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Motivation

• Precision tests of Standard Model (SM) and searches for Beyond Standard
Model (BSM) signals� direct evidence of BSM: new particles discovered in high energy collisions� indirect evidence of BSM: influence (through quantum fluctuations) on

observables measured with high precision� global electroweak precision tests� low energy tests: muon’s anomalous magnetic moment (g-2)

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



Search for new particles

• Searches based on exotic final states signatures (two same-sign leptons, jets
with high transverse momenta, large transverse missing energy, prompt
energetic photons, etc)

• No particles beyond SM detected up to now

• Only lower limits on masses and upper limits on cross sections (at Tevatron,
DESY, LHC)� a new family of quarks: mt′ , mb′ > 670 GeV (ATLAS)� a new family of heavy leptons� new gauge bosons Z ′ and W ′: mZ ′ , mW ′ > 2.4 TeV (ATLAS)� more Higgs bosons, charged or neutral� other exotic particles: lepto-quarks, composite or excited leptons or

quarks, particles from extradimensions...� supersymmetric partners of SM particles: sfermions (stop), gluino,
chargino, etc.

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



ATLAS searches for exotic particles (other than supersymmetry)

Mass scale [TeV]
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jjmColor octet scalar : dijet resonance, 
µe

m, µ)=1) : SS eµe→
L

±± (DY prod., BR(HL
±±H ll

m), µµll)=1) : SS ee (→
L

±± (DY prod., BR(HL
±±H

 (LRSM, no mixing) : 2-lep + jetsRW
Major. neutr. (LRSM, no mixing) : 2-lep + jets

,WZT
mlll), νTechni-hadrons (LSTC) : WZ resonance (

µµee/mTechni-hadrons (LSTC) : dilepton, 
γl

m resonance, γExcited lepton : l-
jjmExcited quarks : dijet resonance, 

jetγ
m-jet resonance, γExcited quarks : 

llqmVector-like quark : NC, 
qνlmVector-like quark : CC, 
)

T2
 (dilepton, M0A

0
 tt + A→Top partner : TT 

Zb
m Zb+X, →New quark b’ : b’b’

 WtWt→)5/3T
5/3

 generation : b’b’(Tth4
 WbWb→ generation : t’t’th4

jjντjj, ττ=1) : kin. vars. in βScalar LQ pair (
jjνµjj, µµ=1) : kin. vars. in βScalar LQ pair (
jjν=1) : kin. vars. in eejj, eβScalar LQ pair (
µT,e/mW* : 
tb

m tb, SSM) : → (RW’
tqm=1) : 

R
 tq, g→W’ (

µT,e/mW’ (SSM) : 
ττmZ’ (SSM) : 
µµee/mZ’ (SSM) : 

,missTEuutt CI : SS dilepton + jets + 
ll

m, µµqqll CI : ee & 
)

jj
m(χqqqq contact interaction : 

)jjm(
χ

Quantum black hole : dijet, F
T

pΣ=3) : leptons + jets, DM /THMADD BH (
ch. part.N=3) : SS dimuon, DM /THMADD BH (

