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FIST Summary

FIST - "Field-Induced Superconducting Transistor�

FCST - "Field-Controlled Superconducting Transistor"

"Field" means the magnetization �eld of a ferromagnetic sample

-ferromagnet-superconductor junction

-Miniaturization; -High resistance; -Potential barriers, tunneling,

point contacts, micro-bridges, etc

-Superconductor as a natural tunneling barrier, Andreev re�ec-

tion

Rs = Rn
√

2∆/πTe∆/T , T/∆ � 1
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(ballistic transport Rs = Rb · eU/
√
e2U2 −∆2 , typical in classical

tunneling just above the gap barrier; Giaever)

What is the Andreev Re�ection?

k, α-excitation as a k, α-quasi-particle, moving with velocity v

k, α-excitation as a −k,−α-hole in a superconducting pair, mov-

ing backwards in time, therefore with velocity −v

-A reduction factor

v(|ϕ|2 − |χ|2) ∼ v

√
~2ω2 −∆2

~ω

in the current, origin of high resistance
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Question: Can the �ow be controlled by magnetization? by a

spin-polarization?

The answer is No for a di�usive transport in the ferromagnetic

sample, because the conductivity

∼ k2F1Λ1 + k2F2Λ2 ∼ (1 +m)2/3(1 +m)1/3 + +(1−m)2/3(1−m)1/3 ∼

∼ 1 +m+ 1−m = 2

reduced magnetization m = M/NµB

However, in the ballistic regime of transport for the ferromag-

netic sample the �ow can be controlled by m
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Ferromagnetic resistance

lf < Λ , mt = 1− (lf/Λ)3

Rf = R 2
(1+m)2/3+(1−m)2/3

, m < mt

Rf = R 2
(1+m)2/3+4

3
1−m

(1−mt)1/3
, m > mt

Λ < lf < 21/3Λ , mt = (lf/Λ)3 − 1

Rf = 3
4R(1 +mt)1/3 , m < mt

Rf = 3
4R

2(1+mt)1/3

1−m+3
4(1+mt)1/3(1+m)2/3

, m > mt
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-negative jump (negative resistance), positive jump; monotonous

increase, etc
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-control m by slight change in temperature, just below the mag-

netic critical temperature, but much below the superconducting

critical temperature

-the quasi-particles in the ferromagnetic sample behave like two

spin-up, spin-down �uids, with (Fermi) velocities v1,2 = v(1 ±
m)1/3 and density of states ∼ k2F1,2 = k2F (1±m)2/3

-crossover from ballistic to di�usive regime, and viceversa, hence

the m-dependence and the origin of the jumps

Under what conditions?

For a perfect contact at the junction, as for similar solids, so

that the matching conditions be ful�lled (close µ, kF ); problems

for m→ 1 with the low density-of-states spin-down �uid
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Quasi-particle wavefunctions (solutions of Gorkov equations)

∼ eiµt/~ · eiωt · e−ikF r · e−ikr

small ω, small k

-hence, µ- and kF -values close to each other, respectively (for

ferromagnet and superconductor), for continuity (wavefunction

and its 1st-order derivative)

-~ω =
√

∆2 + ~2v2k2, small vk (superconductor)

-ω = v1,2k = v(1 ±m)k (ferromagnet), hence large k for m → 1

for the spin-down �uid, which violates the continuity conditions;

however, small contribution to the junction resistance
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Conclusion

-the need for a perfect contact for matching conditions at the

junction (as for similar solids)

-an extended contact might do in this respect, but it could be

di�cult to realize a ballistic regime of transport in the ferromag-

netic sample in this case

-a possible additional layer at the junction, like an oxide layer, to

stabilize the tendency towards an extended contact, would act

as a potential barrier; it satis�es the matching conditions and

brings its own contribution to the junction resistance through

the transmission coe�cient
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Field Induced SuperconductingTransistor (FIST)

-Miniaturization

-Tunneling barriers, inversion layers, bridges, point-contacts, etc

-Superconducting gap as a potential barrier (Andreev re�ection)

-Spin correlations in superconductor→Ferromagnet-Superconductor

Junction
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Fig 1. Spectrum of Ferromagnetic Quasi-Particles
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Ferromagnet

Two spin �uids of quasi-particles

v1,2 = v(1±m)1/3

Density of states

∼ k2F1,2 = k2F (1±m)2/3

Magnetic gap

∆m '
2

3
vkFm

Reduced magnetization m = M/µBN
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Fermi level

µm ' −∆m/2 + µ+ vkFm/3 ' ∆m/2 + µ− vkFm/3 ' µ

Superconductor

Spin-singlet, s-wave

Gorkov equations, quasi-particles k ∼ kF

i~∂ψα/∂t = (−~vkF − i~v∂/∂r)ψα + i∆αψ
+
−α

−i~∂ψ+
−α/∂t = (−~vkF − i~v∂/∂r)ψ+

−α + i∆αψα

Superconducting spectrum (∆−α = −∆α)

