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Abstract

The effects of the earthquakes on buildings and the concept of seismic base isolation are
investigated by using the model of the vibrating bar embedded at one end. The normal modes
and the eigenfrequencies of the bar are highlighted and the response to oscillating shocks is
computed for several typical shock structures. A special atention is devoted to the oscillating
shock, especially with a sharp wavefront, deemed as a suitable model for the seismic main
shock with its long tail. It is shown that in all cases the response of the bar is governed by an
amplification factor, which includes cumulative information about the shock duration, height
of the bar above the ground surface and the velocity of the elastic waves in the bar. The
amplification of the response is due to the excitation of the normal modes (eigenmodes). The
efect is much enhanced at resonance, for oscillating shocks which contain eigenfrequencies of
the bar. Also, the response of two linearly joined bars with one end embedded is calculated.
It is shown that for very different elastic properties the eigenfrequencies are due mainly to the
"softer" bar. The model of the embedded bar provides a way of understanding the well-known
amplification site effects of the earthquakes, as arising from the excitation of the normal modes
in local inhomogeneities. The effect of the base isolation in seismic structural engineering is
assessed by formulating the model of coupled harmonic oscillators, as a simplified model
for the structure building-foundation viewed as two coupled vibrating bars. The coupling
decreases the lower eigenfrequencies of the structure and increases the higher ones. Similar
amplification factors are derived for coupled oscillators at resonance with an oscillating shock.

Introduction. Embedded bar. The concept of seismic base isolation aims at formulating solu-
tions for protecting buildings against earthquakes, by designing special couplings betwen buildings
and their foundations. As a key element in earthquake engineering it aims at designing means of
achieving to some extent a building-foundation decoupling, such that the response of the building
to vibrations be not (too) damaging. Usually, the dynamics of the structure building-foudation is
approached by means of the model of two coupled oscillators. We examine here the formulation
of this model starting with coupled elastic bars.[1]-|7] To this end, it is useful to assess first the
response to the ground excitation of a vibrating bar with one end embedded in the ground. For
ground excitation we focus mainly on oscillating shocks with a sharp wavefront, as corresponding
to seismic excitation, especially the seismic main shock with its long tail. At resonance it is shown
that the response of the bar exhibits amplification factors which may attain large values. The
amplification factors are given by a combination of the shock duration, the heigth of the bar above
the ground surface and the velocity of the elastic waves in the bar. The amplification factors arise
as a consequence of the excitation of the normal modes in the bar. Two coupled bars are also
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studied, excited at their lower end; for bars with very different elastic properties it is shown that
the eigenfrequencies of this system are given mainly by the "softer" bar. Such an information may
throw light upon the elasticity of composite structures, like, for instance, those including voids.
A bar buried completely in the ground may serve as a model for local inhomogeneities in the soil;
it is shown that such an inhomogeneity may exhibit large spectral amplification factors. Making
use of the information gained from the study of the vibrating bars we fromulate the model of
coupled harmonic oscillators and investigate its response to an oscillating shock. It is shown that
the lower frequency of the system is lowered by the coupling, while the higher frequency is raised.
At resonance the coupled oscillators exhibit amplification factors, similar with the vibrating bar.

The most convenient model for investigating the response of a building to ground vibrations is the
bar embedded at one end. Let us assume that a vertical elastic bar with uniform cross-section is
fixed in the ground at one end, having a length [ above the ground surface; the bar end above the
ground is free. Under the action of the seismic waves the buried end of the bar is set in motion.
We assume the cross-sectional dimensions of the bar being much smaller than the bar length,
so we may limit ourselves only to the z-dependence of the displacement, where z is the vertical
coordinate (along the bar). At the same time, we consider the length of the bar and the excitation
sufficiently small, such that the bar does not enter the regime of flexural elasticity (bending).
The strain tensor reduces to u,, = u,, = %auw/az, Uy = Uy = %Gum/ﬁz and u,, = Ou,/0z;
the stress tensor is 0, = 0,y = Au,/0z, 0., = (A + 2u)0u,/0z, 04, = 0., = pdu,/0z and
Oy» = 0,y = 10U, /0z, where X and p are the Lame coefficients. It follows an elastic force density
fo = 00,,/02z = pd®u, /022, f, = 90,,/0z = pd*u,/0z* and f, = (2p + N)d%u./02*. The
equations of the elastic motion are[8]

. 82uz _ . 82u _
piy — s =0, ply — p7z =0,

(1)

pit. — (A +2u) 5 =0

where p is the density of the bar. We may limit ourselves to only one equation of motion, which

we write in the generic form
. 50%u 0 )
it—c'=— =0,
02?2

where u and ¢ stand for w,, . and, respectively, ¢, = /(A +2u)/p, o = \/pu/p); ct are the

velocities of the longitudinal and, respectively, transverse waves in the bar.

