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Abstract

It is shown that the classical electromagnetism requires the pointlike charges to move
indefinitely within a region with a finite classical electromagnetic radius. It is shown that the
quantum-mechanical motion of a relativistic particle requires the pointlike particles to move
indefinitely within a region with a finite radius. For massive particles this radius is of the
order of the Compton wavelength. For photons it is of the order of the wavelength. This
cutoff length, which governs relativistic uncertainties, should be included in the interaction
effects. The reason for its occurrence is the quantization of the relativistic energy-momentum
relation; the quantum-mechanical motion implies specific uncertainties in position, duration
and dynamical variables. Particularly obvious is this indefinite motion in the presence of
the matrices in the Dirac equation, which mix up the coordinates in the Zitterbewegung.
The quantum-mechanical motion of the electron field is indefinite. The definite quantum-
mechanical motion of the electrons is the motion of the Zitterbewegung, with observance
of the Compton cutoff. Thus, for electromagnetically interactiong electrons we are led to a
theory of "bosons" with charge and spin, corresponding to the electron anti-particle and spin
states. The perturbation theory of these electromagnetically interacting bosons is presented,
including electromagnetic quantum effects like spontaneous emission, mass and charge renor-
malization, Lamb shift and anomalous magnetic moment, pair creation and photon mass.

1 Classical electromagnetic radius

The representation of the pointlike charges by the Dirac d-function leads to singular classical
electromagnetic potentials at the position of the charge. The partial differential equations of
the classical electromagnetism require to view the pointlike charges as having a radius, at least
infinitesimal. In order to avoid the self-interaction the same Maxwell equations requires a finite
classical electromagnetic radius for "pointlike" charges. We recall here the classical electromagnetic
radius of a charge.

A charge in motion generates a propagating electromagnetic field. The charge moves in this field,
so it interacts with its own field, as a consequence of the retardation. This is a self-interaction.
Since we are interested in the field near the charge, we may leave aside the scalar potential and,
according to the Lorenz gauge, the longitudinal part of the vector potential. The transverse vector
potential A is generated according to the equation

1 0%2A 47,
2oz AA=TI (1)
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where 7 is the transverse current density. Let us assume a pointlike charge ¢ with trajectory
ro(t), acted by an external force; its charge density is p = ¢d(r — () and its current density is
Jj = qué(r — 7ry), where v = 5. Equation (1) becomes

10%A 47q

— —AA =—vi(r —1ry) . 2
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The field A acts upon the charge. Consequently, the charge with mass m acquires an additional
velocity v, whose (classical, non-relativistic) equation of motion is

dv’ 1
mE:qE0+Z(U+U/)XHO s (3)
where Ey = —%% is the electric field and Hy = curlAg is the magnetic field. The suffix 0

indicates that the fields are taken at position ry. This is the Lorentz force. Since we are interested
in the region close to the charge, we may neglect the second term on the right in equation (3),
and get

dv’ q dAQ
— 4770 4
dt me dt (4)
and v' = —-L A, (the relativistic equation of motion does not change these things). It follows

that the self-interaction produces a reaction current density

2

-/ / q
— ) = — L AS(r —
3 =qu'o(r —mry) s r—rmro) , (5)
which, in turn, determines a field given by
1 0%A 47q?
ZoE AA' = — s Ad(r —ry) . (6)
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The total field at the position of the charge is Ay — qm‘;‘) Hm |y yp, ‘1__—17,0| This shows that the

charge must be viewed as having an undetermined position inside a region with dimension of order

For r close to 1y we may limit ourselves to the static part of this field, which is A’ = —

e

= (7)
the field at the undetermined position of the charge is zero and the force acting on the charge is
vanishing; this way, the self-interaction is avoided. Therefore, we must limit ourselves to a cutoff
length of the order a = ¢*/mc?, a cutoff wavevector of the order 1/a and a cutoff frequency of
the order ¢/a. The pointlike charge moves indefinitely inside a spherical region with radius of the
order a; its self-energy is of the order ¢*/a = mc?. The parameter a is the classical electromagnetic
radius of the charge ¢ with mass m. It sets the limits of the classical electromagnetism. The fields
are limited by E, = H, = q/a®> = m*c*/¢® (or qE,a = mc?, mw? = qwH,/c, with w = c/a).
For electrons ¢ = —e = —4.8 x 107 %su, a ~ 2.8 x 107 Bem™ (¢/a ~ 10%8s7H m ~ 107%7g,
mc? ~ 0.5MeV, 1leV = 1.6 x 10~ 2erg), B, = H, ~ 6 x 10%esu (lesu = 3 x 10*V/m). The
Lorentz contraction along the direction of motion makes a length of the order ¢*/€ along this
direction, where £ is the charge energy. Being an unphyiscal, undetermined region, its dimension
is not subject to the relativistic invariance.

