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N � 1 atoms, placed at
−→
R i , i = 1, 2, ... , N , Hartree-Fock (HF) eqs, one-electron orbitals s

1 Molecular orbitals

⇓

Ψs = αsϕs + βsΦs

ϕs =
∑
i,a

csiaχia(
−→r ) =

∑
i,a

csiaχa(
−→r −−→R i)

2 Minimization of the HF energy functional

⇓

1. βs 6= 0 for valence orbitals (fractional occupancy)

2. E = Ea(ϕs)−∆E + Eb(φs)

3. Eb(φs) ⇒ eff. hamiltonian Hb

4. Hb : electrons in a background of ionic cores

ρ(−→r ) ==
∑
ia;jb

(∑
s

β2
sc

s∗
iac

s
jb

)
χ∗ia(

−→r )χjb(
−→r )

⇓

Hb =
∑
α

p2
α

2m
− e2

∫
d−→r d−→r ′ ρ(−→r )

|−→r −−→r ′|
n(−→r ′)+
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+
e2

2

∫
d−→r d−→r ′n(−→r )n(−→r ′)

|−→r −−→r ′|
− e2

2

∫
d−→r d−→r ′n(−→r ,−→r ′)n(−→r ′,−→r )

|−→r −−→r ′|
+

+
e2

2

∫
d−→r d−→r ′ρ(

−→r )ρ(−→r ′)

|−→r −−→r ′|

n(−→r ) =
∑
s

|Φs(
−→r )|2

n(−→r ,−→r ′) =
∑
s

Φ∗
s(
−→r )Φs(

−→r ′)

ϕ(−→r ) = e
∫
d−→r ′ ρ(−→r ′)

|−→r −−→r ′|
− e

∫
d−→r ′ n(−→r ′)

|−→r −−→r ′|

⇓

5. Main contribution from Hb, for occupancy βs = 1, through
quasi-classical description

Hb: Quasi-classical Hb + quantum corrections
Eα(ϕs) − ∆E : independent atoms + quantum corrections
Delocalization (spatial extension)
Binding energy
Small quantum corrections, of opposite signs, short-scale length (fractional occupancy in-

cluded)

3 Quasi-classical description for Hb

1. Large N � 1 ⇒ slow variations ⇒ plane waves for the HF eqs

n = k3
F/3π

2

2. Eb = T (n) + Ue−i(n) + Ue−e(n)︸ ︷︷ ︸+ + Eex + Ei−i

3. Density functional; δn, slightly-inhomogeneous electron liquid

⇓

h̄2

2m
k2

F − eϕ = 0

Self-consistent Hartree field ϕ

∆ϕ = −4πeρ+ 4πen

4. Thomas-Fermi theory
5. Linearization
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4 Linearization

k2
F → kF · kF

↑
variational

1

2
kF · kF − ϕ = 0 ⇒ kF = 2ϕ/kF

n =
1

3π2
k

2

FkF =
2

3π2
kF · ϕ =

q2

4π
ϕ

q2 = 8
3π
kF kF = 16

3πq2ϕ

∆ϕ = −4πρ+ q2ϕ

kFav =
1

N

∫
d−→r nkF =

=
1

N

4

3π2

∫
d−→r ϕ2 ∼ 3π

8
q2 = kF

q2
var ∼

1

N

32

9π3

∫
d−→r ϕ2 = q2

av

Quantum corrections, short-scale length
Kinetic energy

T =
V

10π2
k5

F → k
4

F

10π2

∫
d−→r kF ==

π

5
(3/8)3q6

∫
d−→r ϕ

Potential energy

Epot = −
∫
d−→r (ϕn− 1

2
ϕen) + Ei−i

= −1

2

∫
d−→r (ϕ+ ϕi)n+ Ei−i = − q2

8π

∫
d−→r (ϕ+ ϕi)ϕ+ Ei−i

ϕi =
∫
d−→r ′ ρ(

−→r ′)

|−→r − r′|

Ei−i =
1

2

∫
d−→r ϕiρ

Quasi-classical energy

Eq = T + Epot (q)