Shock-type excitation. We solve equation (2) for a free upper end of the bar, while the lower
end has the prescribed motion wug(t) of the ground; therefore, we impose the boundary conditions

u|,o=0, ulsmo=uo(t) ; (3)
the motion is limited to ¢ > 0 and 0 < z < [. Using time Fourier transform, equation (2) and the
boundary conditions (3) read

u FRPu=0, u =0, uy=up(w) , (4)

2

where k? = w?/c? and the prime denotes the derivation with respect to z.

We note that the solution for the limited interval 0 < z < [ can also be obtained by extending
the equation to the whole space and limiting ourselves to the restriction of the solution to the
interval 0 < z < [; as it is well known, this is achieved by multiplying the equation by 6(z)0(l —
z) and absorbing the step functions @ in the derivatives (the method of generalized functions).
Unfortunately, we should use in this case the Green function which implies wave propagation
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in both directions, in order to satisfy the boundary conditions at infinity; this complicates the
technical procedure (in contrast with the half-line, where one-direction Green function is needed).

The natural "initial" condition which requires the vanishing of the solution for past times (¢ < 0)
is treated most conveniently by integrating over frequency w in the lower half-plane (the causality
condition).

The solution of the equation (4) has the form

u= Acoskz+ Bsinkz , (5)
where the constants A and B are determined by the boundary conditions; we get

A=wy, B=uptankl (6)

and
u(z,w) = ug(w) (cos kz + tan kl - sin kz) . (7)

The reverse Fourier transform gives

1 , 1 .
u(z,t) = o /dwuo(w)e_“”t cos Kz + Dy / dwug(w)e ™ tan kl - sinkz | (8)

or

u(z,t) = % [ug(t — z/c) +up(t + z/c)] + %/dwuo(w)em tan kl - sinkz | (9)

where we take the real part. We can see that half of the displacement uo(t) applied to the
grounded end propagates along the bar with velocity ¢, while the other half propagates in the
opposite direction (it "comes from the future").

We consider seismic excitations which have a general aspect of shocks, i.e. they are concentrated
in at the initial moment of time. This is valid for both the primary P and S waves, as well as
for the main shock produced by the so-called surface waves. Consequently, we assume first a
shock-like ground motion wuy(t) = uyT0(t), up(w) = ugT’, where T is a measure for the duration of
the shock. The second integral in equation (9) implies the contribution of the poles arising from
the zeroes of the denominator of tankl: coskl = coswyl/c = 0, w, = (2n + 1)7e/2l, where n is
any integer. We get

u(z,t) = %uOT [6(t —z/c) +6(t+z/c)] + u0$ D sinw,t - sinw,z/c . (10)

We can see that half of the d-pulse applied at the fixed end at the initial moment propagates along
the bar up to z = [, while the other half, "coming from the future", brings no contribution to the
motion of the bar (0 < z < 1), except for z = 0; in addition, vibrations given by the normal modes
with the eigenfrequencies w,, are excited in the bar.

The amplitude of the pulse is of the order ug, while the amplitude of the normal modes is of the
order ugcT'/l; we introduce the parameter

9= (11)
and denote by u,(t, z) the contribution to the displacement of the n-th normal mode, i.e.

