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Transverse momentum distributions of  hadrons at high energies  
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Tsallis-factorized distribution  Boltzmann-Gibbs distribution  

Is the Tsallis-factorized  
distribution related to  
the Tsallis statistics? 

 Experiment: 

 Statistical Theory: 
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What is the Tsallis statistics?  

Tsallis-1 Statistics Boltzmann-Gibbs Statistics 

1
   0

1

i

q

i

i

i

i

i

i

i

i

i

i

S q

p

E p E

p

N

p

q

N p







   














l ,   1

1

n   
i

i

i i

i

i i

i

i

i i

E p E

N p N

S q

p

p p









 







Tsallis-2 Statistics 
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2.)  Legendre Transform: 

B-G T-1 
T-2 

1.)  Definitions: 

3.)  Thermodynamic potentials: 

ip  probability of i-th microstate of the system 

entropy 

-norm equation 

-energy 

-number of particles 



What is the Tsallis statistics?  

Tsallis-1 Statistics Boltzmann-Gibbs Statistics 
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Tsallis-2 Statistics 
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4.)  Constrained Local Extrema of the Thermodynamic Potential  (Method of Lagrange Multipliers): 

5.)  Many-body distribution functions (Probabilities of  Microstates of  the System ) and the norm functions: 
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- Lagrange function 

- constrained equation 

- extremization 

- many-body distribution function 

- norm function (partition function) 
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What is the Tsallis-factorized statistics?  
Boltzmann-Gibbs Statistics Tsallis-factorized Statistics 
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• Ideal Gas (Maxwell-Boltzmann): • Ideal Gas (Maxwell-Boltzmann): 

generalization cq  real  parameter 

 The constrained maximization of the entropy of the ideal gas 
with respect to the single-particle distribution function leads to 
the results of the Boltzmann-Gibbs statistics  

 The constrained maximization of the Tsallis-factorized entropy of the  
ideal gas (generalized from the Boltzmann-Gibbs entropy of the ideal 
gas) with respect to the single-particle distribution function should 
lead to the results of the Tsallis-2 statistics  

 Is it indeed the Tsallis-factorized distribution equivalent to the 
distribution of the Tsallis-2 statistics?  

 The Tsallis-factorized statistics should be equivalent to the Tsallis-2 
statistics 



Ultrarelativistic Ideal Gas: Tsallis-2 statistics 
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1. Tsallis-2 Statistics: 

2.   Tsallis-factorized Statistics: 
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- The partition function is  
      divergent 
-    We truncate the series  
- In the partition function    
     and the mean occupation       
     numbers only the physical  
     terms are preserved 

- The mean occupation numbers in the Tsallis-2 statistics  

• The mean occupation numbers in the 
zeroth term approximation of the 
Tsallis-2 statistics 

• The zeroth term approximation  
        is valid only for  

•  Exact results: 

•  Zeroth term approximation: (Definition: All terms with              in the series given above are deleted by hand) 1N 

1
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 The Tsallis-factorized distribution is  not  
equivalent to the distribution of the  
Tsallis-2 statistics 

 The Tsallis-factorized statistics is  not  
equivalent to the Tsallis-2 statistics 

 The Tsallis-factorized statistics can serve as 
a particular statistics independent from 
the Tsallis statistics  

0,      1N Z 

3 / 2cq 

cut-off 

J. Cleymans, D. Worku, Eur. Phys. J. A 48, 160 (2012) 

A.S.P., arXiv:1607.07670 

 The constrained maximization of the 
Tsallis-factorized entropy of the  ideal 
gas (generalized from the Boltzmann-
Gibbs entropy of the ideal gas) with 
respect to the single-particle 
distribution function does not lead to 
the true results for the Tsallis-2 
statistics  



Ultrarelativistic Ideal Gas: Tsallis-1 statistics 
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•  The norm equation: 
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•  The cut-off prescription: 

- The inflection point   

 Initial: 

 Regularization: 
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- The norm equation is  
      divergent 

-   We truncate the series  
- In the norm equation    
      only the physical  
     terms are preserved 

0N  the upper bound of summation  

100 ,   ,    04T MeV R fm  

q 0.9 0.95 0.99 0.995 0.999 

N0 0 1 7 16 82 

A.S.P., arXiv:1607.07670 



Ultrarelativistic Ideal Gas: Tsallis-1 statistics 
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1. Tsallis-1 Statistics: 