The undefined motion of a pointlike charge inside of a region with dimensions of the order a
has not very relevant consequences in the classical electromagnetism, except for its governing the
Lorentz damping and the natural breath of the spectroscopic line. The radius a may be viewed
as an uncertainty in the charge position, arising from its electromagnetic field.
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2 Relativistic quantum uncertainty

The Schroedinger equation

o h?
h— = ——A 8
T 2m v (®)
for a free particle with mass m has a temporal scale ~ % and a length scale ~ %, where 7 = At

is a time variation and [ = Az is a distance (z) variation. Since these two factors should be of

the same order of magnitude,

h
ZZ/T:lAv:% , 9)

where v is the particle velocity, it follows
1

where Ap is the mometum variation. This is the well-known quantum-mechanical uncertainty
relation. Since the variations of the action cannot be smaller than A, the uncertainty relationship
is in fact ApAzx > %h. For hh — 0 we recover the classical limit. Similarly, since the eenrgy & is
given by £y = ih%—f, we get AEAL > %h. The above inequalities are not changed by the presence
of the interaction.

The situation is completely changed for a relativistic particle. The quantization of the relativistic
energy-momentum relation £2 = ¢%p? + m?c* leads to a Klein-Gordon-type equation

2070 5, 2.4

hﬁ—chAermcw:O, (11)
whatever ¢ may mean. We can see that the time scale is 7 = # and the distance scale is
| = L These are quantum-mechanical uncertainties, for a quantum-mechanical motion, where

mc
the durations cannot be shorter than 7 and the distances cannot be shorter than [; if they were

shorter, the quantum mechanical motion is undefined, because variations smaller than A of the
mechanical action are meaningless. In addition, the motion proceeds with velocity ¢. This shows
the inadequacy of the quantum-mechanical behaviour of a pointlike relativistic particle.[1] The
reason is the square relativistic dependence of the energy £2 = ¢?p? + m?c*. In dealing with
relativistic quantum-mechanical effects we must be content with using a cutoff length of the order
of the Compton wavelength A\, = - (and a cutoff time of the order ii/mc?).|2, 3| The results

depend on the choice of this cutoff, i.e. they are not definite.[4]

Moreover, the Klein-Gordon equation has not a classical limit. Indeed, if ¢ = AeiS we get from
equation (11)
(‘9—5)2 — *(gradS)* — m?c* — % (%%‘ - CQAA) =0,

(12)
2(A22%) — Adiv (A%gradS) =0 .

In the classical limit 7 — 0 and a slowly-varying A the first equation (12) is the classical Hamilton
-Jacobi equation, with S the classical action. The second equation is a continuity (conservation)
equation. But A?22 is not a positive quantity, and its motion proceeds with velocity ¢. It is not

ot
possible to give a meaning to this conservation equation. In the classical limit, when A varies
2
slowly, this continuity equation leads to the wave equation %Tf —c2AS = 0 for the classical action,

which is improper. This shows that it is impossible to establish a standard quantum-mechanical
description for a relativistic particle. As it is well known, the proper picture is that of quantum
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fields, which, however, should be used with the cutoff described above. The Compton wavelength

sets a quantum limit for the motion of the relativistic fields and for the fields themselves. The

latter is the Schwinger limit E, = H, = m?c®/h | ¢ |, where ¢ is the particle charge. For electrons

Ao = h/me~38x10""em and E, = H, ~ 4 x 103esu. The ratio a/)\. is a = a/\. = ¢*/hc. For
1

electrons o = €?/hc ~ = is the fine-structure constant.

The same is true for photons (m = 0), where 7 = h/E and | = he/E is the wavelength A, as well
as for the Dirac equation. In particular, this uncertainty is visible in the Dirac equation

Yo = meyp (13)

by the presence of the Dirac matrices v* (1 = 0, 1,2, 3), which mix up te coordinates and the time
over a length scale A\, = i/mc and over durations 7 = ii/mc?. This indefinite motion is the fermion
Zitterbewegung.|5, 6] Also, in the classical limit the Dirac equation becomes the invalid equation
E — cap = mcf, where a = 1%, 3 = 4°. Moreover, the probability-conservation equation

8 * *

S (07) + e grad(urag) =0 (14
shows that the probability current has an indefinite velocity ca, which indicates again the inade-
quacy of a standard quantum-mechanical treatment.[9, 10]

3 Charged "bosons" with spin

The quantum-mechanical motion of the electron field is undetermined. This indefiniteness leads
not only to divergences, but also to ambiguities in the regularization and renormalization cal-
culations. The determined quantum-mechanical motion of the electrons is the motion of the
Zitterbewegung, with a cutoff length of the order of the Compton wavelength .. The technical
procedure of achieving a description of this motion is as follows.

We give a variation dx* to the coordinates z#, and denote it by u*, according to the scheme
xt — xt + ozt dxt = ut, xt — ¥ + ut. We will take the first-order variations with respect to

ut of the Dirac equation
mc

p _ T
We write 2/ = s#-1, where s = ct, s = r and 1 denotes the unit matrix; we have x,z" = s,s" -1 =
s -1, where s? = ¢*t* —r?. For dz# we need dx,02" = u,u" = u* = ds?; the (non-trivial) solution
of this equation is

1
ot = ut = §ufy“ (16)
(since y,7* = 4). The first-order expansion of the Dirac equation is
me
o (8Aﬂ/} + u”&,@uz/z) = ih (1/’ +u” uw) ) (17)
or )
m=c
MO = — 72 (. (18)

which is the Klein-Gordon equation p,p*iy = m?c*1h. The displacement field u is absorbed into 1,
hence the bosonic character of the latter. The v in equation (18) originates in u multiplied by a
bispinor. It is a boson field with four bispinor components. We write it as

1 ikr
VY= ;ﬁk(wka)e : (19)
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where V' is the volume,
Ck—
Wka) = | " | (20)
Kk,—1

+1 are spin labels and

b =c¢ 2€k =c\/k?+ k2, ko =mc/h. (21)

The ¢’s and the b’s operators satisfy usual bosonic commutation relations for four distinct types of
bosons. The c-operators correspond to particles (electrons), while the b-operators correspond to
antiparticles (positrons). The boson occupation number is the number of electrons, the presence
of the cutoff A, ensures the exclusion principle.

