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PART I EletromagnetismFresnel, Coulomb, Ampere, Gauss, Weber, Kirhho�, Hertz, Poinare,Lorentz Integral RepresentationsFaraday, Maxwell Di�erential EquationsTwo lines of thought
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MotivationRefration Fresnel-Huygens theory; extintion theorem"E�etive Medium Permittivity" Theory: the problem of εPhenomenologial response funtions: ε, µ, σThe role of matter, its dynamis: plasmons, polaritons; di�rationThe enhanement in strutures with �nite geometriesMetamaterials 4



Maxwell Equations in Vauum

divE = 4πρ (Gauss)

curlE = −1
c

∂H
∂t (Faraday)

divH = 0 (Gauss)

curlH = 1
c

∂E
∂t + 4π

c j (Ampere)

Continuity: ∂ρ
∂t + divj = 0; onvetion urrent (j = ρv; veloity v)
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Solution

E = −1
c

∂A
∂t − gradΦ , H = curlA; Lorentz gauge divA + 1

c
∂Φ
∂t = 0

Wave equations 1
c2

∂2Φ
∂t2

− ∆Φ = 4πρ , 1
c2

∂2A
∂t2

− ∆A = 4π
c jKirhho�: R =

∣

∣r − r′
∣

∣

Φ(r, t) =

�
dr′ρ(r

′,t−R/c)
R

A(r, t) = 1
c

�
dr′j(r

′,t−R/c)
RTwo regimes: Retarded; Non-retarded (approximate): ω/c = 1/λ ≪(body size)−1 6



Comment on solvabilityFour Maxwell equations plus two other equations (ontinuity andLorentz gauge) = six equations; only four unknown: E, H, ρ , jAtualy only two independent Maxwell equationsThe only absolute input: c
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Maxwell Equations in Matter

divD = 4πρ0 (Gauss)

curlE = −1
c

∂B
∂t (Faraday)

divB = 0 (Gauss)

curlH = 1
c

∂D
∂t + 4π

c j0 (Ampere)

ρ0 and j0 external harge and urent; D and H reated by externalsoures 8



Comment on solvabilityTwo new unknowns: eletri displaement D, magneti indution Band yet another: the di�usive urrent j in matter (no more j = ρv).Same sheme of solution, plus phenomenologial relations

D = εE , B = µH , j0 = σE (Ohm)

Dieletri funtion ε, Magneti permeability µ, eletri ondutivity σ

9



Our em equations in matter

divE = 4πρ0 − 4πdivP

curlE = −1
c

∂H
∂t , divH = 0

curlH = 1
c

∂E
∂t + 4π

c
∂P
∂t + 4πcurlM + 4π

c j0Maxwell equations: H → B, D = E + 4πP, B = H + 4πMReasoning: polarization P , polarization harge, by ont eq the po-larization urrent ∂P
∂tIn addition: divj in the ont eq admits an additional urrent (magne-tization urrent) c · curlM (div · curl = 0) 10



Solvability: Magneti phenomenaInstead of D and H now we have P and M; what's the gain?The gain is that we have an additional equation of motion for M:

dM

dt
= γH × MGyromagneti fator γ = µ/~
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Comment: Model Ampere moleular urrents +spin (quantum rela-tivist) magneti moments (Bohr magneton µB = e~/2mc)Commonly weak magnetism (v2/c2): disregardExept for ferromagnetism and related phenomena: speial treatmentStill j0 = σEtot; disregard external souresHave we another equation for P? Had we have→SOLVABILITY
12



We have another equation for PWeak displaement �eld u, density disturbanes δn = −ndivu, po-larization harge ρ = −eδn = nedivu (as for eletrons), polarization

P = −neu and polarization urrent j = −nedu
dtEquation of motion? Newton's Law:

m
d2u

dt2
= −eE − eE0 (plasma, ext el field E0)

or

m
d2u

dt2
= −eE − mω2

0u − eE0 (dielectrics, large ω0) 13



or
m

d2u

dt2
= −eE − mω2

0u − mγ
du

dt
− eE0 (loss)

or

m
d2u

dt2
= −eE − mω2

0u − mγ
du

dt
− eE0 +

1

c

du

dt
× H0 (ext magn field H0)

or... whatever else!Comment: disard Lorentz fore (relativisti e�ets); elementarydispersion theory 14



Another ommentFrom md2u
dt2

= −eE−eE0 and E = −4πP = 4πneu we get the dieletri

εfuntion
E0 = εEtot = ε(E + E0) , ε = 1 −

ω2
p

ω2
, ω2

p =
4πne2

mAnd by using j = −nedu
dt we get the ondutivity

j = σEtot , σ =
iω2

p

4πωAll these for jellium-like plasma; similar for dieletris, loss inluded,et 15



Our Sheme of CalulationEq of motion
m

d2u

dt2
= −eE − eE0Kirhho� potentials

Φ(r, t) =

�
dr′ρ(r

′,t−R/c)
R , A(r, t) = 1

c

�

dr′j(r
′,t−R/c)

