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Abstrat

It is suggested that the hadronization of the quark-gluon plasma is a �rst-order phase

transition desribed by a ritial urve in the temperature-(quark) density plane whih ter-

minates in a ritial point. Suh a ritial urve is derived from the van der Waals equation

with zero pressure and its parameters are estimated by using the theoretial approah given

in M. Apostol, Roum. Reps. Phys. 59 249 (2007). The main assumption is that quark-gluon

plasma reated by high-energy nuleus-nuleus ollisions is a gas of (massless) ultrarelativis-

ti quarks at equilibrium with gluons (vanishing hemial potential, inde�nite number of

quarks). This plasma expands, gets ooler and dilute and hadronizes at a ertain transition

temperature and transition density. The transition density is very lose to the saturation

density of the nulear matter and, it is suggested that both these points are very lose to

the ritial point. This point is given by n ' 1fm

�3

and T ' 200MeV and it an have a

universal harater.

As it is well known, the Quantum Chromodynamis (QCD) developed in the past 50 years desribes

the quark-gluon strong interation. The QCD lagragian is
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are gluon potentials, with � the Lorentz label and a = 1:::8 the gluon label; G

a

��

are the gluon

�elds, g is the oupling onstant and f

a

b

is the struture fator of the SU(3) group. The eight

3 � 3 matries t

a

(�; � = 1; 2; 3) are the SU(3) generators.  

f�

are the quark �elds (bispinors),

labelled by �avour f = 1:::6 and olor � = 1; 2; 3, with mass m

f

; 

�

are the Dira matries. For

a review of QCD the redear an onsult Refs. [1℄-[3℄

The lagrangian is onstruted by lose analogy with the Quantum Eletrodynamis (QED), with

two major di�erenes: the Yang-Mills �elds (quadrati term in the gluon �elds in equation (2))

and the underlying SU(3) symmetry (olor group). Perturbation-theory alulations indiate that

e�etive (renormalized) oupling strength beomes weaker and weaker for higher- and higher-

energy proesses, a phenomenon known as the quark (de-) on�nement; the quarks and gluons are

free at high energy and get on�ned at low energy; for instane, they are bound in hadrons (mesons
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and baryons), whih are olor-singlet states (zero olor harge).[4, 5℄ The on�nement phenomenon,

whih is opposite to QED, is due to the non-linear Yang-Mills ontribution. Both oupling strength

and masses get renormalized, but they remain unde�ned as long as free, independent quarks are

not observables. The theory is renormalizable indeed, but the renormalization is useless. The

usual type of alulations in QCD is the lattie-gauge theory alulations:[6℄ the path integral

is used on a disretized lattie and omputed numerially. The results are more of a qualitative

nature. A ertain onsensus laims that QCD desribe the strong interations, in partiular the

hadroni jet prodution in high-energy ollisions and parton distributions. Various simpli�ations

are ustomary in alulations, in partiular the limitation to only u and d quarks (the lightest),

whose mass is put equal to zero. In this ase, the hiral symmetry (handedness) of the theory

should be broken at low energies (the hadrons are not hiraly symmetri). Broken symmetries,

assoiated phase transitions and, in general, methods borrowed from ondensed matter physis,

are employed with the hope of getting more quantitative results in QCD.

In nuleus-nuleus ollisions a high energy an be transferred to the internal struture of the

nuleons (e.g., 1TeV per nuleon as ompared with the nuleon binding energy 1GeV ), suh

that we may expet the liberation of quarks and gluons for a short while, followed by a quik

hadronization.[7℄-[10℄ An ultrarelativisti gas of quarks an be formed in suh ollisions, reahing

quikly the thermal equilibrium at a temperature produed by the ollision energy; we may speak

of a quark-gluon plasma, with a threshold (ignition) temperature of a 125 � 180MeV , and

a hadron-quark-gluon plasma transition.[11℄ In a high-energy ollision the plasma expands, its

volume and number of quarks and gluons (at loal equilibrium) inrease, the quark density and

temperature derease, and the quarks in the outer shell hadronize.[12℄ It is tempting to assign a

seond order to suh a transition, but it is di�ult to see what symmetry is broken (exept for

