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ω1 =
√

ω2
p + ω2, where ωp = 4πne2/m is the plasma frequeny (n being the plasma density,

−e - the eletron harge and m - the eletron mass) and ω = ck is the frequeny of the lasereletromagneti wave (where k is the wavevetor and c denotes the light veloity). Polaritonipulses propagating with the group veloity v = c2k/ω1 an be formed by a superposition of planewaves. Suh a superposition an be obtaiend by taking k = k0 + q, where k0 is the wavevetorof the laser radiation (frequeny ω0 = ck0, wavelength λ0 = 2π/k0) and the q's are restrited to
q < qc ≪ k0. A wavepaket of linear size d ≃ 1/qc ≫ λ0 is then obtained, propagating with thegroup veloity v = cω0/

√

ω2
p + ω2

0. In the partiular ase of a su�iently rare�ed plasma ωp ≪ ω0this group veloity an be written as v ≃ c(1− ω2
p/2ω2

0) and the mobile eletrons are transportedwith the energy
Eel =

mc2

√

1 − v2/c2
≃ mc2 ω0

ωp

≫ mc2 , (1)



2 J. Theor. Phys.whih may aquire values muh higher than the eletron rest energy mc2 = 0.5MeV . For typialvalues ~ω0 = 1eV (λ0 = 2πc/ω0 ≃ 1µm and ~ is Plank's onstant) and an eletron density
n = 1018cm−3 we get ~ωp = 3 × 10−2eV and Eel ≃ 17MeV .We onsider the well known plasma model onsisting of eletrons moving in a neutralizing, rigid (orquasi-rigid) bakground of positive ions. Let u(r, t) be a displaement �eld in eletron positions,suh as to reate a small volume density imbalane δn = −ndivu. We have, therefore, a hargedensity ρ = endivu and a urrent density j = −enu̇. The polarization eletri (E) and magneti(H) �elds obey the Maxwell equations

divE = 4πendivu , divH = 0 ,

curlE = −1
c

∂H

∂t
, curlH = 1

c
∂E

∂t
− 4πen

c
∂u

∂t
,

(2)where we assume a non-magneti plasma (i.e. the magnetization is zero, and the magneti �eldis equal with the magneti indution). It is easy to see that equations (2) lead to
1

c2

∂2E

∂t2
− ∆E = −4πengrad · divu +

4πen

c2

∂2u

∂t2
. (3)We assume that the e�et of the pulsed eletromagneti �elds on the eletron motion is non-relativisti, as a onsequene of the high polarization �eld whih may ompensate to a largeextent the original laser �eld. We assume therefore the Newton's law for the eletron motion

mü = −eE − eE0 (4)under the ation of the eletri �eld, where E0 is the external eletri �eld of the laser pulse. Wenote in equation (4) the absene of the Lorentz fore and the approximation of the total timederivative with the partial time derivative, as for non-relativisti motion.Making use of Fourier transforms of the type
u(r, t) =

1

(2π)4

∫

dkdωu(k, ω)ei(kr−iωt) , (5)we get easily from equations (3) and (4)
ω2(ω2 − ω2

p − c2k2)u + ω2
pc

2k(ku) =
e

m
(ω2 − c2k2)E0 ; (6)hene, we get

ω2(ω2 − ω2
p − c2k2)u = −

eω2
pc

2

m
k

kE0

ω2 − ω2
p

+
e

m
(ω2 − c2k2)E0 , (7)where we an read the two well-known branhes of elementary exitations: longitudinal plasmons,with frequeny ωp, and transverse polaritons, propagating with frequeny ω1 =

√

ω2
p + c2k2.[19℄The plasmons do not "propagate", in the sense that their group veloity is vanishing. We assumethat the external �eld is transverse (kE0 = 0), and get rid of the plasmon term in equation (7).We get therefore ku = 0 (and kE = 0), i.e. a vanishing volume harge density, as expeted, anda transverse displaement �eld given by

u =
e

m

ω2 − c2k2

ω2(ω2 − ω2
1)

E0 . (8)