4 J. Theor. Phys.

⇓Minimization

q, Eq,
−→
R i

Exchange energy

Eex = −V k
4
F

4π3
→ − k

3

F

4π3

∫
d−→r kF =

4

3π
(3/8)3q4

∫
d−→r ϕ

Binding energy

E = Eq + Eex

Quantum corrections

− h̄2

2m
∆ψ − eϕψ = εψ

⇓

Electronic properties (Fermi level, spectrum, LUMO, HOMO, etc)
Ionization potential

I = (1− β2)Iat + β2Iel︸ ︷︷ ︸
∼ 0

5 Point-like ionic cores; Metallic clusters

ρ(−→r ) =
∑
ia;jb

(∑
s

β2
sc

s∗
iac

s
jb

)
χ∗ia(

−→r )χjb(
−→r ) ∼= β2

∑
ia

|χia|2

⇓

β2zi = z∗i

↑ ↑
valence effective valence

ρ(−→r ) =
∑

i z
∗
i δ(
−→r −−→R i)



Hb =
∑

α p
2
α/2m− e2

∑
iα

z∗i
|−→R i−−→r α|

+

+1
2
e2
∑

αβ
1

|−→r α−−→r β |
+ 1

2
e2
∑

ij

z∗i z∗j

|−→R i−
−→
R j |

ϕ = e
∑

i
z∗i

|−→R i−−→r |
− e

∫
d−→r n(−→r ′)

|−→r −−→r ′|

n = q2

4πe
ϕ
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∆ϕ = −4π

∑
i z

∗
i δ(
−→r −−→R i) + q2ϕ

ϕ =
∑

i
z∗i

|−→r −−→R i|
exp

{
−q|−→r −−→R i|

}
Kinetic energy:

T =
27π2

640
z0q

4 = Aq4/4 , z0 =
∑

i

z∗i

Potential energy:

Epot = − q
4
[3
∑

i z
∗2
i +

+
∑

i6=j z
∗
i z

∗
j

(
1− 2

q|−→R i−
−→
R j |

)
e−q|−→R i−

−→
R j |
]

= −Bq

“self-energy” interaction
Inter-atomic potentials

φij = −1
2
qz∗i z

∗
j

(
1− 2

qRij

)
e−qRij

−→
X i = q

−→
R i , Rij ∼ Xij/q ∼ c/q = a

c ∼= 2.73

inter-atomic distance a
Quasi-classical energy

Eq = Aq4/4−Bq = −3

4
Bq

⇓
q = (B/A)1/3 ∼= 0.77 · z∗1/3

Eq
∼= −0.43 ·N · z∗7/3

Exchange energy

Eex = −(9/32)q2Nz∗ ∼= −0.17 ·N · z∗5/3

E = −0.43 ·N · z∗7/3 − 0.17 ·N · z∗5/3

a ∼= c/q ∼ 3.5/z∗1/3

Quantum corrections
qav

∼= 0.9z∗1/3 ∼ 0.77z∗1/3 = qvar

⇓

17%
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6 Atoms and effective valence

ϕ = Ze−qr/r , Eq = −11.78 · Z7/3 eV (Eex = −4.6 · Z5/3 eV)
∆E = −4.56 · Z7/3 eV
E = −16.34 · Z7/3 eV ∼ Eemp = −16 · Z7/3 eV

q = 0.77 · Z1/3

qav = 0.9 · Z1/3

}
q = 0.84 · Z1/3

Nout =
∫

r>R
d−→r · n =

= q2
∫ ∞

R
dr · r2ϕ = Z(1 + qR)e−qR

z∗ = Nout

Z
· z = z(1 + qR)e−qR

β2 = Nout/Z

z∗ = z(1 + 0.84Z1/3)e−0.84Z1/3

(R = 1)

Z z z∗ β2

Na 11 1 0.44 0.44
K 19 1 0.34 0.34
Fe 26 2 0.57 0.28
Ag 47 1 0.19 0.19
Ba 56 2 0.34 0.17

7 Magic numbers

N= 6, 11, 13, 15, 19, 23, 26, 29, 34, 45, 53, 57, 61

D = ln
(
I2
N/IN−1IN+1

)
= EN+1 + EN−1 − 2EN

Stability- vibrational spectra (10−4 eV/A)
Isomers
Statistical magic numbers
Electronic magic numbers (2, 8, 20, ...)