zero-mass quarks, where it is the hiral symmetry whih may be broken; but the real situation

involves non-vanishing masses). We may only assume that the hadron-quark-gluon plasma is �rst

order, involving a hadron binding energy, very similar with the van der Waals liquid (solid)-gas

transition. As it is well known, the van der Waals isotherms are given by

(p+ an

2

)(1� bn) = nT ; (4)

where p is the presssure, n is the density, T is the temperature and a; b are onstants. It is di�ult

to vary pressure in hadron assemblies, as it is for the density. Very high densities are enountered

in neutron stars. We may assume that the variation of the pressure is simulated by the variation

of the density, and, sine the van der Waals harateristi pressure is � an

2

, we may also assume

p = n

2

, where  is a onstant. The van de Walls isotherms beome

(a+ )n(1� bn) = T ; (5)

or

T = �Bn

2

+ An ; (6)

where A and B > 0 are onstants . We an see that equation (6) is equivalent with the van der

Waals equation (4) for zero pressure. Sine �T=�n < 0 for a physial transition, we an see that

we should onsider the above equation from n = A=2B up to n = A=B (T > 0), so we should

have A > 0. Under these onditions the above equation gives the urve orresponding to the

hadron-quark-gluon plasma transition in the (T; n) plane, the point n



= A=2B, T



= A

2

=4B

being the ritial point. Equation (6) an also be written as T = An[1 � (B=A)n℄, where we an

see that the ratio B=A is a limiting volume, whih may be viewed as orresponding to a nominal

"volume" v

n

of the quarks, B=A = v

n

; the quark density n an be written as n = N=V = 1=v

q

,

where v

q

is the mean volume assigned to a quark in the volume V oupied by N quarks. Sine
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we may expet a mixture of various quark speies, the density n an be generalized to the mean

density involving partial densities.

Now we desribe brie�y the theoretial approah given in Ref. [12℄, beause it gives us aess to

the parameters A and B in equation (6). We onsider a nuleus with N

n

nuleons in a volume

V

0

= R

3

0

, where R

0

is, approximately, the radius of the nuleus; the nuleus is subjeted to a high-

energy ollision, with an energy E=N

n

= 1TeV , for instane.We limit ourselves to the lightest

quarks, for whih we may neglet their mass at these energy values (m

u

' 2MeV , m

d

' 5MeV ).

The energy is dominated by gluons, exept for assuming an ultrarelativisti gas of an inde�nite

number of quarks (vanishing hemial potential) in equilibrium with gluons, i.e. a quark-gluon

plasma. In this ase, the plasma energy (quarks plus gluons, almost equal energy) is given by

E = V T

4

=(~)

3

(7)

and the mean number of quarks is

N = V T

3

=(~)

3

(8)

(up to some immaterial numerial fators). (The pressure is p = E=3, the entropy is S ' 4E=3T '

N and the density is given by T = ~n

1=3

). At the initial moment we have E

0

= V

0

T

4

0

=(~)

3

and

N

0

= V

0

T

3

0

=(~)

3

; for an energy E=N

n

= 1TeV we get T

0

= 1GeV and N

0

= 10

3

N

n

(N

n

' 100)

(we assume the nuleon radius a = 2fm and R

0

= aN

1=3

n

; ~ = 200MeV � fm). This plasma

expands in time aording to the laws

1

R = R

0

(1 + t=R

0

) ; V = V

0

(1 + t=R

0

)

3

;

T = T

0

(1 + t=R

0

)

�3=4

; N = N

0

(1 + t=R

0

)

3=4

;

(9)

its density goes like

n = N=V = n

0

(1 + t=R

0

)

�9=4

= n

0

(T=T

0

)

3

(10)

or, using N

0

= V

0

T

3

0

=(~)

3

(i.e. n

0

= (T

0

=~)

3

),

T = ~n

1=3

; (11)

if we put here the quark density in the old nuleus (n ' N

n

=V

0

or n ' 3N

n

=V

0

) we get the

threshold (ignition) temperature 100 � 150MeV (for a = 2fm; the values 125 � 180MeV given

above are obtained for a = 1:5fm). We an see that, during expansion, plasma gets ooler and

the quark density dereases aording to equations (9); at the same time, the energy is onserved

and the entropy inreases. Equation (11) de�nes also the hemial potential of a degenerate

ultrarelativisti gas of quarks (� = ~n

1=3

).

