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General fiavime (1)

The high performance computing in physics research frequently
asks for fast and reliable computation of Riemann integrals as par
the models involving evaluation of physical observables.

A numerical solution of the Riemann integral
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IS sought undethe assumption that the real valuetkgrand
function f(x) is continuous almost everywhere [@ I suchthatl
existsand is finite.

Theweight function™({w) either absorbs asnalytically integrable
difficult factor in the integrand (e.g., endpoint singularity or
oscillatoryfunction), or elséa) k ph! o~ [ohd .



General frame (2)

Theautomatic adaptive quadratu&AQ) solutionof | provides an
approximation® k v ['Qto QQ based ornnterpolatory quadrature

Themeaningfulnessof the outputd ["Q is assessed by derivirg
bound Ok Q>0 totheremainder Y['Q 'PQ 0[Q.

For a prescribed accuratiyegquestedat input, theapproximation
Qtol is assumed tend the eomputationprovided
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The definition ofUneeds two parameters: thBsolute :accuracy-

and therelative accuracy- , such that
t I A@h- iS@él A@h- iDs.



General frame (3)

If the condition of termination of the computatiomist satisfied,
the standard automatic:adaptive quadratu(8 AAQ) approach to the
solution attempts at decreasing the eEtny thesubdivisionof the
Integration domaima, b] into subrangeausingbisectionand the
computatiorof alocal pair{q, e > 0} overeach newlydefined
subrange[ fi ] O fw.

This procedure builds subrangebinary treethe evolution of
whichis controlled by an associatpdority queue
Localpairs {1 iQ 11 arecomputed ovethei-th subrange ofd, 1
andglobaloutputs{0 hO 11} are gotby summing the results
obtained over th#l existingsubrangem [a, b.

After eachsubrange binary tree updatiee terminatiorcriterion is
checkeduntil it getsfulfilled.



General frame (4)

Within SAAQ, thederivation ofpractical boundse > 0to g restson
probabilistic argumentghe validity of which issubject tadoubt.

The BAAQ advancement to the solution incorporates the SIBAQ
accumulate@mpirical evidencento a general frame based on the
Bayesianinference While theprobabillistic derivation of practical
boundsto the local quadrature errors Is presenezath step of the
gradual advancement to the solution is scrutinized based on a set
hierarchically orderedcriteria which enable decision taking in terms
of thestability of the established Bayesian diagnostics.

The present repostresses two main things) the need of using
length scale/dependent.quadrature ;suansd (ii) the importance of
the scrutiny of theange of vaftiationof/the-generated integrand
profile in order to decide on the use of a SAAQsed approach to the
solution or on the need of full use of the BAAQ analysis machinery
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Symmetric Deaanjpsiiianodithiee
SAAQ Integrand Profiks

A For anyla,b]l [a,b] we write thgmmetricdecomposition
la,b]=[a.g1Clg. 6], g=(b+a)/2, h=(b- a)l2

A Over theleft (1) andright (r) halves ofU, b], the floating point integrand values
entering the quadrature sums are computed respectively as

il = f(a+hn), 7 =1(b-hh),

where c
0¢h,<h <? <h <? h,=1 ni {ne.ngd

stay for the floating point values of threduced modified quadrature knots
associated teither theClenshawCurtis (CC) or the Gaudsronrod (GK)
guadrature sums.

Notice thatf, =f(U), f,| =f"=1(g), fy =f(b) areinheritedfrom ancestor
subrangesvhile at 0 <d, < 1, valued/, f,” are computed aachattempt to
evaluatd[U, 0] f.

A Definition. Theintegrand profiles over haHsubrangesonsist of appropriately
chosersets of pair{d, , f} and{d,, f} respectively, including those coming
from theabscissapairs{U, o2} and{9, b}.

A Other symmetric quadrature rules result in similarly defined integrand profils



Algebraic and Floating Peiint Degess
of Precisioin

FThealgebraic degre®f precision d, isan invariant feature of a
guadraturesumover the fielda of the real numbers: its value remai
constantrrespective of thextentand thdocalizationof the current
Integrationdomain over the real axis.
FUnderfloating pointcomputations, the characterizatiornaof
Interpolatory quadrature sumnsade by itdloating point degree of
precision,dg, .
Giventhe integration domaire[ b] (a  b), the valueof d;, Is
determinedy the magnitude of the parameter
b=k o mégx@<.0Q,,
where
L=bia (LI 0 .X&max{al b|} (X>0.0).
The quantity definesthefloating point scale lengtbf [a, b].