tt,boosted
m l+jets, →tt (BR=0.925) : tt →

KK
RS g

νlν,lTmRS1 : WW resonance, 
llll / lljjmRS1 : ZZ resonance, 

 / llγγmRS1 : diphoton & dilepton, 
llm ED : dilepton, 2/Z1S

,missTEUED : diphoton + 
 / llγγmLarge ED (ADD) : diphoton & dilepton, 

,missTELarge ED (ADD) : monophoton + 
,missTELarge ED (ADD) : monojet + 

Scalar resonance mass1.86 TeV , 7 TeV [1210.1718]-1=4.8 fbL

 massL
±±H375 GeV , 7 TeV [1210.5070]-1=4.7 fbL

)µµ mass (limit at 398 GeV for L
±±H409 GeV , 7 TeV [1210.5070]-1=4.7 fbL

(N) < 1.4 TeV)m mass (RW2.4 TeV , 7 TeV [1203.5420]-1=2.1 fbL

) = 2 TeV)
R

(WmN mass (1.5 TeV , 7 TeV [1203.5420]-1=2.1 fbL

))
T

ρ(m) = 1.1 
T

(am, Wm) + Tπ(m) = 
T

ρ(m mass (
T

ρ483 GeV , 7 TeV [1204.1648]-1=1.0 fbL

)
W

) = MTπ(m) - Tω/
T

ρ(m mass (Tω/
T

ρ850 GeV , 7 TeV [1209.2535]-1=4.9-5.0 fbL

 = m(l*))Λl* mass (2.2 TeV , 8 TeV [ATLAS-CONF-2012-146]-1=13.0 fbL

q* mass3.84 TeV , 8 TeV [ATLAS-CONF-2012-148]-1=13.0 fbL

q* mass2.46 TeV , 7 TeV [1112.3580]-1=2.1 fbL

)Q/mν = qQκVLQ mass (charge 2/3, coupling 1.08 TeV , 7 TeV [ATLAS-CONF-2012-137]-1=4.6 fbL

)Q/mν = qQκVLQ mass (charge -1/3, coupling 1.12 TeV , 7 TeV [ATLAS-CONF-2012-137]-1=4.6 fbL

) < 100 GeV)
0

(AmT mass (483 GeV , 7 TeV [1209.4186]-1=4.7 fbL

b’ mass400 GeV , 7 TeV [1204.1265]-1=2.0 fbL

) mass
5/3

b’ (T670 GeV , 7 TeV [ATLAS-CONF-2012-130]-1=4.7 fbL

t’ mass656 GeV , 7 TeV [1210.5468]-1=4.7 fbL

 gen. LQ massrd3538 GeV , 7 TeV [Preliminary]-1=4.7 fbL

 gen. LQ massnd2685 GeV , 7 TeV [1203.3172]-1=1.0 fbL

 gen. LQ massst1660 GeV , 7 TeV [1112.4828]-1=1.0 fbL

W* mass2.42 TeV , 7 TeV [1209.4446]-1=4.7 fbL

W’ mass1.13 TeV , 7 TeV [1205.1016]-1=1.0 fbL

W’ mass430 GeV , 7 TeV [1209.6593]-1=4.7 fbL

W’ mass2.55 TeV , 7 TeV [1209.4446]-1=4.7 fbL

Z’ mass1.4 TeV , 7 TeV [1210.6604]-1=4.7 fbL

Z’ mass2.49 TeV , 8 TeV [ATLAS-CONF-2012-129]-1=5.9-6.1 fbL

Λ1.7 TeV , 7 TeV [1202.5520]-1=1.0 fbL

 (constructive int.)Λ13.9 TeV , 7 TeV [1211.1150]-1=4.9-5.0 fbL

Λ7.8 TeV , 7 TeV [ATLAS-CONF-2012-038]-1=4.8 fbL

=6)δ (DM4.11 TeV , 7 TeV [1210.1718]-1=4.7 fbL

=6)δ (DM1.5 TeV , 7 TeV [1204.4646]-1=1.0 fbL

=6)δ (DM1.25 TeV , 7 TeV [1111.0080]-1=1.3 fbL

 mass
KK

g1.9 TeV , 7 TeV [ATLAS-CONF-2012-136]-1=4.7 fbL

 = 0.1)PlM/kGraviton mass (1.23 TeV , 7 TeV [1208.2880]-1=4.7 fbL

 = 0.1)PlM/kGraviton mass (845 GeV , 7 TeV [1203.0718]-1=1.0 fbL

 = 0.1)PlM/kGraviton mass (2.23 TeV , 7 TeV [1210.8389]-1=4.7-5.0 fbL

-1 ~ RKKM4.71 TeV , 7 TeV [1209.2535]-1=4.9-5.0 fbL

-1Compact. scale R1.41 TeV , 7 TeV [ATLAS-CONF-2012-072]-1=4.8 fbL

=3, NLO)δ (HLZ SM4.18 TeV , 7 TeV [1211.1150]-1=4.7 fbL

=2)δ (DM1.93 TeV , 7 TeV [1209.4625]-1=4.6 fbL

=2)δ (DM4.37 TeV , 7 TeV [1210.4491]-1=4.7 fbL

Only a selection of the available mass limits on new states or phenomena shown*

-1 = (1.0 - 13.0) fbLdt∫
 = 7, 8 TeVs

ATLAS
Preliminary

ATLAS Exotics Searches* - 95% CL Lower Limits (Stat us: HCP 2012)

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



ATLAS searches for supersymmetry

Mass scale [TeV]
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,missT
E) : ’monojet’ + χWIMP interaction (D5, Dirac  