Uy = gugsinwyt - sinw,z/c ; (12)
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the corresponding velocity and acceleration are given by

Uy, = GUWy, COS Wyt - Sinw,z/c = g%(wnT) coswyl - sinw,z/c (13)
and, respectively,
iy, = —guow? sinwyt - sinw,z/c = —g%(wnT)2 sinwy,t - sinwyz/c . (14)

A d-shock of the form u(t) = ueTé(t) includes a superpositions of oscillations with equal weights
for all frequencies. We can see from the above equations that the response of the bar is affected by
the factor g and powers of w,, T’; beside the ground displacement ug, the quantities ug/T and ug/T>
may be viewed as ground velocity and, respectively, acceleration. Typical values of the velocity of
the elastic waves in the bar are ¢ ~ 3 x 103m/s; for a short duration T' = 0.1s we get g = 10 for
a length [ = 30m. We can see that the displacement, velocity and acceleration amplitudes in the
bar could be enhanced in comparison with their ground counterparts. This is why we may call
the parameter g the amplification factor.

However, a pulse with a finite duration 7" excites mainly frequencies w,, up to ~ 7 /T’; in the above
formulae, a weight factor f(w,) should be inserted, which decreases appreciably for frequencies
wy > /T therefore, the amplification parameter is subject to the condition

(2n+ )7

Wyl = 5 g<m,

(15)
which implies values for g of the order as high as unity, corresponding to the fundamental frequency
wo = mc/2l (n = 0). In addition, it is well knwon that the seismic spectrum includes a range of
frequencies extending up to ~ 10s~!, which is far below a fundamental frequency of the order
¢/l =~ 100s7! for ¢ ~ 3 x 10°m/s and | = 30m. Therefore, it is unlikely that a short pulse can
excite normal modes which might lead to appreciable amplification factors in reasonable conditions.
However, the situation is different if the pulse includes resonance frequencies.

As a technical point, we note that if the pulse is applied at some point on the bar, different from
the bar ends, then we deal in fact with two bars; the solution has four constants of the type A and
B in equation (5) and the boundary conditions are the continuity of the displacement at the point
of application of the excitation, the equality of the displacement with the excitation at that point
and the conditions at the two ends; the resulting four equations determine the four constants of
the solution.

Oscillating shock. If the ground displacement has the form of a harmonic oscillation ug(t) =

ug cos wot, up(w) = m[0(w — wp) + d(w + wp)], the displacement in the bar (equation (9)) is

coswo(z —1)/c

;- (16)

t) = t t [/c-si = t
u(z,t) = ugcoswyt (coswpz/c + tanwyl/c - sinwgz/c) = ug coswy cos i

if wo happens to be an eigenfrequency of the bar (wy = w,), then the amplitude increases indef-
initely, and the dangerous resonance phenomenon occurs (we recall that the eigenfrequencies w,
are the roots of the equation coswyl/c = 0).

Let us assume a ground motion given by
uo(t) = upf(t)e " coswot (17)

where 0(t) =1 for t > 0, 6(t) = 0 for t < 0 is the step function and 0 < o < wp; it represents an
oscillating shock with a sharp wavefront, attenuated in time with the rate a, which is deemed to
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model the seismic main shock with its long tail (produced by the so-called surface waves).[9] The
Fourier transform of ug(t) is

up(w) = %uo ( ! + ! ) : (18)

w—wyF+ia w4+ wy+ix

The displacement given by equation (9) includes the propagating shocks 0(t£z/c)e™*+2/¢) cos w (4

z/c), which we leave aside here. The integral in equation (9) includes contributions from the poles
+wy — ia of the shock and contributions from the normal modes with eigenfrequencies w,, (the
poles of tan xl). For wy different from all w,, we get

u(z,t) =~ uge=* coswot - tanwypl/c - sinwgz/c—

(19)
_c (wn—wo) cos wnt—asinwnt (wn+wo) cos wnt—asinwnt | - X
21 Yo 2n |: (wn—wo)?+a? + (wn~+wo)?+a? Sl wnz/c )
for wg = w, (at resonance)
cl—e ™ )
u(z,t) = Uo7 ————sin wot - sinwpz/c . (20)
o

We can see that the displacement amplitudes at resonance are (¢/la)ug, i.e. in the amplification
factor g = ¢T'/l the duration T is replaced by 1/«, as expected. We note that for wg = 0 the
amplitude is reduced to (¢/lw,)ug. Similarly, the response velocity and aceleration include factors
upwo and ugw?, respectively, which now can be viewed as corresponding to the ground velocity
and acceleration; the amplification factor for these quantities is g = ¢/l«, as for the displacement.