In the presence of the electromagnetic field we need to use the covariant derivative D,, = 0,—:5A,,
according to ¢ — ¢ + u*D,1); we get the Klein-Gordon equation
h
(p,u - EA;;) (p — —A“) (B EJ‘“’Fw,w = m2c (22)
c 2c

with electromagnetic field, where A, are the electromagnetic potentials, F},, is the field tensor and
ot = 2[y*,~"] is the spin matrix.

The free equation of motion of the boson field (the Klein-Gordon equation (18)) reads

1 0% m2c?
Zor Mt

If we multiply this equation by @/)*, the equation for ¢* by @/), where 1* is the adjoint of
(transposed conjugate), and add the two equations we get

b =0. (23)

8 *
5 (i o o) - 0 (50w + 7)) =0 (24)
where ¢ = 1,2, 3; hence, we can see that
1 1% ] * m2c2 *
e = " + 0" O+ Ty (25)
is the energy density and
1 *
g = — (V"0 + o) (26)
is the momentum density. The total energy is
We = f drwe = ko /?QE_Qi (Cliacka + kablio‘) =
= Zka hEk (Ciocka + bkgb;o) = (27)

= Zko hEk, (CliackU + blto'ka' + 1) .

The time dependence ciy, bry ~ e *! is established by the canonical equations of motion of these
operators with the hamiltonian W,. Similarly, the total momentum is

Ge = f drge - Zka hk (Cltacko' + bkablta) -
(28)
= Zka hk (C;ocka + bltobka + ]-) :
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If we multiply the equations for ¢ and * by ¥* and 1, respectively, and subtract the two equations
from one another, we get another law of conservation, which reads

o (0 =) — 0, (0 — ) = 0 (29)

hence,

= i [ dr (60 = 970) = € Ty (6o ko — brobies) =

(30)
=e Zko’ (Cltgcko' - biobka - ]‘)
is the electric charge (where e is the particle charge) and
= —%e [ dr (Y*grady — gradyp*) =
- 6Zka £k (CkUCkO' bko'bltg) - (31)
- ez:ka €k (CkackU bl*(aka - 1)
is the electric current. With the notation
p=5 (V=) | i = —% (WO — ) | (32)
. . i€ * *
= (epd) = 7 W0 — (")) (33)
equation (29) is the continuity equation d,j* = 0.
4 Interaction
We adopt the energy W, given by equation (27) as the free electron hamiltonian
He = heg (6o + bigbio) (34)

ko

where e, = c\/k?> + k%, ko = mc/h being the inverse of the Compton wavelength (Compton
wavevector). The interaction of the electrons with the electromagnetic field is derived from equa-
tion (22); this equation can be written as

(pup” — A" — A" + i—jAuA“—i—

(35)
+45H - “LaE —m?c?)p =0 ,
since 5 h
eh B 1€
—5 0" Fu ZH - — (36)

where E is the electric field, H is the magnetic ﬁeld,

e-(27) = (5 2)
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and o are the Pauli matrices,

(38)
(1 0
2=\ o -1
Hence, we get the equation of motion
S5 = A+ Y 4 Ep AN A
(39)
— S A AN — 55 HY + SaEy) =0 .
The interaction energy densities are
. i€ * *
Up = EJMAH = h [ (Ouh) — (Oup™) ] A* (40)
(where the gauge condition 9, A" = 0 is used),
02
a = =y (0°0) 4,4 (a1)
and
vy = — 50 SUH
_ (42)
Vg = Z—%@Z)*a’ll)E .
The interaction is obtained by integrating these densities over the whole space,
‘/p,d,H,E = /drvp,d,H,E . (43)

The labels p and d are chosen by analogy with the non-relativistic "paramagnetic" and "diamag-
netic" contributions. The interactions vy and vg arise from the o#”F),-term in equation (22).
This is known as the "Pauli term".[11]

The interaction v, can be written as p® — % J A, where the charge density p and the current density
j are given by equation (32), ® is the scalar potential and A is the vector potential. The vector
potential has a longitudinal component A; and a transverse component A;. The longitudinal
component is related to the scalar potential through the Lorenz gauge,

1 ik .,
A = 7 Z %Q)kezm (44)
k
(%%—f + divA = 0). The scalar potential satisfies the Maxwell equation
L Admie [, - -,
& — A0 = 4mp = - (wz/;—ww). (45)

The longitudinal part p® — %jAl of the interaction gives minus the Coulomb energy V., =
>k 2% pxp—x, while the longitudinal part g~ [ drE} of the electromagnetic field, where E; is the
longitudinal electric field, gives V.. Therefore, we remain with the transverse interaction

I,
Up = —ZJAt (46)
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and the transverse part of the energy of the electromagnetic field

Hem = Ilpp = Z hwkaltak ) (47>
k

which corresponds to photons with energy fwy = hck (for a fixed polarization, equation. The
transverse vector potential reads

A, = % ; e (akeik’" + aZe_ik") , (48)

where ap = c\/27h/w; and ey is the polarization vector. Since the longitudinal field has a
vanishing free hamiltonian (V, = &= [drE} = 0 for ®x + wi®, = 0 in equation (45)), this
field cannot be quantized as an independent kind of photons (there is no scalar or longitudinal
" "

photon").