Scalar gluon : 2-jet resonance pair
 qqq : 3-jet resonance pair→ g~

,missTE : 4 lep + 
e

νµ,eµνee→0

1
χ∼, 

0

1
χ∼l→Ll

~
, 

-

Ll
~+
Ll

~ ,missTE : 4 lep + 
e

νµ,eµνee→0

1
χ∼, 0

1
χ∼W→+

1
χ∼, -

1
χ∼+

1
χ∼

,missTEBilinear RPV CMSSM : 1 lep + 7 j’s + 
 resonanceτ)+µe(→τν∼+X, τν∼→LFV : pp
 resonanceµe+→τν∼+X, τν∼→LFV : pp

 + heavy displaced vertexµ (RPV) : µ qq→ 0

1
χ∼

τ∼GMSB : stable 
 (full detector)γβ, β R-hadrons : low t~Stable 
 (full detector)γβ, β R-hadrons : low g~Stable 

±

1
χ∼ pair prod. (AMSB) : long-lived ±

1
χ∼Direct 

,missTE : 3 lep + 
0

1
χ∼)*(Z

0

1
χ∼)*( W→ 0

2
χ∼±

1
χ∼

,missT
E) : 3 lep + νν∼l(Ll

~ν∼), lνν∼l(Ll
~νLl

~
 → 0

2
χ∼±

1
χ∼

,missTE : 2 lep + 
0

1
χ∼νl→)ν∼(lνl~→+

1
χ∼, 

-

1
χ∼+

1
χ∼

,missTE : 2 lep + 
0

1
χ∼l→l~, Ll

~
Ll

~ ,missT
Ell) + b-jet + → (natural GMSB) : Z(t~t~

,missTE : 0/1/2 lep (+ b-jets) + 
0

1
χ∼t→t~, t

~
t
~ ,missTE : 1 lep + b-jet + 

0

1
χ∼t→t~, t

~
t
~ ,missTE : 2 lep + ±

1
χ∼b→t~ (medium), t~t~

,missTE : 1 lep + b-jet + ±

1
χ∼b→t~ (medium), t~t~

,missTE : 1/2 lep (+ b-jet) + ±

1
χ∼b→t~ (light), t~t~

,missTE : 3 lep + j’s + ±

1
χ∼t→1b

~
, b

~
b
~ ,missTE : 0 lep + 2-b-jets + 

0

1
χ∼b→1b

~
, b

~
b
~ ,missTE) : 0 lep + 3 b-j’s + t

~
 (virtual 

0

1
χ∼tt→g~

,missTE) : 0 lep + multi-j’s + t
~

 (virtual 
0

1
χ∼tt→g~

,missTE) : 3 lep + j’s + t
~

 (virtual 
0

1
χ∼tt→g~

,missTE) : 2 lep (SS) + j’s + t
~

 (virtual 
0

1
χ∼tt→g~

,missTE) : 0 lep + 3 b-j’s + b
~

 (virtual 
0

1
χ∼bb→g~

,missTEGravitino LSP : ’monojet’ + 
,missTEGGM (higgsino NLSP) : Z + jets + 
,missT

E + b + γGGM (higgsino-bino NLSP) : ,missT
E + lep + γGGM (wino NLSP) : ,missT
E + γγGGM (bino NLSP) : ,missT
E + 0-1 lep + j’s + τ NLSP) : 1-2 τ∼GMSB ( ,missTE NLSP) : 2 lep (OS) + j’s + l

~
GMSB (

,missTE) : 1 lep + j’s + ±χ∼qq→g~ (±χ∼Gluino med. 
,missTEPheno model : 0 lep + j’s + 
,missTEPheno model : 0 lep + j’s + 
,missTEMSUGRA/CMSSM : 1 lep + j’s + 
,missTEMSUGRA/CMSSM : 0 lep + j’s + 