A similar conclusion is reached for a ground motion given by

—a?(t—T/2)?

u(t) = upe cos wot (21)

which is a harmonic oscillation with frequency wy attenuated in time by a gaussian with the rate
o < wp, centered at the moment T'; its Fourier transform is

1 4
u(w) = éuogeéﬁ(www(W+wo)2/402 +(

the contribution of the normal modes is

Wwo = —Wwp) ; (22)

(wn —w)®
un(z,t) = ;lﬂ msin [w,(t — T/2) + weT /2] sinw,z/c- e~ e (wo = —wp) - (23)
a
We can see from equation (23) that at resonance (wyp = w,) the amplitude of the oscillations is
of the order (¢/la)ugy, where 1/ is a measure for the pulse duration 7. For a superposition of
harmonic oscillations weight factors f(w,) should be inserted in the amplification factor ¢/la. It
is worth emphasizing that amplification factors of the type g = ¢/l may attain high values.

Coupled bars. Let us assume a bar with length [ fixed at z = 0 to another long bar with length
lo; we denote the former bar by 1 and the latter bar by 2; bar 1 extends above the ground surface,
while bar 2 is buried in the ground. The equations of elastic motion in the two bars are

iy —cAuy =0, iy — Guy =0, (24)
where u; o are the displacement in the two bars; the boundary conditions are

Ug |egy=uo(t) , U1 |s=0= U2 |2=0 ,
(25)

Mlull |z:0: NQUIQ |z:0 5 ull |z:l: 0 5
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which signify, respectively, a ground motion applied to the lower end z = —Ily of bar 2, the
continuity of the displacement at the joining point (the bars are rigidly connected to each other),
the absence of the force at the interface z = 0 and the free upper end z = [; the force is written
for a shear displacement; for compression (dilatation) the rigidity moduli x4 » should be replaced
by A12 + 2412. The solutions of equations (24) and (25) are

cos k1(z—1)

K
cos k1l cos kalp— Z; N;

uy(z,w) = up(w)

sin k1l sin kalg

(26)
B1r1
KoK
F1F]
L

cos k1l cos koz+ sinkilsinkoz

us (2, w) = up(w)

cos k1l cos kalp— sinkilsinkaly

The eigenfrequencies are given now by

tanwy,l/cy - tanwyly/co = Hak2 _ MPZM (27)
H1k1 P11

and amplification factors appear, similarly with a single bar. If bar 2 is much "softer" than bar 1
(2/pa < p1/p1) the (lowest) eigenfrequencies are given by w,, = (co/ly)a,, where «, are the roots
of the equation «, tan a,, = paly/p1l. If bar 1 is "softer", the eigenfrequencies are w, = (¢1/1)5,,
where (3, tan 8, = psl/u1lp. We can see that the eigenfrequencies are controlled by the elastic
properties of the "softer" bar. This result gives an indication regarding the vibration properties
of bars with a composite structure (e.g., including voids).

Buried bar. We consider now a bar completely buried in the ground, with both ends free (its
orientation is immaterial); we assume that the bar moves freely in the ground, with a displacement

u= Acoskz + Bsinkz (28)
superposed upon the displacement ug of the ground. We assume a ground excitation
ug(2,t) = upf(t)e * coswyt - cos Koz (29)

where kg = wo/cy, ¢ being the wave velocity in the soil; the Fourier transform of this excitation
is

() = 5 (——+——) (30)
Uo(z,w) = =g Cos Koz .
oL 2" " \w—wy +ia | w+w +ia

The condition of free ends (with the displacement ug + u) gives

1 Kpsin kol 1 1
u(z,w) = —=u (

: 1
2 Ksinkl )COSHZ (1)

— + .
wW—wyt+i1ax W+ wy+
The reverse Fourier transform of the displacement u includes contributions from the excitation
poles w = Hwp and from the eigenfrequencies w, = nme/l, for n any non-vanishing integer (the
roots of the equation sinw,l/c = 0). For wy different from all w,, the displacement is

o len
u(z,t) = _UO%B “ cos wot - coswyz/c—
(32)
2 . iwnt —dwnt
—tp X (—1)" 32 sin wol /o (w_ewoﬂ.a wiwoﬂ.a) coswpz/c .
For wy = w, (resonance) the displacement is given by
2 1— efat
u(z,t) = (—1)”u0—l sin wpl/co————— sin wot - coswpz/c . (33)
Co «
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We can see the occurrence of an amplification factor

2
c
= ——sinwyl/cq 34
g = o sinanl /e (34)
which now has a more complex structure; it depends on the wave velocity ¢y and frequency wq of
the excitation (it is a spectral amplification factor).