J. Theor. Phys. 3It is onvenient to introdue the vetor potential A0 = − ic
ω
E0 in equation (8), where we per-form �rst the inverse Fourier transform with respet to the frequeny, and retain only the ω1-ontribution. The full inverse Fourier transform of equation (8) reads

u(r, t) = −
eω2

p

4mc

1

(2π)3

∫

dk
1

ω2
1

A0(k, ω1)e
i(kr−ω1t) . (9)We fous now, in equation (9), on a ertain wavevetor k0 and make a series expansion of ω1in powers of q = k − k0, where 0 < q < qc, the uto� wavevetor qc being suh that qc ≪ k0.We assume an isotropi uto� wavevetor. As it is well known, we get an isotropi wave paketextending approximately over the length d = 2π/qc ≫ λ10, where λ10 is the wavelength of the wavewith frequeny ω10 =

√

ω2
p + c2k2

0. This pulse is propagating with the group veloity v = ∂ω1/∂kfor k = k0, given by
v =

c2k0
√

ω2
p + c2k2

0

. (10)The displaement �eld u(r, t) given by equation (9) an be represented as
u(r, t) ≃ −

eω2
p

4mcω2
10

A0(k0, ω10)δ(r − vt) . (11)It is worth emphasizing that the δ-funtion of the pulse is in fat a representation for a funtion ofthe type ∼ (sin qcx/x)(sin qcy/y)(sin qcz/z), along the propagation diretion, where x = r − vt isthe oordinate along the pulse motion and y, z denote the transverse oordinates, perpendiularto the diretion of motion. We an see that this funtion is loalized over the volume ∼ d3, andhas a peaked height ∼ q3
c ∼ 1/d3.Let us assume ωp ≪ ω0 = ck0. With this assumption the displaement in the pulse given byequation (11) an be written as

u0 ≃ −
eω2

p

4mcω2
0d

3
A0(k0, ω0) . (12)It is easy to see that a similar pulse is obtained for the vetor potential A0. We take it of the form

A0(r, t) = A0d
3δ(r − vt) , (13)where A0 is real. It onsists of a superposition of frequenies in the range ∆ω = cqc = 2πc/d, sowe have approximately A0(k0, ω0) ≃ A0d

4/c and get �nally
u0 ≃ −

eω2
pd

4mc2ω2
0

A0 . (14)As we said above, the displaement u0 is transverse (k0u0 = 0), and there is no volume hargedensity in the pulse. The harge is distributed transversally toward the pulse surfae. Let usassume that this distribution extends over a region of thikness l; then, we may take approximately
δn0 = nu0/l for the eletron density imbalane, where l is of the order of the wavelength λ0, for aperfet δ-pulse. We get the total number of eletrons in the pulse

N ≃ πnd3
eω2

p

4mc2ω2
0

A0 , (15)



4 J. Theor. Phys.where we an see that N does not depend on the thikness l. It is onvenient to express thevetor potential A0 by means of the density of the �eld energy w0 = k2
0A

2
0/4π. Making use of thenotations εp = ~ωp, ε0 = ~ω0 and εel = e2/d, the later being the Coulomb energy of an eletronloalized in the pulse, we get

N = nd2λ0

ε2
p

4mc2ε2
0

√

πεelW0 , (16)where W0 is the total amount of �eld energy in the pulse (W0 = I0d
3/c, where I0 is the laserintensity). For typial values I0 = 1018w/cm2, d = 1mm (W0 = 1023eV and εel = 10−6eV ),

n = 1018cm−3 (εp = 3 × 10−2eV ), ε0 = 1eV (λ0 ≃ 1µ) and mc2 = 0.5MeV we get N ≃ 1011eletrons in the pulse (transported with the energy ≃ 17MeV ), wih is a relatively high �ux ofeletrons. Their total energy is W ≃ 1018eV , the remaining energy (up to W0 = 1023eV ) beingleft in the polarized laser pulse. Numerial data from reent experimental measurements[11℄-[13℄seem to be in fair agreement with equations (1) and (16) given here.The propagating polaritoni pulse is polarized, in the sense that the mobile eletrons in thepropagating pulse are displaed from their equilibrium positions with respet to the quasi-rigidbakground of positive ions, suh that the polarization �eld ompensates, pratially, the laser�eld. The eletrons inside the pulse aumulate on the surfae of the pulse, along a diretionwhih is transverse to the diretion of pulse propagation (laser radiation is transverse), suh as anew equibrium is reahed, in the presene of the laser �eld. Using the same numerial values asabove we an estimate the displaement given by equation (12) as u0 = N/πnd2 ≃ 10−2µm, whihis a very small displaement, as expeted. It is worth noting that the pulsed �elds aquire a verysmall frequeny, arising from the fator ei(ω10t−k0r) whih is omitted in equations (11) and (12).Sine ω10 =
√