M* scale  < 80 GeV, limit of < 687 GeV for D8)χm(704 GeV , 8 TeV [ATLAS-CONF-2012-147]-1=10.5 fbL

sgluon mass (incl. limit from 1110.2693)100-287 GeV , 7 TeV [1210.4826]-1=4.6 fbL

 massg~666 GeV , 7 TeV [1210.4813]-1=4.6 fbL

 massl
~

 > 0)122λ or 121λ), τl
~
(m)=µl

~
(m)=el

~
(m) > 100 GeV, 

0

1
χ∼(m(430 GeV , 8 TeV [ATLAS-CONF-2012-153]-1=13.0 fbL

 mass
+

1
χ∼
∼

 > 0)122λ or 121λ) > 300 GeV, 
0

1
χ∼(m(700 GeV , 8 TeV [ATLAS-CONF-2012-153]-1=13.0 fbL

 massg~ = q~  < 1 mm)LSPτ(c1.2 TeV , 7 TeV [ATLAS-CONF-2012-140]-1=4.7 fbL

 massτν∼ =0.05)1(2)33λ=0.10, 
,
311λ(1.10 TeV , 7 TeV [Preliminary]-1=4.6 fbL

 massτν∼ =0.05)132λ=0.10, 
,
311λ(1.61 TeV , 7 TeV [Preliminary]-1=4.6 fbL

 massq~  decoupled)g
~

 < 1 m, τ, 1 mm < c
-5

10× < 1.5211
,λ < 

-5
10×(0.3700 GeV , 7 TeV [1210.7451]-1=4.4 fbL

 massτ∼  < 20)β(5 < tan300 GeV , 7 TeV [1211.1597]-1=4.7 fbL

 masst
~

683 GeV , 7 TeV [1211.1597]-1=4.7 fbL

 massg~985 GeV , 7 TeV [1211.1597]-1=4.7 fbL

 mass±

1
χ∼ ) < 10 ns)

±

1
χ∼(τ(1 < 220 GeV , 7 TeV [1210.2852]-1=4.7 fbL

 mass±

1
χ∼ ) = 0, sleptons decoupled)

0

1
χ∼(m), 

0

2
χ∼(m) = 

±

1
χ∼(m(140-295 GeV , 8 TeV [ATLAS-CONF-2012-154]-1=13.0 fbL

 mass±

1
χ∼ ) as above)ν∼,l

~
(m) = 0, 

0

1
χ∼(m), 

0

2
χ∼(m) = 

±

1
χ∼(m(580 GeV , 8 TeV [ATLAS-CONF-2012-154]-1=13.0 fbL

 mass±

1
χ∼ )))