In all other interaction terms where the scalar potential and the longitudinal vector potential
occur, we replace them by their expressions given by the equation of motion (45):

P = ﬁch\/V Zk’o‘ Bk'-f—kﬁk’ (Ek’+k + E‘:k/) .

: (C;;/Jrkock/o - b,k/,kfgbtk/fo) y

(49)
d, = — Are S P 1xcPrer (ek’+k+€k/)'
k WV kK'o (Ek’+k—5k/)2—w%

. (C;;/Jrkgckla - b_k’_k_o-b*iklio.) s

_ _ . [omh
A = ap, (exax + e_xa*y) , ap = Ve

_ Ame iﬁk'-fkﬁk/(Ei/Jrk*Ei/) 50
Alk A% Ek’a kwg (5k’+k—€k/)2—w,2€ . ( )

. (C;/Jrkock/a - b—k/—k—o'b*—k/—o')

and

Elk = — k32 Pk - (51)

In addition, from the continuity equation we get the Fourier component of the longitudinal current

. K
Ik = 120w > wo BB (S — i) -

(52)

: (C;;/Jrkock/o - b,k/,kfgbtk/fo) .

For convenience, also we give below a few bilinear forms:
1 * * —i(k—k')r
P = v Z BBy (GepCio + botmobl g o) €T (53)
kk'c

jO - ﬁ Zkk’o Bk/ﬁk' (‘gk + 8k:') '

(54)

o—ilk—K)r

Y

’ (Cl*(ack’o - b*kyfgb**klvfo)
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J =17 Do BB (k+K') -

—i(k—K)r

(55)
. (cl"wck/(7 + b,k7,ob*_k,7_a) e

The longitudinal contribution ®* — & (A7 + 2A,A,) in the interaction vy (equation (41)) brings
an interaction of the order €3, at least; if we limit ourselves to e?-orders at most, we may use
2
Vg = —CQhQ (w 'QZ)) AtAt . (56)

Similarly, only the transverse field contributes to vy. It is worth noting that the longitudinal
degrees of freedom of the electromagnetic field are removed from the problem, by means of equa-
tions (49)-(52); they are replaced by the degrees of freedom of the charges. Similar interaction
contributions arise from an external (transverse, purely radiation field).

For convenience, the interactions vy g (equations (42)) can be written as

v = g5 (T + X7 vH,

vp = 32" (a— a*) YE |

(57)

In the first equation (57) only the matrices o, , remain, while in the second equation (57) only
the matrix o, remains.

5 Perturbation theory

5.1 Interaction representation

The state vectors | v > are obtained by the action of the electron and photon creation operators
upon the vacuum (cg,, by, , ap). The time evolution of the state vectors is given by Schroedinger
equation

0
iha|v>:(H0+V)|v>, (58)
where Hy = H, + Hp, and V =V, + V; + Vi + Vg, given above. The electron hamiltonian is
I{e = Z hEk (Cliacka + bligbka) s (59)
ko

where e, = c\/k? + k2, ko = mc/h being the inverse of the Compton wavelength. The spin label
takes two values o0 £+ 1. The photon hamiltonian is

th = Z hwkai:ak s (60)
K
where fwy, = hek (for a fixed polarization). The interaction is given by

Vod B H = /d'r'vp,d,E,H , (61)

where the interaction densities v, 4 g g are given above.
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We adopt the interaction representation, where | v >= e~ itot] y >, which means that all the
operators have the form

O = enfotQentht (62)
such that their equation of motion is
0 = +[Ho, O] : (63)

we can see that @y = e"“*ay, O = e “kley, and by, = e “kthy,. Equation (58) becomes

zhaﬁ; = e%HOtVe_%Hotﬁ; ; (64)

we denote all the O-operators by O(t) and all the states | v > by | v(t) >, and write

)
iho | 0(t) >= V(D) [o(t) > . (65)

The solution of this equation is

| v(t) >=| v(t;) > —% /.t dt'V(E) vt >, (66)

| o(t) >=| v(t;) > =& [ dtV{E) |v(t:) > +
, (67)
(= [tV () [ A VE) [ut) >+

where ¢; is the initial moment of time. The initial time is ¢; = 0 and the final time is t; = t. The
product < vy | v; >, where | v; ; >=| v(t; ) >, is the amplitude of transition from the initial
to the final state (with normalized states). We note that the Schroedinger evolution equation
is not relativistically invariant. However, in computing the transition probabilities we may let
the time go to infinity (and the initial moment to minus infinity), such that the solution gets
a constant coefficient (the scattering matrix), which is irrelevant for the relativistic invariance.
The interaction includes a position integral over the whole space. The relativistic invariance is
improper for an evolution equation which does not include a position or a moment of time.