This result may throw an interesting light upon the so-called amplification site effect.[10]-[14] It is
well known that the ground displacement, velocity and acceleration may exhibit large local varia-
tions from site to site. In the light of the above result it is easy to see that a local inhomogeneity
surrounded by a different environment may behave as a buried bar, and the normal modes set in
this inhomegeneity may exhibit large amplifications factors. The effect is enhanced for a stiff in-
homogenity (¢ > ¢g), but for low attenuation factors « it may appear also for soft inhomogenities.
The conditions for its occurence are the resonance and seismic waves with wavelengths shorter
than the linear dimension of the inhomogeneity. We note that it is easy to see that the bar-
shape of the inhomogeneity is irrelevant; the amplification may occur for inhomogeneities of any
shape; the necessary conditions are ¢y/wy < [ (excitation wavelength shorter than the dimension
of the inhomogeneity) and wy = w,, = ca, /I, where «,, is a numerical coefficient which gives the
eigenfrequency w, (increasing with incresaing n); these conditions imply ¢y < ca,.

We can see that there exists a discontinuity between the soil displacement 1y and the displacement
u of the bar at the points of the bar. If we allow for a finite extension d of the bar, along, say,
the transverse direction x, then, the soil displacement along this direction can be written as
ug coswo(t — x/cy) and the bar (internal) displacement is ugcoswy(t — x/c). We can see that
the displacement is continuous at x = 0, while the continuity at x = d is attained only for
wod(1/co — 1/c) = (—=1)"2mn, where n is any integer; this is a vibration condition for the bar
thickness d, which, in general is not satisfied (for a given frequency wy); equally well, it can be
viewed also as a condition for the frequency wy. The continuity of the displacement along the bar
is not fulfilled (for given soil displacement).

Coupled oscillators. We examine here the necessary conditions for two coupled vibrating bodies
be approximated by two coupled dimensionless (point) harmonic oscillators;[15] to this end we use
the model of coupled vibrating bars described above. From equations (1) the motion of the n-th
normal mode is described by the equation

Py + K2, = piiy + pwii, =0 ; (35)

we can see that the z-dependence becomes irrelevant, and we may view u,, as a global represen-
tation of the dispalcement of a point oscillator; this equation is written for the shear modes, but
it has the same form, with u replaced by A + 2u, for the longitudinal modes. This is the equation
of the harmonic oscillators with a set of eigenfrequencies. For frequencies near a certain eigenfre-
quency w; (e.g., the fundamental frequency) we may limit ourselves to only one harmonic-oscillator
equation, written as

il +wiu; =0 ; (36)

we have introduced the label 1 because a similar equation is written for another oscillator, denoted
by 2, coupled to the former.

At the joining point z = 0 bar 1 acts with a force density (per unit area) ju,u; |,—o on bar 2, while
bar 2 acts with a force pptus, |.— on the former (for shear displacement, equations (25)). The forces
which act upon the bars viewed as oscillators are M1,2u,1,2 |.—0 S, where S is the area of the joining

. . . /
surface. The derivatives of the displacement can be represented as u; 5 |,—0>~ u1.2/d; 2, where dj o
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are some fictitious distances, introduced for controlling the dimensionality of the equations. It
follows that the interaction forces are of the order pi ouy2S5/d; 2. In order to conserve energy we
must have p1S/d; = peS/dy; indeed, p11Sds = 112Sd; is the interaction energy transfered between
the two oscillators. This is a necessary condition for the two bars be approximated by oscillators.
Therefore, we introduce the elastic interaction constant

K = ,ulS/dl = ,LLQS/dQ (37)
and write the equations of motion for the two oscillators
my oty 2 + ml,zwigul,z + Kugp =0 (38)

where we introduced the mass m, o for each oscillator. It is worth comparing the interaction
constants K with the oscillator constants