REletri �eld E = −1
c

∂A
∂t − gradΦCharge and urrent

ρ = nedivu , j = −ne
du

dt 16



Compute A and Φ using ρ and j expressed by u inside the body, om-pute E, eliminate E between the resulting equation and the equationof motionSo we get (oupled) INTEGRAL EQUATIONS for uOne solved, ompute A and Φ and E outside, for the re�eted,refrated, transmitted, di�rated �eldDo the same for the non-retarded regime, where the equation ofmotion is simple

m
d2u

dt2
= ne2grad

�
dr′

divu

|r − r′|
− eE0

We an see expliitly its harater of integral equation 17



CommentEigenmodes of the Integral Eq in the non-retarded regime give theplasmonsIts full solution gives the dieletri responseEigenmodes of the Integral Eqs in the retarded regime give the po-laritonsTheir full solutions give the refrated, re�eted, transmitted, di�rated�elds 18



PART II: APPLICATIONSSemi-in�nite body (half-spae)

α

α

α’

19



u → uθ(z) , divu → divu · θ(z) + u3(z = 0)δ(z)Non-retarded:
ω2v =

1

2
kω2

p

� ∞

0
dz′ve−k|z−z′| + 1

2k
ω2

p

� ∞

0
dz′

∂v

∂z
′

∂

∂z
′e
−k|z−z′| − iek

m
Φ

v = ku/k , in-plane kDieletri response
e

mω2Etot⊥ = v =
iekω2

p
m

Φ0
(ω2−ω2

p)(2ω2−ω2
p)

e−kz − iek
m

Φ
ω2−ω2

p
,

e
mω2Etot‖ = u3 = −ekω2

p
m

Φ0
(ω2−ω2

p)(2ω2−ω2
p)

e−kz − e
m

Φ
′

ω2−ω2
p 20



Bulk plasmons ω2 = ω2
p , surfae plasmons ω2 = ω2

p/2No proper dieletri funtion: surfae ontributionEnergy loss of an energeti partile
Pb =

(

−e2ω2
p/v

)

ln(vk0/ωp)

Ps = −e2ωp
vt

(√
2 sinωpt/

√
2 − sinωpt

)
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Retardation: ω = cK = c
√

k2 + κ2, inidene angle α, polarization

β, k = K cosϕ

ω2v1 = −iω2
pκ
2

�
0 dz′v1(z

′)eiκ|z−z′| − ω2
pk
2κ

�

0 dz′u3(z
′) ∂

∂z′e
iκ|z−z′| + e

mE01eiκz

ω2v2 = −iω2
pω2

2c2κ

�
0 dz′v2(z

′)eiκ|z−z′| + e
mE02eiκz

(

ω2 − ω2
p

)

u3 =
ω2

pk
2κ

�
0 dz′v1(z

′) ∂
∂zeiκ|z−z′| − iω2

pk2

2κ

�

0 dz′u3(z
′)eiκ|z−z′|+

+ e
mE03eiκz
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Refrated �eld
e

mω2Etot1 = v1 = 2eE01
mω2

p
·

κ
′(

κ−κ
′)

κκ
′
+k2

eiκ
′
z

e
mω2Etot2 = v2 = 2eE02

mω2
p

·
κ
(

κ−κ
′)

K2 eiκ
′
z

e
mω2Etot3 = u3 = 2eE03

mω2
p

·
κ
(

κ−κ
′)

κκ
′
+k2

eiκ
′
z

κ
′
=

√

κ2 − ω2
p/c2 =

1

c

√

ω2 cos2 α − ω2
p

Extintion theorem κ → κ′; "e�etive medium theory"? 23



Re�eted �eld
E1 = E01

κ−κ
′

κ+κ
′ · κκ

′−k2

κκ
′
+k2

e−iκz

E2 = E02
κ−κ

′

κ+κ
′e
−iκz

E3 = −E03
κ−κ

′

κ+κ
′ · κκ

′−k2

κκ
′
+k2

e−iκz

24



Re�etion oe�ient
R = R1

[

cos2 β sin2 ϕ + R2

(

cos2 β cos2 ϕ + sin2 β
)]

R1 =

∣

∣

∣

∣

∣

∣

√

ω2 cos2 α−ω2
p−ω cosα

√

ω2 cos2 α−ω2
p+ω cosα

∣

∣

∣

∣

∣

∣

2

R2 =

∣

∣

∣

∣

∣

∣

cosα
√

ω2 cos2 α−ω2
p−ω sin2 α

cosα
√

ω2 cos2 α−ω2
p+ω sin2 α

∣

∣

∣

∣

∣

∣

2
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Surfae plasmon-polariton modes
ω2 =

2ω2
p c2k2

ω2
p + 2c2k2 +

√

ω4
p + 4c4k4

Limits ck and ωp/
√

2.
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Slab of thikness d

α

α α
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Dieletri response, surfae terms, surfae plasmons ω2 = 1
2ω2

p

(

1 ± e−kd
)

Surfae energy loss �∞
0 dtPs = −π

(√
2 − 1

)

e2ωp
vTransmitted �eld ∼ eiκz, Re�eted �eld ∼ e−iκz, refrated �eld ∼

eiκ′z, e−iκ′z
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Sphere

(Mie solution, 1908)
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Spherial plasmons (sphere) ω = ωp