In an elementary act of interaction there exists a photon with energy hAwg = hck and momentum
hk and an electron with energy e?k, such that the ratio of these two energies gives the coupling
constant o = e?/hc. For electrons a@ = 1/137 is the fine structure constant. It follows that
calculations up to the second-order of the perturbation theory suffice. In addition, whenever
divergent integrals occur we use a cutoff wavevector of the order ky = mc/h (the inverse of the
Compton wavelength).

5.2 Interacting electron

The initial state of an electron is | v; >= ¢, | 0 >. The first-order perturbation state produced
by the interaction v, is

2e . s
| (% >§)1): ﬁ Z ak/6kﬁk/+kke_k/SAEa_k,ck,JrkU | 0> s (68)
k/
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where
ei(8k1+k+wk/—€k)t -1
Sae = , A = epqk + W — €k (69)
Ex/+k T Wg' — €k
and o = c\/27h/wg, Bk = c\/h/2ck. The electron changes its state and emits a photon. The

second-order perturbation state produced by the same interaction v, is

| v >§>2): % Y akak'—kﬁkﬁk/+kﬁ,§, [2Kk'e_y] -

(70)
Sac+Sac
M [(k/ + k)ekfk/] %a*_kaiiik/C;tkko | O > 9
where
Ag; =g + Wik — €k, A&y = €y — Wk — Wik
(71)

Ae = AEl _AEQ )

the electron emits two photons (an additional term is present for bound states). The first non-
vanishing contribution of the interaction v, is of the order e?:

2 ie2
|v>P= — 2510 Y adey | 0> =
e o} (72)
213 K'q k/ak’—qﬁkﬁk’-i—q'

(e_wew—q) Saca 1y (Crige | 0>,
where
Ae =wp + wyw_q — €k - (73)

The contributions of the other interactions (vy, vg) are estimated in the same way.

5.3 Spontaneous emission

Equation (68) gives the amplitude of spontaneous emission of a photon,

121 E
f=ec 72511 sinf - Sae , (74>
= f

where E,, = hw is the energy of the photon, £; ; are the initial and final energies of the electon and
0 is the angle between the direction of propagation of the electron and the direction of propagation
of the photon. For the probability of emission (polarized photon, per unit volume),

|Sac|” = 2mt(Ae) . (75)

If there is a width of the energy levels, the factor Sa. becomes
eiAet e—«/t -1
Spe = ———— 76
2 Ae + iy (76)
and |Sa.|* — 1/ (A 4 42/4) for t — oo (a natural line breadth is caused by the field emitted
by the charge).! On the other hand, 76(Ae) <— (7/2)/ (Ae? +~2/4) for v < Ag; it follows that
the relevant time is of the order ¢ ~ 1/, as expected. This is the typical result for photon emission
or absorption, dipole (multipole) radiation (from bound states), Zeeman, Stark and photoelectric
effects. The results are similar with those of the radiation theory.[12]-[15]

V. Weisskopf and E. Wigner, "Berechnung der natuerlichen Linienbreite auf Grund der Diracschen Lichttheo-
rie", Z. Phys. 63 54 (1930); "Ueber die naturliche Linienbreite in der Strahlung des harmonischen Oszillators", Z.
Phys. 65 18 (1930). See also W. Heitler, The Quantum Theory of Radiation, Dover (1984).
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5.4 Diamagnetic self-energy: a mass renormalization

The first term in equation (72) gives an interacting state

-2
B ie® 5 9
| v >=|v; > —ﬁtﬁk;ak, v >, (77)
which indicates a change
2
Y 2
in the energy of the electron; or
AR, = O / k' - K (79)
‘7 orE '
where E = /p?c? + m?c* is the original energy of the electron. This self-energy is infinite. It is

associated with photon fluctuations of the vacuum: the electron generates and absorbs a photon,
according to the diamagnetic interaction ~ (1)*)A? (a factor 2 should be included for the two
photon polarizations).

Such divergences are typical for higher-order terms in the perturbation series, including even some
second-order contributions. Their origin is twofold. On one hand, they arise from the pointlike
nature of the electron, which generates a Coulomb static potential (related to the integration
extended to infinity in equation (79)). On the other hand, they arise in higher-orders of the
perturbations series as a consequence of the deficient formulation of the interaction problem.
Indeed, the interaction problem is based on two equations. First, the electromagnetic field satisfies
the Maxwell equations )

1 0°A 4

aop A= (80)
where the current j, is a bilinear form of ¢» and ¥*. These later quantities are expressed with cre-
ation and destruction operators, which obey the Schroedinger equation of motion; for an operator
O, this equation reads 0= %[H , O], where H is the hamiltonian which includes the interaction
with the electromagnetic field. Starting with the second order of the perturbation theory, we have
a contribution to j, from the field, by using Schroedinger equation; introducing this contribution
in equation (80), it gives a field-field self-interaction, which is unphysical. Similarly, we may ex-
press the field by means of the current density j, from equation (80) and introduce it into the
Schroedinger equation; then, starting with the second-order of the perturbation theory, we have
an interaction of the particle (charge) with itself, which again is unphysical. In fact, the separation
of the charges from their fields is impossible in higher orders of the perturbation theory, as it is
known from the impossibility of eliminating the fields from the classical equation of motion of the
charges in higher-orders of relativistic corrections. Ultimately, this entanglement of the charges
and their fields arises from the formulation of the interaction problem; it manifests itself as an
indeterminacy of the motion over short distances. The relativistic quantum-mechanical motion is
not determined over distances of the order of the Compton wavelength.