0

1
χ∼(m) + 

±

1
χ∼(m(

2
1) = ν∼,l

~
(m) < 10 GeV, 

0

1
χ∼(m(110-340 GeV , 7 TeV [1208.2884]-1=4.7 fbL

 massl
~

) = 0)
0

1
χ∼(m(85-195 GeV , 7 TeV [1208.2884]-1=4.7 fbL

 masst
~

) < 230 GeV)
0

1
χ∼(m(115 < 310 GeV , 7 TeV [1204.6736]-1=2.1 fbL

 masst
~

) = 0)
0

1
χ∼(m(230-465 GeV , 7 TeV [1208.1447,1208.2590,1209.4186]-1=4.7 fbL

 masst
~

) = 0)
0

1
χ∼(m(230-560 GeV , 8 TeV [ATLAS-CONF-2012-166]-1=13.0 fbL

 masst
~

) = 10 GeV)
±

1
χ∼(m)-t

~
(m) = 0 GeV, 

0

1
χ∼(m(160-440 GeV , 8 TeV [ATLAS-CONF-2012-167]-1=13.0 fbL

 masst
~

) = 150 GeV)
±

1
χ∼(m) = 0 GeV, 

0

1
χ∼(m(160-350 GeV , 8 TeV [ATLAS-CONF-2012-166]-1=13.0 fbL

 masst
~

) = 55 GeV)
0

1
χ∼(m(167 GeV , 7 TeV [1208.4305, 1209.2102]-1=4.7 fbL

 massb
~

))
0

1
χ∼(m) = 2 

±

1
χ∼(m(405 GeV , 8 TeV [ATLAS-CONF-2012-151]-1=13.0 fbL

 massb
~

) < 120 GeV)
0

1
χ∼(m(620 GeV , 8 TeV [ATLAS-CONF-2012-165]-1=12.8 fbL

 massg~ ) < 200 GeV)
0

1
χ∼(m(1.15 TeV , 8 TeV [ATLAS-CONF-2012-145]-1=12.8 fbL

 massg~ ) < 300 GeV)
0

1
χ∼(m(1.00 TeV , 8 TeV [ATLAS-CONF-2012-103]-1=5.8 fbL

 massg~ ) < 300 GeV)
0

1
χ∼(m(860 GeV , 8 TeV [ATLAS-CONF-2012-151]-1=13.0 fbL

 massg~ ) < 300 GeV)
0

1
χ∼(m(850 GeV , 8 TeV [ATLAS-CONF-2012-105]-1=5.8 fbL

 massg~ ) < 200 GeV)
0

1
χ∼(m(1.24 TeV , 8 TeV [ATLAS-CONF-2012-145]-1=12.8 fbL

 scale1/2F  eV)-4) > 10G
~

(m(645 GeV , 8 TeV [ATLAS-CONF-2012-147]-1=10.5 fbL

 massg~ ) > 200 GeV)H
~

(m(690 GeV , 8 TeV [ATLAS-CONF-2012-152]-1=5.8 fbL

 massg~ ) > 220 GeV)
0

1
χ∼(m(900 GeV , 7 TeV [1211.1167]-1=4.8 fbL

 massg~619 GeV , 7 TeV [ATLAS-CONF-2012-144]-1=4.8 fbL

 massg~ ) > 50 GeV)
0

1
χ∼(m(1.07 TeV , 7 TeV [1209.0753]-1=4.8 fbL

 massg~  > 20)β(tan1.20 TeV , 7 TeV [1210.1314]-1=4.7 fbL

 massg~  < 15)β(tan1.24 TeV , 7 TeV [1208.4688]-1=4.7 fbL

 massg~ ))g
~
(m)+

0
χ∼(m(

2
1) = 

±χ∼(m) < 200 GeV, 
0

1
χ∼(m(900 GeV , 7 TeV [1208.4688]-1=4.7 fbL

 massq~ )
0

1
χ∼) < 2 TeV, light g

~
(m(1.38 TeV , 8 TeV [ATLAS-CONF-2012-109]-1=5.8 fbL

 massg~ )
0

1
χ∼) < 2 TeV, light q

~
(m(1.18 TeV , 8 TeV [ATLAS-CONF-2012-109]-1=5.8 fbL

 massg~ = q~1.24 TeV , 8 TeV [ATLAS-CONF-2012-104]-1=5.8 fbL

 massg~ = q~1.50 TeV , 8 TeV [ATLAS-CONF-2012-109]-1=5.8 fbL

Only a selection of the available mass limits on new states or phenomena shown.*
 theoretical signal cross section uncertainty.σAll limits quoted are observed minus 1

-1 = (2.1 - 13.0) fbLdt∫
 = 7, 8 TeVs

ATLAS
Preliminary

7 TeV results

8 TeV results

ATLAS SUSY Searches* - 95% CL Lower Limits (Status:  Dec 2012)

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



Muon’s g-2� For a point-like particle Dirac equation predicts the magnetic moment:

µDirac =
eh

4πM� The quantum fluctuations induce an anomaly: aµ =
µµ

µDirac
− 1 = (gµ − 2)/2� The muon magnetic moment anomaly is one of the most precisely measured

observables in particle physics:

aexp
µ = (11659208.9 ± 5.4stat ± 3.3syst ) × 10−10 (PDG 2012)� Theoretical calculation:

aSM
µ = aQED

µ + ahadr
µ + aweak

µ� The most recent theoretical predictions claim the accuracy δath
µ ∼ 4.9 × 10−10� The Brookhaven muon g - 2 experiment finished in 2004 in different runs revealed

a persisting discrepancy between theory and experiment at the 3 to 4 σ level

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



Muon’s g-2� Next-generation muon g-2 experiment planned at Fermilab, with a goal to
reach a precision of δaexp

µ ∼ 1.6 × 10−10� Demands improved SM evaluations to fully interpret the measurement� The biggest theoretical uncertainties are due to the non-perturbative
hadronic contributions: hadronic vacuum polarization (VP) and
light-by-light scattering� The most important contribution to the VP is the two-pion contribution:

a
ππ
µ =

α2M2
µ

12π

Z ∞

4M2
π

(t − 4M2
π)3/2

t7/2
K(t)|F (t)|2dt

K(t) =

Z 1

0

du
(1 − u)u2

1 − u + M2
µu2/t

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



The pion electromagnetic form factor

• 〈π+(p′)|Jelm
µ |π+(p)〉 = (p + p′)µF (t), t = (p′ − p)2

• Describes the internal structure of the pion probed by a photon

• Taylor expansion at t = 0: F (t) = 1 + 1
6
〈r2

π〉t + c t2 + d t3 · · ·

〈r2
π〉: charge radius squared

c, d: higher order shape parameters

• A unitary theoretical description not available:� at high t = −Q2 < 0 (on the spacelike axis): perturbative QCD