ω2
p + ω2

0, it is easy to see that this frequeny is of the order of Ω = ω2
p/2ω0 , so theeletron veloity in the pulse is of the order of Ωu0 = ω2

pu0/2ω0. This is a very small veloity inomparison with the veloity of light (≃ 10−4c), whih justi�es the non-relativisti approximationin treating the eletron motion. The polarization harge osillates slowly in the pulse, with asmall phase veloity, vf = Ω/k0 = cω2
p/ω

2
0 ≃ 10−3c. It is the trapped motion arried along by thepulse that made the eletrons to aquire relativisti veloities. This motion is deoupled from thedisplaement u, it pertains to the pulse oordinate r. The motion of the eletrons as desribedhere is an inertial transport. The harge is polarized by the external �eld E0 and the eletronsare kept inside the pulse by the polarization �eld E.The positive ions in plasma are rigid (or quasi-rigid) in omparison with the eletrons, whih aremobile. While the latter are arried along by the pulse, the former will be depolarized by a wake�eld and an eletron bak�ow, whih give rise to plasma osillations outside the pulse. This is thewell-known piture of wake�eld aelerated eletrons, and the related bubble models.[1℄, [14℄-[18℄Therefore, the pulse energy is also spend for reating these depolarizing plasma osillations in thesample, as expeted. An unpolarized eletron in the proess of being aelerated by the pulse willexperiene an unompensated �eld of the order of E0 (or the ompensating polarization �eld E).The energy gain Eel of an aelerated eletron is therefore obtained by the work of the fore eE0over a distane δ. With our numerial values used here we get δ ≃ 10µm, whih may give anestimate for the surfae thikness l of the pulse (or the ontrast thikness of the pulse).The polarized eletrons in the polaritoni pulse are pratially quasi-rigid (though subjeted tovery slow density osillations). The quasi-rigid eletrons in the polaritoni pulse moving withrelativisti veloities o�er a unique opportunity of oherent Compton baksattering, whih mayprodue oherent high-energeti X- or even gamma rays, i.e. an X-ray or gamma-ray laser.We assume a head-on (unpolarized) eletron-photon ollision. With usual notations p = (E,p)and k = (ω,k) are the eletron and, respetively, photon 4-momenta, and we set c = ~ = 1.
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Figure 1: The ratio of the energy of the sattered photon to the energy of the inident photon vssattering angle for a few values of the polariton (eletron) veloity v (equation (18) for 1 − v ≫
4γ2(1 + v)).
E = Eel denotes here the eletron energy (not to be mistaken for the eletri �eld). . From themomentum-energy onservation p+k = p′+k′, written as p′ = p+k−k′, we get pk−pk′−kk′ = 0,or, making use of p2 = p′2 = m2, k2 = k′2 = 0,

ω′ = ω
E + |p|

E + |p| cos θ + ω(1 − cos θ)
. (17)Sine |p| = vE = mv/

√
1 − v2, this equation an also be written as

ω′ = ω
1 + v

1 + v cos θ + γ
√

1 − v2(1 − cos θ)
, (18)where γ = ω/m and v is the veloiy of the eletron (veloity of the polaritoni pulse). For allrelevant situations (exept ultrarelativisti limit) the inequality 2γ
√

1 + v≪
√

1 − v is satis�ed(Thomson sattering). The ratio ω′/ω given by equation (18) vs angle θ is shown in Fig. 1 inthis ase (for 4γ2(1 + v)≪ 1− v) for a few values of the parameter v. The maximum value of thefrequeny ω′ of the sattered photon is obtained for the sattering angle θ ≃ π (baksatering).This inrease is sometimes assigned to a Doppler e�et, whih would introdue a relativistifator 4/(1 − v2) ≃ (1 + v)/(1 − v) for v ≃ 1. For the typial parameter values used in thispaper 1 − v ≃ ω2
p/2ω2