2
My gy ml,z%l—ja%,zn = (11,25/l12)01 5, (39)
where a9, are numerical factor from the eigenfrequencies wy o, = (c1,2/l12)a1,2,; these factors
increase with increasing n. For lower frequencies and [y o of the same order of magnitude as d;o,
all the oscillation constants ngwiQ and K are of the same order of magnitude. This implies a
severe restriction upon the coupled-oscillators approximation, since, rigourously speaking, these
energies are not equal; it originates in the circumstance that the model of coupled oscillators
requires the eigenfrequencies and the coupling constant derive from different forces, while for
elastic bars these quantities have the same common orgin - the elastic force. However, if we
give up the assumption of a sharp joining surface and consider that the two bars are welded,
then there exists a smooth joining and the difference between the two interaction forces and the
transferred interaction energies is taken over by the welding; during motion we have a mechanical

work dissipated in the welding. In these conditions we may assume mjw? # mayw3 # K.

The potential energy associated with these two oscillators reads

1 1
V= §m1wfuf + §m2wgug + Kuyuy ; (40)

it must have a minimum for u; » = 0; this condition implies

K? < mymowiw; . (41)
With the notations introduced above this inequality reads

Liy < didya? a3, (42)

which can be satisfied, especially for higher eigenfrequencies.

It is convenient to introduce a parameter 0 < v < 1 through
K? = mymow?wi(1 —7) ; (43)

for v = 1 there is no coupling, for v = 0 the coupling is maximal. The parameter v is a
dimensionless coupling constant; we are interested in v close to zero (maximal coupling). Also,
we introduce the notations kj o = K /my 2, such that the system of equations (38) can be written
as

11172 —+ wizul,g + k172u271 =0. (44)



J. Theor. Phys 9

The eigenfrequencies of this system of equations are the roots {2 » of the equation

A= — (Wi+w)P +wiwiy=0; (45)
we get
Q2 = % {w% + w3 + \/(w% + w3)? — 4w%w§fy} ~ w? + w3 (46)
and . -
0f = 5 [of + 8 - VT + B —aten] = A (47)

We can see that Q2 increases from w? up to w} + w3, while Q3 decreases from w3 (w3 < w?) down

to zero for K?/mymsy going from zero to its maximum value wiw3 (for v going from 1 to 0); the
coupling lowers the low eigenfrequency and raises the high eigenfrequency.

For a realistic use of the coupled-oscillator model we consider the two oscillators as corresponding
to a building (oscillator 2) and its foundation (oscillator 1). For a stiff foundation, such that
w; > wy the eigenfrequencies of the building are reduced to an appreciable extent (down to zero),
while the eigenfrequencies of the foundation are increased by the coupling. For a soft foundation
(w1 < wy) the situation is reversed, the eigenfreqiencies of the building are raised by the coupling
and those of the foundation are reduced.

The solutions of the homogeneous system of equations (44) are the real part of
uf y = A1 + By pe’™ (48)

with complex constants A; 5, Byo. These constants satisfy the system of equations (44) for Q =
(2 9, respectively:

(w% — Q%)Al —+ klAQ =0 y (w% — Qg)BQ + kgBl =0 3 (49)
we get
A, — Q?—wa ~ W_SA
2 — 1 1 — 1 1>
(50)
B _93*“’53 ~ WgB .
1 — ka2 2 — _k_g 2
the solution is the real part of
ud ~ Ajefht — %BQGiQQt , ud %Alemlt + Byeit (51)

Let us assume now that the foundation (oscillator 1) is subject to a force 6(t) foe ™ cos wot, a < wy,
arising from the ground motion; the equations of motion of the two oscillators

i+ wiuy 4 kyug = fO(t)e* coswot , g 4+ wiug + kgup = 0, (52)
where f = fy/mq; a particular solution is the real part of
U2 = a1726iw0t—at . (53)

The constants a; 2 are given by

al:ff7a2:_f77 (54>
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where A = (@2 — 2)(@2-93) and @y = wy + ia; adding the solution uf, of the homogeneous
system of equations (equations (51)) we get the full solution

. Q ¢ w? Qt UJ27$2 ~t
u; = Ajetit — k—;Bge’ 2 +f—2z 0 gtwot
(55)
2 . . ~
Uy = %Alelﬂlt 4 Bzezﬂgt - f%ezwot )
The (complex) constants A;, By are determined from the initial conditions uiq(t = 0) = 0,
7,‘L172<t == O) = O

We focus on the resonance of the building, where wy = Q5 (o < Q) and A ~ aQ2(a — 2iQ,); the
initial conditions give A; ~ 0 and

Sk ( .Qz)
By~~~ (14i— ) ; 56
2 49%93 +1 o 3 ( )
the displacements are
Uy = —45‘;’522 (cos Qot — % sin Qgt) (1—e )+ 0(a),

(57)
Us = % (cos Qot — L5in QQt) (1—e )+ O0(a) .

