% purely imginary), the force is vanishing.

In the non-retarded regime x ~ ik the situation is more complicated. Equation (49) leads to

[4(? = D)(@? = Ds) = whwps] [4w? — Do)(w? = Ds) = wjpy] =

P
(53)
= 4 [w2 (w? — Ds) — w2(w? — D1)] [wh(w? — D3) — wi(w? — Dy)] ek
where | ‘1
2 €0i
D, = =1,2,3. 54
2 pZ€OZ — 1 T ( )

The zero-point energy associated with the solutions of this equation leads to the van der Waals-
London force. It is easy to see that for large values of D3 (weak dielectric in-between), equation
(53) becomes equation (43),which means that the effect of a weak dielectric introduced in the gap
between the two half-spaces is a second-order correction. For two identical conductors 1 and 2
and a distinct conductor 3 in-between the force is given by

h W — Wl 1
F= =
TS ) (55)

More complicated situations can be treated by solving equation (53).

8 Formulae of the theory of the electromagnetic fluctuations

We give here a formal deduction of the formulae obtained within the framework of the theory of
the electromagnetic fluctuations, following Refs. [8], [10, 11]

Suppose that the eigenvalues €, (k) are given by the roots of an equation written as G(w, k) = 0,
like one of equations (30). Then, the zero-point energy can be written as

1 h w
E = = Q = — —
QH%; n(k) 4m§/dww—9n(i¢) ’ (56)
or
E = —/dkk/dww—lnG (57)

(per unit area), where the integration with respect to w is performed around the positive w-axis
(we assume that function G' has no poles). We pass from the variables (w, k) to the variables

(&, p) defined by
w=if, p=/1+ck?/§sgn(§) . (58)

The jacobian of this transformation is

IE D) P DI (59)

and the integration is represented as

[lof [ s



We take for G = 0 equations (30), which, with the new variables, become

_ (s1tp)(s2+p) J2¢pdjc _ 1 _
Gi=tGpent =0,
(61)
G __ (sate1p)(s2te2p) 2§pd/c —1=0
= (s1—ewp)(s2—22p) ¢ T

where s; = (g, — 1 +p?)Y/2, i = 1,2 and & is replaced by x = —ip/c. The derivative with respect
to w in equation (57) becomes

oG 0G  p*—10G
— =17+ —-— .
Oow 0& pé¢  Op

(62)

In order to get the force, we take the (minus) derivative with respect to d in equation (57) and
make use of

oG 28p
od c

Combining equations (62) and (63), we get easily

9 (19G\_2(1 1 oG p-10G
A \Gow) ic\p pG G2 G2 0Op)

—(G+1). (63)

(64)

An integration by parts in F' = 0F/dd leads to the force

= o / dpp? / de€? (—+—), (65)

which is the well-known formula given in Refs. [13]-[17]. The formal equivalence given here can
be found entirely in Ref. [10|. For finite temperatures the integration over ¢ is replaced by a
summation over the integers n, such as Bh&, = 2mn, where § = 1/T is the reciprocal of the
temperature 7T

For conductors, in the non-retarded limit, equation (65) leads to the Casimir force given by
equation (40). For poor dielectrics, or combinations of poor dielectrics with conductors, equation
(65) brings a small correction factor in the Casimir force (see, for instance, equation (82.6) in
Ref. [15]), which indicates, in fact, that the force is vanishing in this case. In the limit of good
dielectrics, equation (65) leads to the same universal Casimir force given by equation (40).

In the non-retarded limit w — 0 (§ — 0), the most important contribution to the p-integral in
equation (65) comes from p > 1, due to the presence of the exponential in the denominator.
Consequently, we may take s; 9 ~ p, which leads to

(14e1)(1+e2) -
F~— d d -1
167r2d3/ o / ¢ { 1—e)(1—2)° ’ (66)

which is the well-known formula given in Refs. [13]|-[17] for the van der Waals-London force. The
evaluation of the &-integral is difficult, so we cannot compare the result with equation (44).

Both equations (65) and (66) can be extended to very rarefied bodies, leading to well-known forces
computed quantum-mechanicaly for two interacting atoms (molecules).[15] In general, equations
(65) and (66) are valid where there exist solutions of equation G(w,k) = 0 (equations (30)).
Unfortunately, equations (65) and (66) may also indicate false solutions (as for poor dielectrics).



9 Concluding remarks. Sphere and half-space

Let us denote by Fy/, = C'S/d" the van der Waals-London or Casimir force acting between two
half-space separated by distance d, where C' is a constant, S is the transverse area of the two
half-spaces, n = 3 for the van der Waals-London force and n = 4 for the Casimir force. We look
for a force df = C1/|z|™" dV, acting between the half-space and a "macroscopically infinitesimal"
element of volume dV placed at distance |z| from the half-space, such as

/ df = Fys (67)

where the integration is performed over the other half-space. We find easily C; = Cn and n; =
n + 1. Now we compute the force

1
F p— pr—
s /df Cn / v (R+d—rcosf)rt! (68)

acting between the half-space and a sphere of radius R placed at distance d from the half-space
(the distance between the half-space and the surface of the sphere); the integration in equation
(68) is performed over the volume of the sphere. The integration in equation (68) is elementary,
and, for R > d, we get the force

. 2nCR
"7 (n—1)drt
The force acting between a half-space and a spherical sell of radius R is 2rC'R?/d". In a similar

way we can derive the force acting between two bodies of any shape. The force acting between
two macroscopic particles is given by

(69)

= n(n+1)(n+2)C
B Qrdnt4

where v; o are the volumes of the two particles.

V1V (70)

In conclusion we may say that the van der Waals-London and Casimir forces are calculated here
explicitly for two semi-infinite solids (half-spaces) separated by a third, polarizable body inserted
in the gap between the two half-spaces. In contrast with previous, well-known treatments of the
problem, the polarization degreees of freedom are introduced here explicitly, and their dynamics is
included, beside the Maxwell equations of the electromagnetic field. The equations of motion are
solved (both for polarization and the electroamgnetic field) for these electromagnetically-coupled
bodies, the normal modes are identified as harmonic-oscillators modes, and the corresponding
eigenfrequencies are computed. The force is calculated frm the zero-point energy of the vaccum
fluctuations of the polarization. The extension of the results to bodies of any shape is done, and
the force acting between a sphere and a half-space is calculated explicitly.
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