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©��A«�ª¾�6�z£��[º�£±ª�«L�µ�/£2Ã®ª ��£±�;�µ�z�`¸D£±�6�O�6�z£��[º��Aªzªz£±�zªg�C«�ªg����©¿�p«�ª¾�6�z£��[ºbÀ���ª�¸S�p�&�9��©¿�p�±ªg«L�µ�g³z�J�Aªz³��µ«L©¿�
�p�6��³z�C�O£±�z¯z�L�C³ �¡�p�=«Lªz³z�C¯0�Cªg³z�Cªw�Ï�+�µ�A�µ«L�+�6«��9�A�¡´A�p�+«\�p²z�L�C�O���pªz³V�µ�g���6�C«L�6©¶«����p�O�6«L´�«L��½�«��`�±£2´±�C�+ªz�C³k²w½��6�z�
�6�O«��6©¶«��O«L��½¿�µ�A�6�pÀ
Á��z�°�6�O«�©¶«��°�p�&�µ«L´�«¼��½Æ£2´±�O�;�+�z£±�X�;�6�C�+© «���³z�O�6�O�6«�²0�C³¾²w½��µ�z�°ªz�-¤��+���C�p�+�6�z¹y�s�pºA�`³z«L�+�6�6«�²g�g�µ«L£±ªÆ¸D�zªz�&�µ«�£pª

D(τ) = dN/Ndτ =
1

N

∑

i

δ(ti+1 − ti − τ) ,
ÊS¦wË

Ã®�z�C�+�
N

«����µ�z�¢ªy�z©Ñ²0�C�Â�6£p�[�A�q£p¸@�C�p�+�6�z¹y�s�pºp�O���Aªz³
ti
«����6�z��©¶£±©¿�Oªw��£p¸@£�O�C�z�+�6�Oªz�C�¢£p¸��6�z�

i
�E�µ���9�A�+�µ���

¹y�s�pºp��«�ª¿�°�6�C©¶¯q£±�6�p�s�6�O�6«L�C�CÀ�Á��g«���¸D�zªz�O�6«�£±ª¿©Ñ�z�X��³z�O¯q�Oªz³Æ£±ª��Ä�6«�©¶���6�9�A���p��pªz³¶�µ�z�/£±ªz�¼½=£±ªz�/�9´p�A«��\�A²z���
«��°�±«¼´±�CªÖ²w½��µ�z�Ï¸D�6�O¹y�z�Cªz�&½

R = t−1
0 e−βM £p¸

N = Nex
�9�p�X�µ�z¹y�s�Aºp�C�ÄÃ®«L�6��©¿�p�±ªz«¼�µ�z³g�=�&¤�C�O�C³z«Lªz�¥�6�z�

´A�p���z�
M
À�×b£p�Ò�6�C�p�6£±ªg��£p¸qªz£±�+©��A��«�ÇC�A�µ«L£±ª`Ã��®©Ñ�z�X���z�2´p�

D(τ) = Rf(Rτ)
�wÃ®�z�C�+�

f
«����¢�zªg«L´±�O�6�6�p�s¸D�zªz�-�

�µ«L£±ª ÀÉÁ��g«����+�9�p�L«�ªz�Ä�6�O�\�A�6«�£±ªg�6�z«L¯¿�L�9�p³z���µ£J«�ªw´±�O�6�6��¯q£2Ã��C�����9Ã®�¢Ê5�A���O���C©¶�Cªw�µ�p�+½¶�6£p���g�6«�£±ªz��¸D£±�¡«L�6�����p¯g�\�p�O�
�µ�6�pªz�+¸D£p�6©�Ë&�s�p�ÂÃ��C�L���p�®�6�z¯0�C�+¯q£p�6«L�6«�£±ªg��£p¸É�+�z�[���O���O©¿�Oªy�µ�p�+½��6£±�L�g�µ«L£±ªz�Â¸D£±��«¼�µ���±�Oªz�C�6�p���6£p���g�6«�£±ª ÀLÌ4§ Í
 �ª°�6�z��£p�µ�g�C���s�pªz³��$¸D£±���+©��A���A´A�p�L�z�C��£A¸