Features «ff tihe Flipating o TRegee o OP Ridsisio!
AGYtdimg integrationangd0,1] on theredlaxs.

Floating point degree of precision

The following jlatgives oytip thfahéferaniy 0h1DRdcintagratiamntnge
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The lIaverse Malillam

Z Find the family of the integration rang@sh ] overwhich the
floating pointdegree of precision cannexceecda prescribed
valued.
Z Possibilities at hand:

- d = 2 (the, perhaps compositeapezoidal rule),

- d = 4 (the, perhaps compositsimpson rule),

-d >1 (the SAAQusedGK 10-21 or CC 32).

Each of these three cases correspondpédaific iintegration
domain!lengthswhich are separated from each othetviy
empirically ¢hosenlthresholds andt , definedbelow.
They separatthree classes ofintegrationsdemaindengths
corresponding to variouwgpuadrature sums aand.




Thiee ClassssDFhiitéd hnéggisioan
Domain Lengths

EMicroscopic rangegusing (compositetrapezoidalrule (d = 2)],
are characterizeoly the threshold condition
nm | EhLaiX T ¢

EMesoscopic-rangepising (compositesimpson rule(d = 4)],
are characterized by the threshold condition

T q | EBRALIOX T ¢
EMacroscopicrangegusingquadrature sums of high algebraic
degrees oprecision, are characterized by the threshold conditio

| EBRAL|OX T ¢

== corresponds td = 3

== corresponds td = 8; it results innegligible
round off over the macroscopic domain lengths.




Exceptional Cass¥hdihgg oompptittar

Flrrespectiveof the dlomairscale, theearly Bayesian:assessment
of the degree of difficulty, of aigivenintegral startsiwith the
symmetrically.decomposed:integrand profile)(1P) generated ovel
the spanningrmodified:reduced:quadrature abscissam-A
commutativedecisionchain results /in the/following.diagnoestics:

(i) The range ofthdP variation enablestheidentification of a
constant integrand

(i) The measure of.oddness of tie distribution around its
centreenableslthelidentification ofaud integrand.

(i) Splitting the IR into subsetswith interlacing abscissaad
computation of quadrature sums by composite:generalized cent
guadrature sums enables the identification of:

- avanishing integral;

- occurrence otatastrophic cancellationibyssubtraction

- occurrence ofiarasyiintegral
- occurrence of difficultintegrall asking ffor/Bayesiananalysis.



Asymptotic Tails

EIf the reference Riemannintegralisidefined:overaminfinite
domain,(( b @and/orw= +H) thenithere aretwoopossibilities:

(i) Mapping the infinite rangecontd 1, 1]. Thisiintroduces a
singularity at thecendpointcorrespondingite the infinite:limit.
Therefore, the usel ofian extrapolation(qrocedureis,compulsory.
Z(ii) Replacing:theinfinite/limit/by.afinite valueThe
computationof the givemintegral aver theresulting macroscopic
finite range yields afinitecreferencelvalue-Then:thetaddition of a
supplementary:range toward: the: infinite hmit-allows the
assessment of thrate of decayof the integrand @t infimity.

If the integrand decaysifastthencomputation:can be stopped
aftera small number of iterations.

If however,there:is alow decay then:aRichardson
extrapolation improvesithe output.
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Inypuitt Reliabiliyy CHaak

FLet {UO, UD} denotethe valuesprovidedat input for the
acouracyparameters

 The input reliability check aims at setting up reliable
values{U®, UM} to beusedwithin the BAAQ.

E ui(i) IS mappedntoa non-negativevalue ul(r),

Q(r) = max{q(i), 0.0},
7 Q(i) IS mappeoontoaninnervaluet}(r) satisfying
Q(r) = min{rceil(), max{Q(‘), rfloor())};

reeil() = 28 ; rfloor() = 2-4® denoteitwo:empiricallgefined
environmenfunctions.