0 ≃ 4.5 × 10−4, whih is muh greater than 2γ
√

1 − v2 ≃ 10−7 (we take thefrequeny of the inident photon ω = 1eV , γ ≃ 2 × 10−6). Therefore, we may neglet the γ-termin equation (18), and get a maximum sattered frequeny
ω′ ≃ ω

1 + v

1 − v
≃ 10keV (19)for the baksattering angle θ = π. It is easy to see that an inrease by an order of magnitudein the energy of the aelerated eletrons (Eel = E ≃ mω0/ωp) means a derease by two ordersof magnitude in 1 − v (1 − v ≃ ω2

p/2ω2
0), suh that, by equation (19), we may get ω′ ≃ 1MeVfor the frequeny of the baksattered gamma rays. Suh high baksattering frequenies areonentrated around θ = π within a range ∆θ ≃

√

2(1 − v)/3v.The well-known Compton ross-setion an be written as[19℄
dσ = 8πr2

e
m2d(−t)

(s−m2)2
[
(

m2

s−m2 + m2

u−m2

)2

+

+ m2

s−m2 + m2

u−m2 − 1
4

(

s−m2

u−m2 + u−m2

s−m2

)

] ,

(20)
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Figure 2: Compton ross-setion vs sattering angle for a few values of the polariton (eletron)veloity v (equation (23), 1 − v ≫ 4γ2(1 + v)).where re = e2/m is the lassial eletron radius and
s = (p + k)2 = m2 + 2pk , u = (p − k′)2 = m2 − 2pk′ ,

t = (k′ − k)2 = −2kk′
(21)are the invariant kinematial variables. By straightforward alulations this expression an be putin the form

dσ = πr2
e

(1−v2) sin θdθ

[1+v cos θ+γ
√

1−v2(1−cos θ)]
2×

×
[

(

v+cos θ
1+v cos θ

)2
+ γ

√
1 − v2 1−cos θ

1+v cos θ
+ 1+v cos θ

1+v cos θ+γ
√

1−v2(1−cos θ)

]

,

(22)where the transport veloiy v is shown expliitly. Similarly, for the parameter values used here wemay neglet the γ-terms in equation (22) (Thomson sattering), and get
dσ ≃ πr2

e

(1 − v2)

(1 + v cos θ)2

[

(

v + cos θ

1 + v cos θ

)2

+ 1

]

sin θdθ . (23)This ross-setion is shown in Fig. 2 for a few values of the parameter v. The total baksatteringross-setion is given by
σb ≃ πr2

e
(1−v2)

(1+v cos θ)2

[

(

v+cos θ
1+v cos θ

)2
+ 1

]
∣

∣

∣

θ=π
∆(− cos θ) =

= πr2
e

1+v
1−v

(∆θ)2 ≃ 4πr2
e/3

(24)and the rate of the baksattered photons is dNph/dt = cσbnph, where nph is the photon densityin the inident �ux. The energy loss of the sattered (reoil) eletron for baksatering is ∆E =
ω′ − ω ≃ 2ωv/(1 − v) (∆E/E ≃ 2γv

√

(1 + v)/(1 − v) ≪ 1), whih is approximately equal withthe energy of the sattered photon ω′ ≃ ω(1 + v)/(1 − v) given above for v ≃ 1 (sine ω ≪ ω′).The momentum transferred to the eletron in the sattering proess is very small, in omparisonwith the initial momentum of the eletron. It is important to note that for a polaritoni pulsethis momentum is transferred to the whole ensemble of eletrons, as a onsequene of the rigidityof the eletrons in the polaritoni pulse. For the sake of the omparison, we note that the totalross-setion is 8πr2
e/3 ≃ 2σb, as it is well known.The ross-setion omputed above refers to one eletron (and one photon). The �eld bi-spinors inthe interation matrix element (the sattering amplitude) between the initial state and the �nal