ε = µ±
√

∆2 + ~2v2(k − kF )2
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Fig. 2 Superconducting Quasi-Partciles Spectrum
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Fermi level

µs = µ−∆/2 ' µ

Excitation energy ~ω =
√

∆2 + ~2v2(k − kF )2

Andreev Re�ection

k, α-excitation as a quasi-particle

ϕα = 〈0 |ψα|kα〉 ,

as a −k,−α-quasi-hole

χα =
〈
0

∣∣∣ψ+
−α

∣∣∣ kα〉
in a superconducting pair
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ϕα moves with velocity v, χα moves with velocity −v (backwards

in time)=Andreev re�ection

i~∂ϕα/∂t = (−~vkF − i~v∂/∂r)ϕα + i∆χα

−i~∂χα/∂t = (−~vkF − i~v∂/∂r)χα + i∆ϕα

Probability
∑
|ϕα|2 + |χα|2

Current
∑

v(|ϕα|2 − |χα|2)

µ-reduced, kF -reduced (exp(−iµt/~ + ikF r))exp(−iωt) exp(ikr)

(ω − ~vk)ϕα = i∆χα

(ω+ ~vk)χα = −i∆ϕα
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k,α v
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(quasi−hole) −v

αk,

Andreev reflection

(backwards in time)

−k,
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Solutions

ϕα = Cα√
2

√
1 + vk/ωeikr , χα = −iCα√

2

√
1− vk/ωeikr

where

vk =
√
ω2 −∆2/~2 , ~ω > ∆

and small k; Current

jα = |Cα|2 v(vk/ω)

Reduction factor

vk/ω '
√

2

√
~ω −∆

∆

(Andreev reduction in transmission, potential barrier)
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Asymptotic Boundary, Matching Solutions

∆ → 0, χα → 0: ϕα → Cαeikr; quasi-particle wavefunction in the

non-superconducting conductor

Warning: Reduction conditions (continuity of the 1st-order deriva-

tive of the wavefunctions)

-nearly equal Fermi levels µ; -nearly equal Fermi wavevectors

kF1 = kF (1 +m)1/3 ∼ kF , kF2 = kF (1−m)1/3 ∼ kF

⇒problems for high magnetization m ∼ 1, very short lifetime

at the junction, small contribution to resistance for spin-down

quasi-particles
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-~ω =
√

∆2 + ~2v2k2, small k (superconductor)

-ω = v1,2k = v(1±m)1/3k (ferromagnet), problems for m→ 1

-Matching conditions ful�lled, transmission coe�cient

w = v(|C1|2+|C2|2)
v(1+m)1/3|C1|2+v(1−m)1/3|C2|2

(vk/ω) =

= 2
(1+m)1/3+(1−m)1/3

·
√

2
√

~ω−∆
∆

Note: m-dependence

Note: spin-balanced population in superconductor (|C1|2 = |C2|2)(not
to destroy the superconductivity)
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Ferromagnet-Superconductor Junction

-Cohesion of the solids, e�ective charge z∗

-Bottom of the band (s) −ϕ, ϕ ' 4πez∗/q2a3 ∼ z∗/a (work func-

tion)

-Fermi energy µ (Fermi level −ϕ+ µ)

Two solids in contact

-potential barrier, width a, height e2z∗ ·∆z∗/a

-transmission coe�cient for atoms

T2 =
4

4 + (M/m)z∗∆z∗(a/aH)
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Free surface

Self-consistent potential

ϕ =
∑
i

z∗i
|r−Ri|

e−q|r−Ri|

-average ϕ = 4πz∗/a3q2, aq ∼ 2.73, q ' 0.77z∗1/3

-free surface

ϕ = 4πz∗

a3q2
(1− 1

2e
qx) , x < 0

ϕ = 2πz∗

a3q2
e−qx) , x > 0

-a change δϕ in the potential, spill-over of the electrons, charge

double layer at the surface
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δn = q2δϕ/4π, compensating dipole �eld, work function

W = −ϕ(+∞) + ϕ(−∞) = −
�
dx · ∂δϕ/∂x = ϕ

-surface energy (per unit area)

δE = −
1

2

�
dx · δϕδn = −

πz∗2

2a6q3

-Additional lifetime:

δε = πn2/2q3 ·A/nAd =

πn/2q3d ∼ a
dµ

per electron,

~/τ =
a

d
µ
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Casimir boundary-scattering (�nite-size) time, d linear, �nite,
dimension of the sample

-Narrow microstructures, dominated by boundary scattering, same
m-dependence of the FIST e�ect

Extended Contact

ϕ = ϕ1 + 1
2∆ϕex/Λc , x < 0

ϕ = ϕ2 − 1
2∆ϕe−x/Λc , x > 0

Lifetimes

~/τ ' (δε)2/µ , T2/µ (el-el scattering)