We can see that the original damped excitation is lost in time and for long time both the building
and the foundation oscillate with the resonance frequency €25 of the building; the amplitudes of the
oscillations are enhanced by the attenuation factor 1/, as expected; the oscillation amplitude of
the foundation is controlled by the exciting force, while the amplitude of the building is controlled
by the coupling constant. We note that we have considered above oscillations without a damping
factor; a damping factor a damping factor affects the contribution of the normal modes and adds
to the attenuation factor of the excitation.

Inserting K and ;5 from equations (43), (46) and (47) we get the leading contribution to the
oscillation amplitude of the building

U20 = ﬂ = ﬁ\/ﬁ ! ) (58)
4030y A v \/m1m2<w% + w3) 7

comparing it with the amplitude u% = fo/mow3 of an isolated building (without foundation)
subject to the same force and oscillating with the same frequency 2 < ws, we get

Y T it . B (59)
— %20 )
da T Jwi 4wl

we can see the enhancement factors wy/cv arising from resonance and /(1 — )/~ arising from the
coupling. We note the resemblance of the amplification factor wy /o with the amplification factor
~ ¢/la of the embedded bar (wy being of the same order of magnitude as ¢/1).

It is worth connecting the force fy to the amplitude ugy of the ground displacement ug, in order
to compare the displacement of the building with the ground displacement. According to the
discussion above, assumig a good coupling between ground and the foundation and a relatively
homogeneous structure groud-+foundation-+building we may use fo = Kug (since, for a shear
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coupling, fy is of the order ugu/o, where /i, is the rigidity modulus of the soil); we get the oscillation

amplitude of the building
WiWs 1—

U =~
4day/wi+wi Y

where we can see again the occurrence of an amplification factor ~ w./a, where w. = wjws(1 —
v/4vy/w? + w? is a characteristic frequency of the structure.

Finally we give the solution of coupled oscillators subject to a damped force (shock) without
oscillations, i.e. for wy = 0:

Ug , (60)

u = (G*O‘t — cos (ot + - sin QQt) +0() .
(61)

Uy = — k2 (e—at — cos{lt + & sin Qgt) + 0(a?) ;

we can see that the shock excites the oscillations with the lowest frequency (€2s), similar with an
oscillating shock), and there is no enhancement of the oscillations, as expected.

Concluding remarks. The vibrations of an elastic bar extending above the ground surface with
one end embedded in the ground are described and the response of the bar to various ground
excitations applied to its lower end is calculated. An oscillating shock with a sharp wavefront is
considered as the most interesting excitation, since it is deemed that such a shock may correspond
to the seismic main shock with its long tail, produced by the so-called surface waves. At resonance
it is shown that the bar exhibits amplification factors for displacement, velocity and acceleration,
which may attain large values. The amplification factors are given by a combination of the shock
duration, the height of the bar above the ground surface and the velocity of the elastic waves
in the bar; they arise as a consequence of the excitation of the normal modes in the bar. Two
bars coupled along their length are also considered; it is shown that for bars with very different
elastic properties the eigenfrequencies of the system are given mainly by the "softer" bar. Such
an information may be useful for composite structures, including, for instance, voids. A bar
completely buried in the ground may serve as a model for local inhomogeneities in the soil. It is
shown that such a bar exhibits spectral amplification factors, which may correspond to the well
known site amplification factors documented by the seismic records. Making use of the information
gained from the vibrating bars we examine the formulation of the model of two coupled harmonic
oscillators, and its application to the structure building-foundation. The coupling lowers the low
frequency of the system and raise the upper frequency. The response of two coupled oscillators
to an oscillating shock is calculated, and amplification factors similar with the vibrating bars are

highlighted.
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