J. Theor. Phys. 7state are normalized to unity. If we have N eletrons, then eah of them ontributes individually tothe ross-setion, whih is multiplied by N (i.e. σb → Nσb). This is an inoherent sattering. Forthe eletrons in the polaritoni pulse the situation is di�erent. These eletrons are not independentanymore (beause of their rigidity inside the pulse), and they su�er the sattering olletively.This amounts to normalize the bi-spinors to N , suh that eah bi-spinor arries now a fator√
N . Consequently, the sattering amplitude aquires an additional fator N and the ross-setion aquires an additional fator N2. In omparison with the inoherent sattering we get anadditional fator N in the oherent sattering, whih inreases onsiderably the ross-setion forlarge values of N .[20℄-[24℄From the above estimations we an see that the energy of the baksattered photons is muhhigher than the energy of the inident photons. Therefore, in the following estimations we anneglet the energy of the inident photons. The energy of the sattered photons is produed at theexpense of the energy of the eletrons. By suessive Compton sattering we may expet a ertainlimitation on the duration of the sattering proess for eletron pulses (beside the limitationsaused by the pulse duration, both for the eletrons and the inident photons). Suh a limitationis more stringent for the oherent sattering (due to the ourrene of the fator N2).Making use of the rate d2Nph/dθdt = c(dσ/dθ)nph of the sattered photons we an write down therate of the energy produed by Compton (Thomson) sattering

dEcoh =

(
∫

dθω′dNph/dθ

)

dt = N2cnph

(
∫

ω′dσ

)

dt . (25)The integral in equation (25) an be omputed by using ω′ given by equation (18) (with γ = 0)and the di�erential ross-setion given by equation (23). The result is
dEcoh =

8π

3
N2ωcr2

enph

1

1 − v
dt . (26)This energy must be ompared with the energy loss of the eletrons in the polaritoni pulse,

−NdE = −Nmd
1√

1 − v2
. (27)Integrating the equation dEcoh = −NdE with the new variable x = m/E, we get easily

8π

3
Nωcnph∆t = m

∫ 1

x0

dx
1

1 +
√

1 − x2
, (28)where x0 = m/E0 ≪ 1 orresponds to the initial energy of the polaritoni pulse. The integral inequation (28) an easily be estimated (≃ π/2 − 1), so we get the duration ∆t of the sattering

∆t ≃ (π/2 − 1)
3mc

8πN~ωr2
enph

, (29)where we have re-established in full the universal onstants.We assume an inident �ow of photons with intensity I = 1014w/cm2 foused on a spatial regionof size d = 1mm (pioseond pulses); the energy is W = Id3/c ≃ 3J and, for photon energy
ω = 1eV , we get a photon density nph ≃ 5 × 1022cm−3. For N = 1011 given before for thepolaritoni pulse (and re = 2.8 × 10−13cm) we get ∆t ≃ 10−15s (femtoseonds). This time is anestimate for the duration of the ollision, and for the duration of emission of the baksatteredphotons. As we an see, it does not depend, pratially, on the eletron energy in the polaritoni



8 J. Theor. Phys.pulse (E0), for high, relativisti energies. It is expeted that the polaritoni pulse is "stopped",and, in fat, destroyed, after the lapse of this time.The total energy of the baksatterd photons an be estimated similarly, by using equation (25)and dt/dE from dEcoh = −NdE, where dEcoh is given by equation (26). Let us assume that weare interested in the photon baksattering within an angle ∆θ = α
√

2(1 − v)/3v, with α ≪ 1.Then, we get easily
Ecoh

b =
1

4
Nα2

∫ E0

m

(1 + v)2

v
dE , (30)and, folowing the same tehnique as above, we get Ecoh

b ≃ α2NE0, where we an reognize the totalenergy of the polaritoni pulse Wel = NE0. This result is valid for α ≪ 1. For high, relativistiveloities α ≃ 1, and pratially the whole polaritoni energy is reovered in the baksatteringphotons.In onlusion, we may say that the polaritoni pulses of eletrons transported by laser radiationfoused in a rare�ed plasma may serve as targets for oherent Compton baksattering in the
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