� at low energies: nonperturbative QCD (Chiral Perturbation Theory, lattice QCD)� intermediate region: interplay of perturbative and nonperturbative QCD, big
uncertainties

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



Analyticity and unitarity

0

Re t

Im t

unitarity cut

inelastic cut
ChPT or lattice

t+
tinQCD� Causality: F (t) real analytic (F (t∗) = F∗(t)) in the cut complex t-plane

t+ = 4M2
π: the lowest unitarity threshold� Unitarity: ImF (t + iǫ) = θ(t − t+) σ(t)f ∗

1 (t)F (t) + θ(t − tin)Σin(t)

σ(t) =
p

1 − t+/t: two particle phase space

f1(t) = e
2iδ1

1 (t)−1
2iσ(t)

: P-wave of ππ elastic scattering

tin = (Mπ + Mω)2: the first significant inelastic threshold

⇒ Fermi-Watson theorem: for t+ ≤ t ≤ tin, arg[F (t + iǫ)] = δ1
1(t),

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



Precise information on the pion form factor� δ(t) = δ1
1(t) for t ≤ tin = (Mπ + Mω)2 = (0.917 GeV)2 precisely known from

ChPT and dispersive (Roy) equations for ππ amplitude Ananthanarayan et al
(2001), Garcia-Martin et al (2011), Caprini, Colangelo, Leutwyler (2012)� Recent high statistics measurements of the modulus from e+e− → π+π− or
hadronic τ decays (BaBar up to 3 GeV) BaBar, KLOE, CMD-2, Belle

⇒ good estimate of the integral: 1
π

∞
R

tin

ρ(t)|F (t)|2dt = I for suitable weights ρ(t)

ρ(t) I

1/
√

t 0.687 ± 0.028

1/t 0.578 ± 0.022� Precise indirect measurements from ep → enπ+ at several spacelike points
Huber et al (2008)

t Value [ GeV2] F (t)

t1 −1.60 0.243 ± 0.012+0.019
−0.008

t2 −2.45 0.167 ± 0.010+0.013
−0.007

• The origin is not directly accessible. An analytic continuation is necessary.

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



Analytic continuation� Dispersive representations� Standard dispersion relation (Cauchy integral)

F (t) = 1
π

R∞
t+

ImF (t′+iǫ)dt′

t′−t
(modulo subtractions)� Omnès (phase) representations arg F (t + iǫ)(t) = δ(t) (

F (t) = P(t) exp
“

t
π

R∞
t+

dt′ δ(t′)
t′(t′−t)

”

P(t): polynomial (accounts for zeros: P(ti ) = 0)� Representation in terms of modulus

F (t) = B(t) exp

„√
t+−t

π

R∞
t+

ln |F (t′)|dt′√
t′−t+(t′−t

«

B(t): Blaschke factor (|B(t)| = 1 for t > t+, B(ti ) = 0)� None of the standard approaches has complete input:� modulus |F (t)| poorly known at low energies� phase δ(t) unknown in the inelastic region t > tin� the possible zeros in the complex plane are not known
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Analytic continuation� Dispersive representations� Standard dispersion relation (Cauchy integral)

F (t) = 1
π

R∞
t+

ImF (t′+iǫ)dt′

t′−t
(modulo subtractions)� Omnès (phase) representations arg F (t + iǫ)(t) = δ(t) (

F (t) = P(t) exp
“

t
π

R∞
t+

dt′ δ(t′)
t′(t′−t)

”

P(t): polynomial (accounts for zeros: P(ti ) = 0)� Representation in terms of modulus

F (t) = B(t) exp

„√
t+−t

π

R∞
t+

ln |F (t′)|dt′√
t′−t+(t′−t

«

B(t): Blaschke factor (|B(t)| = 1 for t > t+, B(ti ) = 0)� None of the standard approaches has complete input:� modulus |F (t)| poorly known at low energies� phase δ(t) unknown in the inelastic region t > tin� the possible zeros in the complex plane are not known