~/τ ' T/F , F = (M/m)(~ωD/µ)2 (el-ph scattering)
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Fig. 4 Two Solids with a Perfect Contact
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-distance covered by an atom

Λc ' a
M

m
z∗∆z∗(a/aH)

-di�usion (ext �elds, temperature for getting the solids into

"atomic contact")

Very dissimilar solids, large ∆z∗

-extended contacts (if not growth-limited)

-slow spatial variations along such a contact

-matching conditions ful�lled, but

-a �third solid� in-between, with its own contribution to resis-

tance
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Similar solids, small ∆z∗; typical values z∗ ∼ 10−1, ∆z∗ ∼ 10−2

-typically, Λc ∼ 100− 1000A

-compared to quasi-particle mean-free path Λ ∼ 103 − 104A at

room temperature

-we call this a perfect contact
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Λ f Λ f

Λ c

flip length

the "third solid" at the interface

diffusion length

Fig. 5 Two Solids in Contact
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Kapitza Resistance

Similar solids, ∆µ uncertainty in quasi-particle energy

-lifetime ~/τ ∼ T2/µ, or ∼ T/(M/m)(~ωD/µ)2 undergoes a change

∆(~/τ) =
~
τ
(∆µ/µ)2

-hence additional (perfect) contact Kapitza resistance ∆R/R =
(∆µ/µ)2, etc

Spin-Flip, Damping Gap, etc

-Spin �ip length Λf ' (∆µ/µ)2Λ at the junction, fraction of

mean-free path, typically 10−2, comparable with Λc

-Similarly for vanishing the gap at the junction, etc
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Λ f
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Fig. 6 A Perfect Contact
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o

Λ f

Ferromagnet Superconductor

Fig. 7 Spin-Flip and Gap Damping at the Interface

31



Electric conductivity

Di�usive regime, the �ux of charge

−e(∂n/∂ε) · (−eU) · vxτ

-the �ow

j =
2 · 2π · e2

(2π~)3
p2F

�
du ·

dε

v
·
∂n

∂ε
v2xτ · (∂U/∂x)

-conductivity j = σ(−∂U/∂x)

σ =
e2k2F
3π2~

Λ , or j =
e2k2F
3π2~

·
Λ

l
U

hence the resistance (per unit area)

-note the high increase of the resistance due to the ratio l/Λ
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-note the independence of magnetization of a ferromagnetic

sample resistance

k2F1Λ1 = k2FΛ(1 +m)2/3(1 +m)1/3 == k2FΛ(1 +m)

k2F2Λ2 = k2FΛ(1−m)

k2F1Λ1 + k2F2Λ2 = k2FΛ

Ballistic regime: -Λ ∼ l , 2/3 → 1/2 (angle integration)

j =
e2k2F
4π2~

· U

-low resistance R = 4π2~/e2k2F , quanta e
2/h of conductivity, de-

pendence on m
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Resistance of a Superconductor

Di�usive regime, charge �ux

−e(∂n/∂ε) · (−eU) · (|ϕ|2 − |χ|2) · vxτ

charge �ow

j = −2·2π·e2
(2π~)3p

2
F

�
du ·

�
∆
dε
v ·

1
T e
−ε/T · ·

√
2

√
ε−∆
∆ v2xτ · (∂U/∂x)

conductivity

j =
e2k2F
3π2~

·
Λ

l
·
√
πT/2∆ · e−∆/T · U

or

Rs = Rnormal ·
√

2∆/πT · e∆/T
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-note high values of Rs for T/∆ � 1 due to Andreev re�ection

Similarly, in the ballistic regime

Rs = R
eU√

e2U2 −∆2

typical for classical tunneling currents

-However, it is preferable the di�usive regime (except for eU

just above ∆ the tunneling resistance is low; supercond may be

destroyed by spin-polarized ballistic currents)
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Junction

j = 1
Rf

(U − U0)

j = 1
Rs
U0

-Ballistic regime for the ferromagnetic sample (perfect contact)

-Su�ciently low temperature and thin sample lf < Λ

-Λ1 = Λ(1 +m)1/3, ballistic regime

-Λ2 = Λ(1−m)1/3, crossover

-Threshold magnetization mt = 1− (lf/Λ)3
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Rf = R 2
(1+m)2/3+(1−m)2/3

, m < mt

Rf = R 2
(1+m)2/3+4

3
1−m

(1−mt)1/3
, m > mt

-Monotonous increase, negative jump (negative resistance)

Another case Λ < lf < 21/3Λ, mt = (lf/Λ)3 − 1

Rf = 3
4R(1 +mt)1/3 , m < mt

Rf = 3
4R

2(1+mt)1/3

1−m+3
4(1+mt)1/3(1+m)2/3

, m > mt

-Monotonous increase, positive jump
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-Change of m by changing temperature just below the magnetic

critical temperature, and well below the superconducting critical

temperature
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Fig. 9 FIST Resistance vs Magnetization
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