It is worthwhile recalling in this context the relativistic equation of motion

du* 1
e S 81
pe— - = —F"j (81)

for a mass density p, where u* is the four-velocity (u* = da*/ds) and F,, = 0,A, — 0,4, is
the electromagnetic field (the change of 1 and ¢ makes this a relativistic invariant equation); the
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current density is j, = pdz,/dt = pu,(ds/dt), where p is the charge density (which changes
like p). We may solve this equation for j* ( w*) as a function of F*’  introduce this j* in
equation (80) and get fields determined by themselves. Similarly, we may solve equation (80)
for fields as functions of w* (j*), introduce these fields in equation (81) and get four-velocities
determined by four-velocities. In both cases we get field or particle (charge) self-interaction,
which is unphysical. We cannot disentangle the fields from the charges. This situation is well
known from the relativistic corrections to the classical lagrangian of the charges, where, in higher-
orders of relativistic corrections, the charges cannot be separated from fields. Similarly, the Dirac
equation

ﬁ‘@m-—%Au)w=:Ww¢ (82)

is entangled with Maxwell equations (80), the indeterminacy of the motion over short distances
being embodied in the Dirac matrices.

It follows that in computing higher-order contributions to the perturbation series of the relativistic
quantum-mechanical quantities one should be content with the approximation scheme provided
by averaging the Dirac equation over distances of the order of the Compton wavelength, i.e. with
the approximation scheme provided by the boson field; this scheme gives results with a "certain
uncertainty". The fact that in Dirac equation the indeterminacy of the short-distance motion
is associated with the Dirac matrices may support the attempt of disentangling the fields from
the charges, by means, for instance of the renormalization technique, carried out in a covariant
fashion. Though a reasonable idea, the renormalization implies regularization techniques which
are improper. The standard renormalization scheme forces the separation of the particles from
the fields; and it implies a subtraction of infinities in the regularization of the Feynman integrals
which is arbitrary. The experimental measurements force, indeed, the particle-field separation,
and we may admit that the two separations, the theoretical one and the experimental one, may
coincide. However, the subtraction of the infinities remains arbitrary, undetermined. In addition,
the existence of competing interaction with other charges (like mesons), makes any agreement
problematic, and, ultimately, the agreement with the experiment, if it exists, is accidental. In
fact, as it is well known, the consistent application of the separation procedure in all orders of the
perturbation theory, makes the interaction infinite or zero.[3, 16, 17] The renormalization and the
regularization techniques are inconsistent.

The cutoff in equation (79) is of the order of the inverse of the Compton wavelength A\, = %; by
using it, we get

e?m?c?

AThE

which, in the non-relativistic limit, becomes AE, ~ €*/47 )\, = (1/4m)-
-(€?/hc)mc?. This is a mass renormalization, due to photon fluctuations (o = e*/hc = 1/137 is
the fine structure constant). Similar results are obtained from second-order contributions.

AE, = (83)

5.5 Lamb shift

Let us consider a set of electron bound states denoted by n, with orthonormalized wavefunctions
¢n (instead of plane waves e’**). The first-order interacting state generated by the interaction v,
is .
1 e * *
| v >M= —— > BB, [Grin(K)e_i] Saca” &y [ 0> (84)

nik
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where Ae = w, — ¢, and

G (k) = / dr (hgradp, — grade’, - pn) e (85)

(without the b-electrons). The second-order interacting state includes, apart from two photons, a
contribution arising from the photon fluctuations, given by

| v >7(’2): % Zmnzk O‘]%Bnﬁm 7%2
’ [Gnmz (k)ek] [ann(_k)ek] ’ (86>

f dt e Wrteny)ta f dtoetWe—entens) er 10> .

We can see that the electron emits and absorbs a photon and changes its state. Noteworthy, for
free electrons this contribution is zero. A self-interacting contribution corresponds to n; = n.
In addition, the main contribution arises from a degenerate state ny = n/, if it exists. In these
circumstances, equation (86) becomes

| v > = 254 Zk O‘k64 (G (K)ex] [Grm(—k)ex] -

(87)
- Jy dtyemintent (I g eientzet 10 >
or
|0 > = £ S a2l
(88)
: [Gnn’(k)ek] [Gn’n(_k)ek] Sep, | 0>,
where . (enteon)t
1 —ient __ | —i(entwr)t _ q
g——|¢ _ £ . (89)

Wi En En + Wk
For atomic bound states G,/ (k)ex and the range of k are of the order 1/a, where a is the
dimension of the atomic state. In the limit & — 0 equation (89) becomes
a —ient __ 1
§=-2° — ; (90)

Os,, €n
in the limit of large ¢ we get S ~ it/e,, such that equation (88) becomes

233

@_ e“N
|v>"= t8 —

where ¢, >~ ¢/\.. Therefore, we get an energy shift

e? Ae s
s m () (2) o

since B, is of the order ¢?/a, this shift is AE,/E, ~ z=(\./a)®. It is the splitting of the two
degenerate states. The result is smaller by one order of magnitude than the standard result.[18]-
[22] The standard result is AE ~ 103MHz (1eV ~ 2.4 x 10"Hz ), AE/E ~3x 107" (E =
13.6eV), while AE,/E, ~ 2 x 108 (equation (92) with A\, = 3.8 x 10~'¢m and a = 0.53A).
The main source of errors is the restriction to long-wavelength photons in equation (90) and the
approximation €, ~ ¢/A.. A slight variation in the cutoff A. may compensate the difference.
The "mass renormalization" applied by Bethe[19] is improper both in using the non-relativistic
approximation and the cutoff 242eV .