τ
Ã����s�9´p�

D(τ) ∼ t ∼ Er ∼ 1/τ r �$�6�z�[�Ä�µ�s�A� D(τ) ∼ R/(Rτ)r

«�ªÜ�µ�g«��Ï��«L©¿«¼�9À����»£±²g�µ�p«�ªg�Ï�6�z�C�+�C²w½k�~�C���g�+�µ�O�6«Lªz�~���q�C�O�C���±«¼´±�Oª�²w½Ü�µ�g�»¸S�A�O�=�µ�z�A�¶�\�p�+�±���Cªz�O�6�±«L�C�¶�p�+�
�6�O���9�A�6�C³ «�ª �+�z£±�+�»�6«�©¶�p�;�±£2´±�C�+ªz�C³Û²w½ � ¯0£2Ã��O�¥���9Ã Ã®«¼�µ� �&¤¯0£±ªz�Cªw�

r
³z« �q�C�+�Cªw��¸D�6£p© �zªz«¼��½ ÊS�+«�ªz�O�

�9�p�X�µ�z¹y�s�Aºp�C�¡�p�+��³z«L�+�6�6«�²g�g�µ�O³Ñ«�ªJ�6«�©¶�¡Ã®«¼�µ�Ñ³g«�©¶�Cªz�+«�£±ªÑ£pªz��Ã®�z«L���¡�µ�z�O«��É�Oªz�C�+�p½Ñ«L�Ò�p�O�C�z©J�z�\�A�6�C³Ñ«LªÑ�6¯z�p�C�A�
Ã®«L�6���Ñ�z«��p�z�C��³z«�©¶�Cªz�+«�£±ªsË&À Õ ¸ �µ�O�6�6�g£�[ºy��³z£=�O£±ªw�µ�6«L²z�g�6���µ£J�6�z«����&¤¯0£±ªz�Cªw�

r
�z�p���±£2´±�C�+ªz�C³»²w½¿�&¤¯q£pªz�Cªw�

�zªz«¼��½±���6�g�[���µ�z�A�
r
«�ª

D(τ)
�6�z£±�g��³Ö²q�=�6�A�µ�z�O�¢�C£±ªg�6«�³g�C�6�O³��ÆÅz�+�µ«Lªz���&¤¯0£±ªz�Cªw�CÀ��¾£±�6�O£(´p�C�O�n���p�6�±�

τ
«�ª

D(τ)
�p�6�/�µ�p�+�/�&´±�Cªw�6�C�z�+£`�µ�z�A��«¼��«L��ªs�A�µ�g�µ�p�s�µ£J�p�6�+�z©¶���J�@£±«��+�6£±ª�����«Lºp�®³z«L�+�µ�+«�²z��µ«�£pª

D(τ) ∼ e−Rτ/B ¸D£p�
�\�p�+�±��´A�p�L�z�C�®£p¸

τ
�b�pªg³ �z�µ�z�O�6�&¸D£±�6�A�

D(τ) = C · R
1

(Rτ)r
· e−Rτ/B Ê á Ë
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¸D£±�Ò�µ�g��ªz�&¤��+�m�9�p�X�µ�z¹y�s�Aºp�;³z«��X�µ�6«L²z�g�6«�£±ª �LÌò� Í Ã®�g�C�6�;�&¤¯0£±ªz�Oªy�
r
«L����Åz�6�6«�ªz�¢¯z�p�µ�p©¶�O�6�C�OÀÒÁ��z«���«L���pª&���z���O�'�ò�

�w�p©¶©��Ä¸D�zªz�O�6«�£±ª�³g«��+�6�6«L²z�g�µ«L£±ª ��pªz³
CB1−rΓ(1− r) = 1

À�¯s�p�µ�A©¿�&�µ�C�
B
£p�6«��p«�ªs�A�6�C��«�ªÆ�µ�g�¢�&¤g�p�O�®�6«�©¶�&�

�Cªz�O�6�p½��6�C���A�µ£pªz�6�z«L¯ Ê � Ë&� �µ�z�A�¢���C�p³z�¢�A�O�µ�z�p���¼½¥�6£»�pª~«�ªz�O�6�9�A�6�C³
R = t−1

0 (1 + ebM)r �A�¢�C£±©¶¯s�p�+�C³�Ã®«L�6�
R = t−1

0 e−βM �bÃ®�z«��[��«L�/�O£±�6�+�C�&�µ�C³�²y½»¸S�p�&�µ£±�O�q�6�9½±�
2r = B

¸D£±��´A�pªz«L�6�z«Lªz�
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À

�m�¡«��ÒÃ�£±�+�6���C©¶¯z�s�A�6«�ÇO«�ªz���6�z�®�+�µ�A�µ�z�¡£p¸0Åz�6�6«�ªz�°¯s�A�µ�p©¶�O�6�C�Ò¸D£±���&¤¯0£±ªz�Oªy�
r
«Lª�Ê á Ë&ÀÒ¨;«L�±£±�6£p�z�6�¼½J�+¯q�C�pºy«�ªz�z�

�µ�z�®�-¤g¯0£±ªz�Oªw�
r
«�ªÑ�µ�g�;�L«�©¶«L�

Rτ → 0
«Lª¾Ê á ËÉ«L�Ò�µ�z���6�p©¶�®�p��¯s�p�µ�A©¿�&�µ�C�

r
£±²g�µ�p«�ªg�C³=¸D�6£±© �µ�g�;�+�C�O�z�6�+�Cªz�O�

�\�9Ã Ê
0.5

¸D£±�=Þ��µ�pªg�C�9��¡¸D£±�=«Lªz�+�µ�pªz�O�p��£p�
0.66

¸D£±�¶ÝÂ�p�L«L¸D£±�+ªz«\�wË-À�Á��z�¾�A¸ �6�C�+�6�z£��[ºy���p�+�»¯z�6£�³z�z�O�C³�²w½ �
³z«��X�µ«Lªz�O�;©¶�C�[�s�pªg«��6© £p¸É�6�O�L¸\���+�C¯z�L«��C�A�µ«L£±ª �gÃ®�z«L�[���p�&�µ�/«�ªz³z�O¯q�Oªz³z�Oªy�6�L½¾£p¸n�µ�z�`�6�C«L©¿«L�C«¼��½Æ�µ�$�µ�p�0�6£¶�µ�z�&½¾³z£
�C£±ªw�6�6«�²g�g�µ�����6«L©¿«L�\�p�¢¯0£2Ã��O�Ñ�\�9ÃÐ«�ªÖ�µ�z«L�J�L«�©¶«L�9��Ã®«¼�µ���-¤¯q£±ªg�Cªw�Ï�zªz«¼��½±À+�m�`¸D£±���L£2Ã®�Ä�6�s�A�

r
«�ª	Ê á Ë°©��9½

�p�C¹y�z«L�6�®«�ª=¸S�p�&�¡�O´±�Oª��z«L�±�z�O��´A�p�L�z�C��«Lª¶�6�z�®��«L©¿«¼�
Rτ → 0

Ê5�pªz³¶³z�&´«��A�µ«L£±ªz�Ò¸D�+£±© �6�C�p��«Lªz�yË-À� �ª=�µ�z�;£p�µ�g�C�
�s�pªz³����C¹y�s�$�µ«�£pª Ê á Ë®�±«L´p�C���pª�«�ªg�C�6�C�p�6�O³�Ã��O«��±�w�/�µ£Æ³s�$�[���O£±�6�+�C�6¯0£±ªz³g«�ªz���6£����p�6�±�°´A�p���g�C��£A¸

Rτ
�0Ã®�z«��[�

©��Aºp�C�®�µ�g�`Åz�+�µ«�ªg�¿�-¤g¯0£±ªz�Oªw�
r
�p�C¹y�z«L�6�°��£2Ã��C�®´A�p���z�O�CÀ�Á��z�O�6�&¸D£±�6�A�0Ã��J�-¤g¯0�C�&�¢�¶��£2Ã��O�;´A�p�L�z�¢¸D£±�

r
¸D�6£±©

Åz�6�6«�ªz�°¯s�A«��Ò³z«L�+�6�6«�²g�g�µ«L£±ªÑ³s�A�µ�g�y«�ª=�O£±©¿¯z�p�6«L�6£±ªÑÃ®«¼�µ�Ï�µ�z�Â´A�p�L�z��£±²g�µ�p«�ªz�O³=¸D£±�
r
²w½=Åz�6�6«�ªz���6�z�®�6�O�C�z�+�6�Cªg�C�

�\�9Ã°À
��ªz³z�O�C³ � �6�z�Ñ¯s�p«L�/³g«��+�6�6«L²z�g�µ«L£±ª

D(τ)
�s�p��²q�O�Cª~�pªs�A�L½��6�O³�¸D£±���¿Ã�£±�+��³gÃ®«L³z�J¯0£±¯z�z���A�µ«L£±ª�£A¸��9�p�X�µ�z¹y�s�pºA�C�

Ã®«L�6��¯s�p�6�p©¶�O�µ�O�6�
r = 0.33

�
B = 1.58

�pªg³
C = 1/2

À�Ì à(Í Õ �+«�©¶«����p���pªs�A�L½��6«L�;Ã��p���C�p�6�+«��C³¥£±�g�/¸D£±�
1999�9�p�X�µ�z¹y�s�Aºp�C���6�O�C£±�+³z�C³¿«�ª=Þ��µ�pªg�C�9�°Ã®«L�6�¶©¿�p�±ªg«L�µ�g³z�

M > 3
²0�O��Ã��C�Oª �2ßwà$á �Aªz³ÆÎAâ±â á �±Ã®«¼�µ�¶¯s�p�µ�A©¿�&�µ�C�+�

r = 0.25
�
B = 1.17

�pªg³
C = 0.71

ÀLÌ4� Í Á��z���6�C�+�z�L�6�`Ã��C�+�Æ�z�6�O³V�µ£��O�+�6«�©¿�A�µ�Ï�µ�z�¿�6�O«��6©¶«��¶�s�pÇC�p�6³Ö¸D£±�
Þ��µ�pªg�C�9��¸D£±�

M > 5
�¸D£p��«Lªz�+�µ�pªz�C�AÀ,�m�Â«L��£±²g�µ�p«�ªg�C³��O�9�

0.8 - �J¯g�6£±²s�A²z«��L«L��½=£p¸ �s�9´«Lªz�J��Ã�£=�9�p�X�µ�z¹y�s�Aºp�C�
«�ª Þ��µ�pªg�C�9��Ã®«L�6�

M > 5
«�ªÜ�µ�z�¾�µ�A©¿�»³s�9½±���µ�z�Oª	�~�±�µ�p³g�s�p�E�¡²z�g�¶�+��£2Ã°��³z�O�C�+�9�p�+«�ªz��£p¸�¯z�+£±²s�p²g«���«¼��½±À

×s£±�/«Lªz�+�µ�pªz�O�p�q�A¸ �µ�O�
60

³s�9½��C�qÃ��Ñ�-¤g¯0�C�+«��Oªz�C�
0.2 - �¿¯z�+£±²s�p²z«L��«¼��½�£p¸��s�9´�«�ªg�Æ�pªz£A�µ�z�O���9�A�+�µ�g¹��z�pºp�JÃ®«¼�µ�

M > 5
«Lª�Þ��µ�pªg�C�9����p¯z¯z�+£w�p�[�z«Lªz���6�L£2Ã®�L½~�µ�z��¯z�6£±²z�p²z«��L«L��½~�zªg«L��½�«�ªÜ�p²0£±�g�J£±ªz��½p�9�p�Ï�Aªz³ ��¹y�s�p�X�µ�C�O�

Ã®�z«��[�¾«���¯g�µ�p�&�µ«��C�p���¼½¿�6�z�°©¿�C�pª»�6�O�C�z�+�6�Cªg�C�°�µ«�©¶��¸D£±���+�z�[���C�p�+�6�z¹y�s�pºA�C�CÀ
Á��z�¶¯s�p«���³z«��X�µ�6«L²z�g�6«�£±ª

D(τ)
�C�pªÖ²q�=¸D�z�X�µ�z�O�¢�±�Cªz�O�µ�p�L«�ÇO�C³ ���µ£»�X�[�A�6«��+�6«��C�p�É�O£±�6�+�C�\�$�µ«�£pª�¸D�zªz�O�6«�£±ªg�¢£p¸��6�z�

¸D£±�6©
P (M, t; M0)

�/�±«L´�«�ªg�V�µ�z�~¯z�+£±²s�p²z«L��«¼��½�£A¸J�s�9´�«�ªg���Aª �C�p�+�6�z¹y�s�pºA��£p¸`©¿�p�±ªz«¼�µ�z³z�
M

�$���µ«�©¶�
t¸D£±���L£2Ã®«�ªz���6�z�=£��C�C�g�6�6�Oªz�C�¶£p¸��pª~�9�p�X�µ�z¹y�s�Aºp�¶£p¸�©¿�p�±ªg«L�µ�g³z�

M0

ÀLÌ/. Í Ú�z�[�Ö�C£±�+�6�O�\�A�6«�£±ªz�/¸D�zªz�O�6«�£±ªg�Ä�z�2´p�
²q�O�Cª¥�pªs�p�¼½�ÇC�C³»¸D£±�ÂÞ��6�pªz�C�C�g�zÃ®«L�6���µ�z�°�6�O�6�z�¼�;£p¸É²0�C«Lªz�¶�p²z�L���µ£Ï�z�6�°�µ�g�C©Ù¸D£±���+�z£±�X�+�m�6�C�+© ¯z�6�O³z«��&�µ«L£±ª�£p¸
�6©¿�p����9�p�X�µ�z¹y�s�Aºp�C�O��Ã®«¼�µ�¶�¢�±£�£³=�O£±ªgÅs³z�Oªz�C�/���&´±�C�g²q�O�9�p�z�+�;�6�z�®�+�µ�A�µ«L�+�µ«L�C�Ò«L���±£�£³ �p²z�g���µ�z�&½Ñ�µ�g�6ªz�O³¿£±��
�µ£Æ²0�J¯g�µ�p�&�µ«��C�p���¼½Æ�z�+�C�L�C�6��¸D£p�/�±�+�9�A�6�C�/�9�p�X�µ�z¹y�s�pºA�C�O��Ã®�z�C�+�J�µ�g�Ñ�+�µ�A�µ«L�+�µ«L�C�;«��;¯q£�£±�O���pªg³��µ�z�`�C£±ªÅs³z�Cªg�C�
���&´±�C�É«���´p�C�+½���£2Ã°ÀÑ �²w´�«�£±�g�6�L½p���µ�g�C«��/´±�C�+�6«L£±ª~�C£±�+�6�C�+¯q£pªz³z«�ªg�»�6£��9�p�X�µ�z¹y�s�Aºp�C�°Ã®«L�6��©��A�±ªz«L�6�z³z�`�±�6�C�A�µ�O�
�µ�s�Aª

M
�pªz³ �b�+�C�6¯0�C�&�µ«¼´±�C�¼½±�

M0

�p�6�Ä�p�L�6£Ï�6�O���&´p�Aªy�C�b�pªz³ �s«Lª��µ�z«L���C£±ªw�µ�-¤��9�0�6�z�[�¾´±�C�+�6«L£±ªz�®Ã®«L�µ�
M = M0�p�6�°«LªÆ¸S�p�O�C�s¯z�6�O�C«��+�C�¼½±�z�µ�g�¢¯s�p«���³g«��+�6�6«L²z�g�µ«L£±ª

D(t)
³z«��+�C�z�+�6�O³��p²0£2´±�pÀ

Á��z«���ªg�9�p�+�L½`�C£±©¶¯z���&�µ�O�Ò£±�z��²s�A�6«���¹��z�pªw�µ«L�µ�A�µ«¼´±�Âºyªz£2Ã®�L�C³z�±�®£p¸0�C�p�+�6¹��y�s�Aºp�C�O���6�z�C«L�É¸D£��9�p�©¿�O�[�s�pªz«L�6© �Aªz³
�µ�z�O«����X�[�A�6«��+�6«��C�p��³z«L�+�6�6«�²g�g�µ«L£±ªz�CÀ
Á��z�=¯z�+�C�6�Oªw�`¯g�6£$È+�O�O�Ä�p«L©¿�/�A��¸D�z�X�µ�z�O�¢³z�O´p�C�L£±¯z«�ªg���µ�z«L��ºyªz£2Ã®���O³z�±�Ï�p�O�C£±�+³z«�ªz�Æ�6£Æ�µ�z�`¸D£±���L£(Ã®«Lªz��£p²�È+�C�-�
�µ«¼´±�C�OÀ
0Ï��1Ocopf2h320c�r=esintua(c�dSc42gesino±c
� À5�É¤��µ�Oªz�6«L£±ª�£A¸Â�+�µ�A�µ«L�+�6«��C�O�n²0£p�6�Ö¸D£±�¢Þ��6�pªz�C�C���pªg³�£p�6�z�C�Ä�6�O�±«�£pªz�C�@«�ª~£±�+³z�C�°�µ£¾«�ªz�O���z³g�¶©¶£±�+�¶�+�OÅsªg�C³
³z«��X�µ�+«�²z�g�6«�£±ªg�ÄÃ®«¼�µ���+�C�+¯q�O�O�=�µ£¥£p�µ�g�C�J´A�p�+«�£±�z�°´A�p�6«��p²z�L�C�C�n��«Lºp�¶��£��9�A�6«�£±ª �@³z�O¯g�µ� ���6�pªz�±�O�J£p¸®©¿�p�±ªg«L�µ�g³z�p�
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