ϕ =
∑

i

z∗i

|−→r −−→R i|
e−q|−→r −−→R i| =

= const.− Ax2 −By2 − Cz2 : ...

(Clemenger-Nilson potential)
const. ∼ (4π/c3)z∗q ∼ (4π/c2) z∗

a



J. Theor. Phys. 7

8 Polarizability

−4π

q2
nδn− 1

2
ϕiδn+

−→
E−→r · n = 0

(pot. energy)

δn =
q2

4π

ϕ

ϕ+ ϕi/2

−→
E−→r

δE = − q2

4π

∫
d−→r

(
ϕ

ϕ+ ϕi/2

)2 (−→
E−→r

)2

χe ∼ 32
15c2

· a2R , R - cluster radius

(c ∼= 2.73)

9 Diamagnetic susceptibility

δE = − e2

8mc2
∑
α

(−→
H ×−→r α

)2
=

= − e2H2

12mc2
∑
α

r2
α = − e2H2

12mc2

∫
d−→r · r2n

⇓

χd ∼ −0.54 · 10−4 (2π/15)
(
z∗R5/a3

)
· aH

10 Plasmons

T (n) + Ue−i(n) + Ue−e(n)

δn = −n · div−→n
δ(1) = 0

δ(2) ⇒


T = 1

2

∫
d−→r · nm−̇→u

2

U = 1
2

∫
d−→r d−→r ′ e2

|−→r −−→r ′| ·
·δn(−→r )δn(−→r ′)

ω =

(
4πn2e2

nm

)1/2

ww�n→ β2n

ω = β (4πne2/m)
1/2

(fractional occupancy)
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11 Quasi-classical quasi-particles

f(
−→
k −

−→
k′ ) = 4πe2

∑
i

z∗i

q2 + |−→k −
−→
k′ |2

ei(
−→
k −

−→
k′ )

−→
R i

f(−→p −
−→
p′ ) = f · (2πh̄)3

V
δ(−→p −

−→
p′ )

f = 4πNe2z∗/q2

δn−→p = −δ(ε− εF ) · δε

↓

1/∆ε, ∆ε = (pF/m)(πh̄/a)

εF =
1

2
kFkF = (3π/16)q2kF = (4π/c3)z∗q (= ϕ)

m∗ = m ·
(
1 + 0.39z∗1/3

)

C = V ρ∗π2T/3 , ρ∗ = pFm
∗/π2h̄3

- no electronic compressibility (adiabatic)
- no electronic sound, zero-sound (immersed into el-hole excs.)
-lifetime

γ =
1

τ
=

π

2h̄

(
4πe2Nz∗

V q2

)2 (
ρ

n

)3 (∆ε)2 + π2T 2

e∓(ε−εF )/T + 1

-no renormalized Pauli spin paramagnetic susceptibility
(χ = 1

4
g2µ2

Bρ , µB = eh̄/2mc: µBH ' 0.67K , H = 1T = 104Gs)

12 Ionization potentials

I = (1− β2)Ia

Ith (eV) Iexp (eV)

Na 2.88 3.5
K 2.86 2.8
Fe 5.67
Ag 6.13 5.5
Ba 4.32
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13 Magnetic momentum of cluster-Fe by Hund’s rule

Fe− 3d6

↑
↑
↑
↑
↑↓

= 4µB

0.57 go to the chem. bond

6− 0.57 = 5.43 : left

↑
↑
↑
↑

↑:↓ 0.43

⇒ 4 + 0.57 = 4.57µB
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