2.   Tsallis-factorized Statistics: 

2
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gVT
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- The norm  
      equation 

-The mean occupation 
 numbers in the  
Tsallis-1 statistics  

- The mean occupation numbers in  
     the zeroth term approximation  
     of the Tsallis-1 statistics  
• The zeroth term approximation  
        is valid only for                  at large  
        deviations of q from the unity 

•  Exact results: 

•  Zeroth term approximation: (Definition: All terms with              in the series given above are deleted by hand) 1N 
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- The mean occupation  
     numbers of the  
     Tsallis-factorized statistics  

0,     0N   

1 / cq q 0 0N 

-The Tsallis-factorized distribution is  not 
equivalent to the distribution of the  
Tsallis-1 statistics 
-The Tsallis-factorized statistics is not 
equivalent to the Tsallis statistics 
(Tsallis-1 and Tsallis-2 statistics) 

J. Cleymans, D. Worku, Eur. Phys. J. A 48, 160 (2012) 

A.S.P., arXiv:1607.07670 



Comparison of  Tsallis-factorized statistics with Tsallis-1 

statistics: Charged pions  
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Ultrarelativistic distributions of  the Tsallis-1 statistics: 

A.S.P., arXiv:1608.01888 

Ex. NA61/SHINE, Eur. Phys. J. C 74, 2794 (2014) Ex. PHENIX, Phys. Rev. C 83, 064903 (2011) 



Comparison of  Tsallis-factorized statistics with Tsallis-1 

statistics: Charged pions 
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Ultrarelativistic distributions of  the Tsallis-1 statistics: 

Ex. ALICE, Eur. Phys. J. C 71, 1655 (2011);  
                   Eur. Phys. J. C 75, 226 (2015) Ex. ALICE, Phys. Lett. B 736, 196 (2014) 



Energy dependence of  the parameters of  the Tsallis-1 

statistics and the Tsallis-factorized statistics  
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      (the zeroth term approximation,         )  
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J. Cleymans, D. Worku, Eur. Phys. J. A 48, 160 (2012) 

A.S.P., arXiv:1608.01888 

Solid points – Tsallis-1 statistics 
Open symbols – Tsallis-factorized statistics  
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Parameters of  the Tsallis-1 statistics 
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p p A.S.P., arXiv:1608.01888 

Parameters of the Tsallis-1 statistics fit for the pions produced in pp collisions at different energies 



Parameters of  the Tsallis-factorized statistics 

13 

p p
A.S.P., arXiv:1608.01888 

Parameters of the fit by the distribution of the Tsallis-factorized statistics (the zero term 
approximation of Tsallis-1 statistics) for the pions produced in pp collisions at different energies 

• The results of  the Tsallis-factorized statistics (the zeroth term approximation of  the Tsallis-1 

statistics) deviate from the results of  the Tsallis-1 statistics only at low NA61/SHINE energies 

when the value of  the parameter q is close to unity.  

• At higher energies, when the value of  the parameter q deviates essentially from the unity, the 

Tsallis-factorized statistics satisfactorily recovers the results of  the Tsallis-1 statistics because 

at this values of  q in the series of  the Tsallis-1 statistics only one term           is physical. 0N 



Conclusions  
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1. The analytical expressions for the ultrarelativistic transverse momentum distribution of the Tsallis-1 
and Tsallis-2 statistics were obtained  
 

2. We found that the transverse momentum distribution of the Tsallis-factorized statistics in the 
ultrarelativistic case is not equivalent to the transverse momentum distribution of both the Tsallis-1 
and Tsallis-2 statistics  
 

3. The transverse momentum distribution of the Tsallis-factorized statistics is equivalent only to the 
distribution in the zeroth term approximation of the Tsallis-2 statistics and the Tsallis-1 statistics with 
transformation of the parameter q to 1/qc  
 

4. We have demonstrated on the base of the ultrarelativistic ideal gas that the Tsallis –factorized  
statistics is not equivalent to the Tsallis statistics (Tsallis-1 and Tsallis-2 statistics) 
 

5. The Tsallis-factorized statistics is a particular statistics independent from the Tsallis statistics (Tsallis-1 
and Tsallis-2 statistics)  



Thank you for your attention   
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