• Present work: conservative use of the available information ⇒ upper and lower

bounds on the derivatives of F (t) at t = 0
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Extremal problem

Find bounds upper and lower bounds on the derivatives of F (t) at t = 0 from the
input conditions:� arg[F (t + iǫ)] = δ1

1(t), 4M2
π ≤ t ≤ tin, tin = (Mω + Mπ)2� 1

π

∞
R

tin

ρ(t)|F (t)|2dt = I , for suitable choices of the weight ρ(t)� F (0) = 1� F (tn) measured at several points tn < 0� |F (tn)| measured at some points in the elastic region tn < tin

The problem can be reduced to the analytic interpolation theory for the Hardy space

H2 of analytic functions in the unit disk.
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Solution of the extremal problem

Positivity of a determinant and of its minors:
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· · ·
z2K
N
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˛

˛

˛

˛

˛

˛

˛

≥ 0

Ī = I −
K−1
X

k=0

g
2
k , gk =

»

1

k!

dkg(z)

dzk

–

z=0

, 0 ≤ k ≤ K − 1

zn = z
∗
n , ξ̄n = ξn −

K−1
X

k=0

gkz
k
n , ξn = g(zn), 1 ≤ n ≤ N
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Solution of the extremal problem

g(z) ≡ F (t̃(z , t0)) [O(t̃(z , t0))]
−1 w(z) ω(z)� z ≡ z̃(t, t0) conformal mapping of the t-plane cut for t > tin onto a unit disk,

with the inverse t̃(z , t0):

z̃(t, t0) =

√
tin − t0 −√

tin − t√
tin − t0 +

√
tin − t

, z̃(t0, t0) = 0, (t0 = 0)� O(t) is the Omnès function:

O(t) = exp

 

t

π

Z ∞

t+

dt
δ(t′)

t′(t′ − t)

!� w(z) and ω(z) are outer functions, i.e. analytic and without zeros in |z | < 1

w(z) = exp

»

1

2π

Z 2π

0
dθ

e iθ + z

e iθ − z
ln[ρ(t̃(e iθ, t0))|dt̃/dz |]

–

ω(z) = exp

 

p

tin − t̃(z , t0)

π

Z ∞

tin

dt′
ln |O(t′)|√

t′ − tin(t′ − t̃(z , t0))

!
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Particular case

� three derivatives at z = 0 (K = 4)� g(0) and gk (0) expressed in terms of F (0) = 1, the charge radius 〈r2
π〉, c

and d� N = 2 interior points tn < tin� a spacelike point t1 < 0� a timelike point t2 < tin where the modulus |F (t)| is measured

⇒ The determinant inequality provides an explicit quadratic equation from which

upper and lower bounds on the quantities of interest are obtained
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Rigorous properties of the bounds

� are optimal for a given input, i.e. imply no loss of information� are model independent, i.e. do not rely on specific parametrizations� are independent on the arbitrary phase δ(t) for t > tin Abbas, Caprini et al, EPJA

(2010)� are independent of the conformal mapping (the parameter t0)� depend in a monotonous way on I : smaller I ⇒ stronger constraints� the uncertainty of the input quantities can be implemented in a systematic way
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Charge radius analysis
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Bern phase  [16]

� Upper and lower bounds on 〈r2
π〉 using as input one modulus value below the ωπ

inelastic threshold from BaBar experiment as functions of the energy
√

t where
the modulus was implemented� At each energy the input was varied within the errors and the most conservative
bounds were taken� Big fluctuations with respect to the input modulus. Indicate inconsistencies in
the data especially at low energies, in spite of the larger errors
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Charge radius analysis
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Upper and lower bounds on 〈r2
π〉 using as input one modulus value in the region of

stability.
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Charge radius analysis� Take the intersections of the ranges of 〈r2
π〉 obtained with input modulus at

various energies, i.e. the smallest upper bound and the largest lower bound� If the final lower bound (l .b.) is greater than the final upper bound (u.b.) the
intersection is empty. This is the case is all the points are included� A nonempty intersection is obtained if we consider only the points from the
stable region 0.65 – 0.70 GeV

F (−tn) |F (t)|
Bern phase Madrid phase

All points included (0.65 – 0.70) GeV All points included (0.65 – 0.70) GeV
l.b. u.b. l.b. u.b. l.b. u.b. l.b. u.b.