| vi >, (91)
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5.6 Spin-flip photon emission

In the interaction vy = —35¢* (X + 2*)yH it is convenient to use the spin wavefunctions ¢, in
writing the field ¢. The interacting-electron initial state ¢f, | 0 > becomes

| v >§): — > sin (KK oy Bk Prer -4

(93)
'SAfa*—k/cl*(/-i-k,—O' | O > 5
where (k') is the angle in the parametrization
k' = K/(sin 6 cos p, sin 0 sin ¢, cos ) ,
(94)
e = €9 = (cosf cos p, cos B sin p, —sin b)
and
k' x e = e, = (—singp, cos ¢, 0) (95)

(actually, related to the angle between the spin and the propagation wavevector of the photon); the
spin operator o is directed along the vector e, (where only the o,-component remains), such that,
on emitting a photon, the magnetic field changes and the spin is reversed. Equation (93) gives
the amplitude of spin-flip photon emission (Ae = ek + wir — €x). The second-order correction,
as well as the contributions of the interaction vg can be estimated in the same way; the latter
implies vacuum polarization and photon fluctuations.

5.7 Anomalous magnetic moment

Let us assume an external, uniform and constant, magnetic field Hy. The first contribution of vy
with Hp to the interacting state (apart from the zeroth order contribution) arises in the third-order
of the perturbation theory. The structure of this contribution is

~(£) (B E, [ (Z0) B[4 (Z0)], Hociy [ 0> | (96)

where the magnetic field is

H= Z iog (q X eq) (aq — a* ) €% (97)

and the suffixes 1,2, 3 denote the times; in equation (96) the space integration is included. Spin
wavefunctions should be included, which amounts to products of spin operators. The full contri-
bution to the interacting state is obtained by inserting the time integrations

i 3 st t1 to
h 0 0 0

a factor 3 is included for the three positions of Hy in equation (96). Obviously, only the c-operators
contribute.

We can see that, in fact, the time ¢3 does not appear in equation (96), as expected. The external
field plays the role of a probe, which lasts a short time Atf; consequently, we replace the t3-

integration by N
' A 1
_1/ g, = At _ot_ 1 (99)
h Jo
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The remaining time integrations are

t t
S= / dtye”Fralt . / dtgciCrraenla (100)
0 0

In this equation the wavevector q of the (emitted and absorbed) photon brings a comparatively
small contribution, such that _
g_ 0 e Rt — 1 u

o~ . 101
88k €k €k ( )

Taking into account the spin contribution
[o,(q % eq),]> = ¢*cos® ¢ (102)

(we recall the relationship o;0; = 0;; + ic;j;0 for the Pauli matrices), we get the energy change

3 /e)? cos® o(d) 5 5 4 o

AEy = 5 (Ji) Z mq aqﬁkﬁkJrq (Hyo) . (103)

In this expression we may approximate € by cko (ko = mc/h) and fyxiq =~ B (and average over

directions); we get the relative change in the magnetic moment (the Bohr magneton u =| e |
h/2mc)

3 €
A ~ . — 104
P o (104)

(a factor 2 should be included for the two polarizations). The result is comparable with Schwinger’s
standard result (Ap/pu = a/27).]22, 23] The result should be multiplied by a factor (k./kq)?, where
k. is the cutoff. The standard result is obtained for k. ~ kq/ \/5, characteristic for a gaussian
distribution. The standard result implies an improper regularization of a divergent integral (see,
for instance, Ref. [15]).

5.8 Pair creation: photon annihilation

ie

50" (a — a*) YE is responsible for pair creation (destruction). The electric

The interaction vy =
field is ,
E= Z iqag (eqaq — e_qa’y) €', (105)
q

after the spatial integration the interaction becomes
Ve=—-35 qu q0q Pk Pr—q (Cl*(o'yb*—k+q + b*kaycka) ’
(106)
. (eqaq — e_qa*_q) ,

where the spin suffixes are included. We can see that an external photon is absorbed and generates
an electron pair, with opposite spins. The interacting state is given by

€ * * —w,
T 00 B Pi-aCyCaybliciqe " 10>, (107)
Kk
where the time integration should be included. We get the amplitude
e

/= —%qaqﬁkﬁk_q cOs ¢ Sin PSa. (108)
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for the pair ¢, b*) ., , where Ae = ep + e q — Wy (|Sac)” = 2ntd(Ae)) and ¢ = ¢(q) is given by
equation (94). We can see that the momentum is conserved, but the energy cannot be conserved,

since the equation
VE2+ KR+ (k—q)2+ki=q (109)

has no solutions (as it is well known).