√

l
2l+1, (void) ω = ωp

√

l
2l+1Di�ration F0,± ∼ jlYljm, H0,± ∼ hlYljm, Yljm ∼ C − G, e1Ylm

eik|r−r′|
|r − r′| =

ik

4π

∑

lm

F ∗
lmk(r<)Hlmk(r>)
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Fields
E0(r) = E0

∞
∑

l=1m

(

almF0
lmk(r) + blmF+

lmk(r)
)

Ei(r) =
mω2

e
u(r) = E0

∞
∑

l=1m

[

AlalmF0
lmk1

(r) + BlblmF+
lmk1

(r)
]

Es(r) =
ka2

16π2
E0

∞
∑

l=1m

[

Alalmf0
l H0

lmk(r) + Blblmf+
l H+

lmk(r)
]

k1 =
1

c

√

ω2 − ω2
p 33



Coe�ients
Al =

16π2(−1)l+1c
ωa2 · 1

k1hl(ka)jl+1(k1a)−khl+1(ka)jl(k1a)

Bl = 16π2(−1)l+1c3k1
ω2

pωa2 ·

· 1
[(

−ω2

ω2
p
+ l

2l+1

)

hl+1(ka)+ l+1
2l+1hl−1(ka)

]

jl(k1a)+
ω2k1
ω2
pk

hl(ka)jl+1(k1a)
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Plasmoni resonanes - optial spetrosopy of small spheresCross-setion
σ = Re

[

r2
Qs

|S0|
|r→∞

]

=
a4

16π2

∞
∑

l=1m

(

∣

∣

∣Alalmf0
l

∣

∣

∣

2
+

∣

∣

∣Blblmf+
l

∣

∣

∣

2
)
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Cylindrial geometriesTwo-dimensional sreenPlasmons ω2 = ω2
pkd/2; Transmitted, re�eted �elds, disontinuousGreen Funtions

eiω
c |r−r′|

|r − r′|
= i

+∞
∑

m=−∞
eim(ϕ−ϕ′)

� ∞

0
kdkJm(kρ)Jm(kρ′)

eiκ|z|

κ

1

|r − r′|
=

2

π

∑

m

� ∞

0
dkeim(ϕ−ϕ′) cos k(z − z′)Im(kρ<)Km(kρ>) 36



1

|r − r′|
=

∑

m
eim(ϕ−ϕ′)

� ∞

0
dke−k(z>−z<)Jm(kρ)Jm(kρ′)

eiω
c

√
r2+z2

√

r2 + z2
=

∑

k

2πi

κ
eikreiκ|z|

In�nite ylindrial hole plasmons
ω2 = ω2

p

[

1 − κaKm(κa)I
′
m(κa)

]In�nite ylindrial rod

ω2 = ω2
p

[

1 + κaIm(κa)K
′
m(κa)

] 37



Di�ration: NoCirular aperture and irular disk: NoFinite ylindrial hole and rod: No



PART III Eletromagneti EigenmodesVan der Waals - London - Casimir Fores

d

−→

F
−→

F
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Coupled integral equations for the dispalement uTheir eigenmodes ΩαNon-retarded regime
(

ω2 − 1

2
ω2
1

) (

ω2 − 1

2
ω2
2

)

− 1

4
ω2
1ω2

2e−2kd = 0

Fore

F =
∂

∂d

∑

α

1

2
~Ωα

van der Waals - London (two idential metals, per unit area)

F ≃ ~ωp/2π
√

2d3 39



Similar d−3 for any pair of bodies (two moleules ∼ 1/R7).Retarded regime: dispersion equations κ1,2 =
√

κ2 − ω2
1,2/c2

e2iκd =
(κ1 + κ)(κ2 − κ)

(κ1 − κ)(κ2 + κ)

e2iκd =
(κ1 + κ)(κ2 − κ)(κκ1 + k2)(κκ2 − k2)

(κ1 − κ)(κ2 + κ)(κκ1 − k2)(κκ2 + k2)Solutions

Ωα = c

√

k2 +
π2x2

n

d2 40



For surfae plasmon-polariton modes (in metals) or for idential bod-ies; bound dsStandard renormalization proedure leads to Casimir fore (per unitarea)

F =
π2~c

240d4

Similar d4 for other pairs of bodies, exept for distint dieletrisComment: original Casimir argument; �utuation theoryPoint-like partile and a semi-in�nite body F =
3~ωp

8
√

2
· αa3

d4 (non-retarded); no fore when retardation inluded 41



Part IV ConlusionSome issues in Classial Eletromagnetism:1 Fresnel-Huygens interferene in refration (extintion theorem Ewald-Oseen 1915)?2 E�etive medium theory, ε problem?3 Origin of ε?Answered all, understood none! 42



Introdued u and its equation of motion (Newton's) (equation ofmotion for polarization P)similar for magnetization Mrewriting Maxwell equations in matter with u(P) and MFully determined system of eqs, no need for phenomenologial ε and

µINTEGRAL EQUATIONS
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