t1

Belle 0.4229 0.4028 0.4200 0.4428 0.4362 0.4254 0.4294 0.4463
BaBar 0.4562 0.4299 0.4210 0.4404 0.4455 0.4343 0.4302 0.4435
CMD2 0.4302 0.4278 0.4125 0.4373 0.4357 0.4288 0.4190 0.4406
KLOE 0.4264 0.4255 0.4158 0.4362 0.4430 0.4302 0.4248 0.4385

t2

Belle 0.4227 0.4027 0.4194 0.4418 0.4368 0.4250 0.4301 0.4455
BaBar 0.4562 0.4279 0.4206 0.4391 0.4455 0.4325 0.4309 0.4425
CMD2 0.4310 0.4257 0.4109 0.4360 0.4357 0.4285 0.4188 0.4395
KLOE 0.4267 0.4234 0.4148 0.4348 0.4430 0.4282 0.4250 0.4373

Our prediction based on the intersection:

〈r2
π〉 ∈ (0.42 , 0.44) fm

2
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Charge radius analysis

Alternative definition: average of the upper and lower bounds

〈r2
π〉av =

P

n wn〈r2
π〉n

P

n wn

, wn = 1/ǫ2
n, |F (tn)| = Fn ± ǫn, t+ < tn < tin

Weighted averages of upper and lower bounds for 〈r2〉 obtained with various inputs:

F (−tn) |F (t)|
Bern phase Madrid phase

All points included (0.65 – 0.70) GeV All points included (0.65 – 0.70) GeV
l.b. u.b. l.b. u.b. l.b. u.b. l.b. u.b.

t1

Belle 0.4152 0.4443 0.4209 0.4456 0.4187 0.4455 0.4269 0.4475
BaBar 0.4168 0.4467 0.4194 0.4439 0.4209 0.4474 0.4255 0.4458
CMD-2 0.4127 0.4443 0.4133 0.4408 0.4122 0.4439 0.4179 0.4421
KLOE 0.4051 0.4470 0.4151 0.4408 0.4055 0.4453 0.4205 0.4421

t2

Belle 0.4137 0.4433 0.4204 0.4448 0.4180 0.4446 0.4275 0.4468
BaBar 0.4155 0.4460 0.4187 0.4430 0.4203 0.4466 0.4259 0.4450
CMD2 0.4107 0.4432 0.4118 0.4396 0.4102 0.4428 0.4177 0.4411
KLOE 0.4013 0.4461 0.4139 0.4397 0.4021 0.4442 0.4204 0.4411

Results:

〈r2
π〉 ∈ (0.41 , 0.45) fm

2 using all the data points

〈r2
π〉 ∈ (0.42 , 0.44) fm

2 using only the data from the stable region

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



c-d analysis

For a fixed input, the allowed domain is an ellipse in the c-d plane. Accounting for the
errors of the input and taking the intersection give slightly more complicated domains.
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We predict the conservative ranges:

c ∈ (3.86, 4.05)GeV
−4, d ∈ (10.32, 10.58) GeV

−6

with a strong correlation between the parameters.
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Implications for the calculation of muon’s g-2

We can use the formalism in the opposite way and calculate upper and lower bounds
on the modulus at low energies, using the input range 〈r2

π〉 ∈ (0.42 , 0.44) fm
2 for the

radius
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The bounds are more stringent than the present experimental data. Can be used for a

more precise determination of muon’s anomaly.

Irinel Caprini, DFT, IFIN-HH PN 09370102/2009, Faza 1/2013, February 28, 2013



Summary and conclusions� we have studied the impact of the timelike data on the modulus of the pion form
factor below the inelastic threshold on the determination of the charge radius
〈r2

π〉 and the higher shape parameters c and d in the Taylor expansion at t = 0� the formalism is parametrization-free and does not require ad-hoc assumptions
about the form factor at points not accessible to experiment or theory� the formalism also acts as a sensitive devise for testing the consistency of the
various experimental data sets� the prediction for the charge radius is consistent with most of the results based
on specific parametrizations reported in the literature, while for the higher shape
parameters the predicted ranges are more stringent than the previous ones� the analysis illustrates the usefulness of adequate analytic tools in conjunction
with high accuracy data for improving the description of the pion electromagnetic
form factor� the results are of interest for testing the expansions of ChPT and the problem of
muon’s g − 2
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