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1 Spin waves

As it is well-known the Landau-Lifshitz equation for magnetization M is given by
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with usual notations. Let m, and m, be small deviations from an equilibrium uniform magneti-
zation M, parallel to the z-axis. In the absence of an anisotropy field we have H= H;e;.

Keeping only linear contributions, we get

for the first term, and
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for the second one in the rhs of Eq.(1). Therefore, the equation (1) led to the following system of
differential equations
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Introducing m4 = m, £ im, we get
Omy  Om, iamy
o ot ot

2
= ~vH;(my, Fim,) — DMO@(my Fim,)

. . . 0? .
= FiyH;(m, £im,) £ zDMoﬁ(mx + im,)
32mi

z



The eigenmodes are given by

my = a+(t)€:tik:z

m_ = a_(t)et™*

where a4 are complex conjugate to one another and satisfy the equation

day .
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Therefore, we obtain the eigenmodes
my = e*l’wkteiikz
m. = eiwkteq:ikz

where
wy = vH; + DMok®

Then, we have

m, = cos(tkz — wgt)

my, = sin(tkz — wyt)

2 Spin waves under dc currents

The equation of motion is written as

8mi 2 8mi
=+4i|—H;+ DMy— | my+ + X
ot ( K 922) T 0,
where X depends linearly of the dc current, parallel to the z-axis.
The solutions are of the form
my = a(t)e™™ | m_=m’ = a*(t)eF
where
m, Wit pEik(z+Xt)
m. =  eiwnt Tik(+Xt)
and

m, = cos(xk(z+ Xt) — wit)
my = sin(tk(z 4+ Xt) — wit)

where wy, is given by (3). We can see that

Mgy(z,t) =my (2 4+ Xt,1)

0

where m,,
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are the components of the magnetization in the absence of the dc current given by (4).
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3 Time dependent currents

If X has a time dependence, X = X(t), the equations are solved in the same manner. The only
difference is that in the final result we have

/ X (t)dt

instead of Xt. Therefore, the solution is
My = COoS {j:k (z + /X(t)dt) — wkt} =md(z + /X(t)dt)

m, = sin [j:k (z + /X(t)dt> - wkt} = mg(z + /X(t)dt)

The amplitude has no time dependence, therefore the conditions for a parametric resonance are
not fulfilled. The parametric resonance occur when the amplitude of the oscillations behave like
et with g > 1, giving instability for ¢ > 1.

For instance, for X = X coswt we get

sin wt

)

me = m2(z + Xo
w

4 Parametric excitations

By means of the Fourier transform equation (2) becomes

Oa,
8t = wkay
(5)
da
E

where wy, is given by (3) and
azy(k,t) = /dzmx,y(z,t)e’ikz

are the Fourier components of the magnetization. Equations (5) lead to an oscillator type equation
of motion by taking the time derivative in one equation and making use of the other,
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This would suggest a parametric resonance, providing wy has a time dependence in the above
equation of a harmonic oscillator.

Suppose that this is true, as, for instance, the applied field H; has a time dependence:
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Making the change of variable d7 = w(t)dt the above system of equations become

Ja,(T) B
87_ - ay(T)
3%(7’) .
or = (7

whose solution
Ay, = exp(£iT) = exp {:I:i/w(t)dt}
has no parametric resonance however.

In order to have a parametric resonance it is necessary to have different w in the above two
equations but this kind of anisotropy is difficult to be obtained. Equations (6) should have the
form

day
;t = wi(t)ay,
(7)
0
% = —ws(t)a,

with wy /ws F#const.
In the case of a a classical parametric oscillator described by the Hamiltonian
2
P L, 5
H=—+-k
om 2"

where m and k have time dependence (they are the parameters), we have the canonic equations

1
T = mp
p = —k(bz

which have the form given by equations (7). Making the change of variable dr = dt/m(t) we
obtain

dx

e p(7)
fi]j = —m(7)k(T)z

which lead to the parametric resonance equation

d*z 5
— = —w(t)x

dr? (®)

where w?(1) = m(7)k(7).

Therefore we must emphasize that the requirements wy # wy in (7) is essential.

It can be easily verified that the parametric resonance do not even occur if both the current (X)
and the external field (or more generally, wy) have time dependence.
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5 Notes

5.1 Solution of the equation of motion in Ref. 1

We consider the equation of motion

8mi

0z

om _ , *m
8: = —ivH;m+ + ZDMO@T;

+ Xoei“’t
For Xy = 0 the eigenmodes are plane waves with the dispersion relation

For Xy # 0 the eigenmodes are
ptikz p=ifi(t)

where f; has a nonzero imaginary part which give time dependent amplitude.

From (8), fx(t) satisfy the equation

of

e ~vH; + DMyk?* F kXye™*

= wp F kXpe™!

Up to a constant, the solution is

eiwt -1
fk(t) = wit FEXo—
w
2]{on jet . wt
= wit F e 2 sm?

Therefore, the eigenmodes are

2k X, wt ; kXo ;
0 SiIl2 et O e:l:zk(z+T s1nwt) e—zwkt

e

The amplitude is time dependent but remains finite even for wt > 1; therefore the equation has

no parametric resonance.

5.2 An equation with parametric resonance

If we assume the equation of motion

6mi 2

ot
with ¢(—t) = ¢(t). The eigenmodes have the form

my
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where fy staisfy the equation

of
ot
where wy, is given by (3). The above equation has the solution

fu=wnt = kX, [ " exp(io(#))dt

= wr — kX, exp(Lio(t))

Therefore, the eigenmodes are

t ik| 2 ® cos ¢(t')dt! .
my = exp {:FkXo/ dt' sin qﬁ(t’)} e k( o Jy conalt )dt)e’““’“t
0

We can observe that the two amplitude satisfy the relation A, A_ = 1, situation similar to that

occurred in the parametric resonance of the classical oscillator.

Because ¢ is a periodic function we have

/ot dt'sing(t) = /O[HT dt'sin ¢(t') + /[tt] dt' sin ¢ (t")

t1 (T T
- [] / dt' sin p(t') + /{T} dt' sin ¢(t") (9)
T1Jo 0
where [...] and {...} are the integer, respectively the fractional part. The second term is always
finite.

Neglecting the finite term in (9) we have the dominant contribution

+ T . N 1 t
A, = 63FTkXofO sin ¢(t')dt! __ ul

where popu_ =1
T
[+ = exp {:FkXO/ dt sin gb(t)}
0

If the above integral is finite, we have u, > 1 or u_ > 1, which means that one of the above
amplitude is divergent. There are many possible choices. All periodic functions which satisfy
0 < ¢ < 7 are a good choices. For example

T 27t

1 _
o(t) 2( +cos = )
give
T T
/ sin ¢(t)dt ~ 3—
0 2
or
2
o(t) = g\/l —|—Cos;t
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