. Integrand Depamrtuémjmymmld#

FAfter the solution of thexceptional caseswe remain
with the pairs:computed /by the.composite trapezoidal rul:

Qn = Oy [fl and Ty = Qy [Ifl]. Letpy = riloor() t (Ty / [Qul)-
FThetermination criterion is checkedfor integrand

dependent.aceuracybounds atitput { Q(O), C‘J(O)},
- Qul <Ey< maxid©@ , LJO o)y

Here LOA(O) = min{q(r), max{|Qy|, 1L.81 rceil()}.
Q(O) = max{l:l(r), I, where {Q(r), Q(r)} denote the

validated: input.
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llll-integrand behavior illustrated initheirregular variation ofChebyshe\expansion coefficients fahe integrand
@) = |+ ¢ ¢ T dntp] © s which shows aninner singularity @t — Vo — p over the-specified subranges.
Thefile notations:start.withithe specification of the rank of @te=byshesubset: ‘e’ {(for even)and (o' (farddd
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Typical patternsof variation of the absolutermagnitudes ofithe
Chebyshevexpansioncoeéfficients\withinttheeven.and.add rank
subsetyersus tthe coefficientabels
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Thedata on thdeft figure were derived forithantegrand ) — |@’ + ¢ ¢| 7’ d[nfp] © s which showsan
inner singularity at . — Vo — p over thespecified-subranges.

The data onithaght figure were derived fothe family of integrandunctions’ (@) — @ OBlw g pp|© 4
in terms ofithe variable parametéiso,, andd atf) — 0 (marked-as poO5hinthe file:names);at fixed- —p (not
marked) andat the-specified fous, values

The file notations start with:the specification: of thelrank oiGhebyshesubset'e’ (for even).and,'o! (fariodd).
Threetypical integrand conditioning.diagnaostics are.apparent:

(1) Cases:(awell-conditioned fastconverging

(2) Cases!(bwell-conditioned hopefullyconverging

(3) Cases(c)andi (djl-conditioned  integrand ;profileanalysisrequestedo set preciseliagnostic.
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The datawerederived forithe family, of integrand functioi(¢) — Q QEJdw d —php| © s in terms.of
the variable parameteigro,, andd, atf) — ©(rfmarked-a$p40'in the filename$, at fixed @ P (not marked),
and at the specified four values.

The file notations start with.the specification of thelrank .ofGhebyshesubset:‘e'(for even)and /o) (farcodd).
The samelthreypical integrand conditioning: diaghostics are apparent:

(1) Cases (awell-conditioned, fast converging

(2) Cases!(byvell-conditioned, hopefully.converging

(3) Cases(c)and!(d)l-conditioned integrand ;profile analysis requested to set precise diagnostic.



Overview

Genersl frame ol the Bayesian aatomatic

1

tintegration dooatn lengths

:«“d:‘qptﬁ Ve c‘u atulre
S

\ULY

Imnrovad diagnostic tools for Bayesian infe
OVer MaCroseonie rauge lesgths

o

Q@ T

8 Re 3nullty of accuracy speafieztions
G

» Conclusions



Conclusions(1)

£ The identificationof exceptional casesbasedon the analysisof the
range of variatiom of tihe integrand is to startthe Bayesiannference

£ The implementationof terminatiom criteriaa using integrand
dependent accuracyparametersenablesthe distinction betweeneasy
integrals, for which the SAAQ approachsuffices and the difficult
integrals for whichthe BAAQ approachs necessary

These results hold true aadoidthe overcomputingrovided three
submanifoldf distinctintegration domain ranges are selected, with
specific quadrature sums

- microscopici- trapezoidalrule,

- mesoseopit Simpsorrule, and

- macroscopid- quadraturesums of high algebraic.degreespoécision



Conclusions(2) |

ZOver macroscopicintegration ranges theClenshawCurtis (CC)
guadrature provideast and sensitivadiagnostics

(1) well-conditioned integrandypical for an easy (or hopefully
converging)ntegralwithin the standard automatic adaptive

gua
{ sking for the scrutiny of the
posS le output accuracy within the

BAAQ approach

(1) highly probable integrand Htonditioningasking for the
activationof the integrand profile analysis procedure for the
Inference of preciseonditioningdiagnostics.