5.9 Pair creation: external field

The coupling of vy with v, or vy leads to pair creation; vy can be generated by an external
magnetic field. Similarly, we can consider an interaction vy generated by an external (static)
electric field, like the field grad(Ze/r) of a nucleus with charge Ze. This electric field is

AmiZek .,
it generates an interaction
‘/0 - 471—;;2 z:kk1 k‘%/glﬂﬁklﬁ-k'
(111)
: (Cl*q oykybZy, y + b—klaykyclirk)
(of the vg-type). We couple this interaction with
Vo=—-5 qu g Bk i—q(2k — q)-
(112)

(g + b’ikJrqb,k) (eqaq — e,qa*_q) .
The interaction V; does not depend on time; we use for it the integral given by equation (99). We
apply
2 /t dt, V,,(t1)V, (113)
hmce? J, 1Ppir) 0
to the state a, | 0 > (the factor 2 in equation (113) arises from the product (V, + V5)(V, + 1p)).
The temporal factor Sa. implies

Cktq — ¢ = Wgq (114)
an equation which is only approximately satisfied for small k and q of the order k3. The momentum
is not conserved, since the (large) nucleus is static. There are two amplitudes for creation of pairs
(k,—~k + q — k') and (—k + q,k — k'), with opposite spins and undetermined k’. The order of
magnitude of these amplitudes is

4mielZ  [2mchk .
[~ ihmc%% ™ ysmﬁsmﬁ'cos ¢©'Sac (115)

where 0 is the angle between k and q and 6', ¢’ are the angles of k’. This amplitude has the
dimension /a - vol®/?, where a = €?/ch is the fine-structure constant. The factor vol*/? is reduced
by the density of states. Also, the amplitude given by equation (115) can be written as f o~

VaZ ey ? where r, = €2 /mc? is the classical radius of the electron. Electron-positron pairs can
also be created by polarizing the vacuum by an external electromagnetic field.[24]

The uncertainty implied by the second-order perturbation theory requires a density of states
~ 1/A3 for each electron; and a factor ~ 1/, for the photon; it follows a cross-section o ~ aZr?,
which has the order of magnitude of the standard result.[25] This is the Bethe-Heitler process.
The coupling of Vi with Vj leads to the Bremsstrahlung of an electron (¢, | 0 >) in an external
field (and synchroton radiation).
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5.10 Pair creation: two-photon annihilation

The coupling of Vg (equation (106)) with V,, (equation (112)) leads to pair creation by the annihi-
lation of two photons. We apply the second-order perturbation operator (V,Vg) to the intial state
aga® | 0 >. The time integration leads to Sa., where Ae = 2¢), — 2wy, for the pair (k, —k) with
opposite spins, and to Sa., Ac = e — ex_q — Wq, an approximate energy conservation. This is
the Breit-Wheeler process. The energy conservation 2¢j, — 2w, is satisfied for k — 0 and g =~ k.
The amplitude of formation of the pair (k, —k) is

oV 02 B0 6 cosgsing - 8 116

f_:Fﬁ (E) q aqﬁog—qsm cosfsinp - Sa. (116)
where © is the angle between k and q and 0, ¢ are the angles of the wavevector q (with respect
to the electron spin). For ¢ ~ kg the order of magnitude of the amplitude f is f ~ aA? (where
S ~ 71~ \./c), in agreement with the standard result (we note that r. = a\.).[26] The process of
pair formation by annihilation of two photons is related to the process of pair annihilation with
the formation of two photons.|27|

5.11 Charge renormalization

Let us consider the interaction of a charge e with a static charge ). The latter generates an
interaction Vj given by equation (111). The first non-vanishing correction to the initial state
¢, | 0 > appears in the second order of the perturbation theory; it is due to vacuum polarization.
Before effecting the time integration, this contribution reads

e 2
(%) Zq,q/ #Bkﬁi—qfﬁqufq/ (oyay) (Ung,)'

(117)
.ei(Ek_q/*€k)t16i€k_q/tgc* | 0 >
k—q—q’ :
The main contribution to the state ko, with small k, comes from small q = —q’. This is a quasi-

static interaction; instead of two V[ generated by (), we may use only one generated by () and
another generated by e; then (eQ)? is replaced by €*@Q. The integration over q' gives ¢?Aq ~ 1/\3.
The main contribution of the time integration is Sa. /ey,

ei(5k+q_5k)t _ 1
Sae = ~ it . (118)
€k+q — €k

After averaging over angles we get a change

1 (4meQ\° B 4x— 1
AE ~ — DOy — 11
() S¥Le s

3h ch €

in energy, which should be compared with the Coulomb interaction 4we@ >, 1%2 It follows a charge
renormalization of the order de/e ~ Za, a result comparable with the standard results.|28]-[31]

5.12 Photon mass

The vacuum polarization accompanied by photon fluctuations in the perturbation series does not
change the energy of the photon. However, the interaction with a "real" electron gives mass to
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the photon. Indeed, the interaction leads to

LS4 — AAM + 8 (Yy) AF =
(120)
— Az _ dmich o (g — gt o

which is a wave equation with sources and mass. For an electron (both spin orientations) we get

a photon mass given by
, e*h? 1 ) )
mphzﬁ-ﬁ:a(mc/E)m : (121)
where E is the energy of the electron. The photons interacting with the electrons are similar
with radiation propagating in matter (polaritons). The photon mass leads to a screened Coulomb
m h(‘

. . _ _ph”
Interaction %e Al

6 Conclusion

The quantization of the relativistic motion implies a cutoff length of the order of the Compton
wavelength (and corresponding thresholds in energy, momentum, duration). Being associated to
an undefined, unphysical motion, it is not subject to the relativistic invariance requirement.
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