Further on, a mehanism of ondensation (hadronization) has been put forward in Refs. [12, 16℄

(a �rst-order phase transition). The transition temperature is given by

T

t

' T

q

(T

q

=T

m

)

1=2

; (12)

where T

q

is a harateristi quark temperature and T

m

' m

0



2

is a harateristi temperature

given by the average mass m

0

of the ondensed quarks (up to some immaterial numerial fators).

It is shown in Refs. [12℄ that only a fration f of the quark number is a�eted by hadronization

(and dominates the hadronization proess, with a lassial Boltzmann statistis), so that we have

in fat

T

t

' f

1=2

T

q

(T

q

=T

m

)

1=2

: (13)

1

Compare with the hydrodynamial model of partile prodution, Refs. [13℄-[15℄.
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Figure 1: Hadronization of the quark-gluon plasma. Phase diagram temperature (T ) vs quark

density (n). Note the hadronization urve T = ~n

1=3

.

At transition T

t

= T

q

and

T

t

= f

�1

T

m

; ~n

1=3

t

' f

�1

m

0



2

; (14)

an expeted and plausible result. We an see that the transition density

n

t

= f

�3

�

m

0



~

�

3

(15)

is related to the Compton wavelength ~=m

0

 of the "average" ondensed quark. We an take

m

0

= 4MeV (mean mass of the u and d quarks), and get n

t

= f

�3

(50fm)

�3

. In Ref. [12℄

it is suggested that fration f is given approximately by f = 1=N

1=3

0

' 2 � 10

�2

(an argument

derived from the saturation of the nulear fores), so we get the transition density n

t

' 1fm

�3

.

It orresponds to a transition temperature T

t

= f

�1

T

m

' 200MeV and a transition radius R

t

=

R

0

(n

t

=n

0

)

�4=9

= R

0

(T

0

=T

t

)

4=3

' 8R

0

. This hadronization happens after t = 5 � 10

�23

s from

the ollision and involves fN

t

= fN

0

(R

t

=R

0

)

3=4

' 100N

n

hadronized quarks. (The transition

implies a latent heat, disontinuities of the thermodynami potentials, et, as for a �rst-order

(van der Waals) transition). We an see that the transition density n

t

= 1fm

�3

is very lose

to the saturation density of the nulear matter. It is worth noting that during ondensation the

pressure is pratially vanishing.

The transition temperature and density must obey the ritial urve give by equation (6). With

temperature measured in MeV and density measured in fm

�3

we get

200 = A�B ; (16)

whih gives a relation between the two parameters A and B of the ritial urve. Sine the

transition density is very lose to the saturation density of the nulear matter, we may take

tentatively the ritial density n



= A=2B = n

t

= 1fm

�3

; we get A = 400 and B = 200 (and the

ritial temperature T



= A

2

=4B = T

t

= 200MeV ); the density where the ritial urve rosses

the n-axis is A=B = 2fm

�3

. It is worth noting that the ritial point n



= 1fm

�3

, T



= 200MeV

derived here an have a universal harater; indeed it lies on the urve T = ~n

1=3

for n equal to

the saturation density of the nulear matter (e.g., n = 1fm

�3

).

The hadronization of the quark-gluon plasma is shown in Fig. 1. Aording to the desription

given above the hadronization proess starts with the reation of a quark-gluon plasma at the

initial quark density n

0

(e.g., ' 10

3

N

n

=V

0

= 125fm

�3

) and temperature T

0

(e.g., 1GeV ), followed

by a ooling of the plasma along the urve T = ~n

1=3

untill it enounters the ritial urve at the
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transition point n

t

(e.g., 1fm

�3

) and T

t

(e.g., 200MeV ) where the hadronization ours. With

our units (MeV and fm) the urve T = ~n

1=3

reads T = 200n

1=3

. The transition temperature is

very lose to the saturation density of the nulear matter and, very likely, it is very lose to the

ritial density.
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