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Non-inertial electromagnetic effects in matter, ie. electromagnetic fields created by a non-inertial
motion of material bodies, are discussed within the Drude-Lorentz (plasma) model of matter
polarization. It is shown that an oscillatory motion of a point-like body, or wavelike motion in an
extended body gives rise to electromagnetic fields with the same frequency as the frequency of the
original motion, while shock-like movements of a point-like body generate electromagnetic fields with
the characteristic (atomic scale) frequency of the bodies. The polarization of a rigid body induced by
rotations is discussed in various circumstances. A uniform rotation produces a static electric field in a
dielectric and a stationary current (and a static magnetic field) in a conductor. The latter corresponds to
the gyromagnetic effect (while the former may be called the gyroelectric effect). Both fields are
computed for a sphere and the gyromagnetic coefficient is derived. A non-uniform rotation induces
emission of electromagnetic fields. The equations of motion for the polarization are linearized for slight
non-uniformities of the angular velocity and solved both for a dielectric and a conducting sphere. The
electromagnetic field emitted by a dielectric spherically shaped body in (a slightly) non-uniform
rotation has the characteristic (atomic scale) frequency of the body (slightly shifted by the uniform part
of the angular frequency). In the same conditions, a conducting sphere emits an electromagnetic field

whose frequency is double the uniform part of the angular frequency.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The magnetization of a rotating body (Barnett effect) [1], or the
rotation of a magnetized body (Einstein-de Haas effect) [2],
are both known as the gyromagnetic effect(s). By extension, the
rotation of a spin (magnetic dipole) in a magnetic field, or the
rotation of an electric dipole in an electric field, is also called
gyromagnetic (respectively gyroelectric) effects (phenomena).
Such effects are attractive experimental tools, since they provide
access to magnetic susceptibility, orbital magnetic effects, mag-
netic properties of matter, including powders and granular
matter, etc. [3-11]. Although these effects are known for a
long time, the gyromagnetic coefficient for macroscopic bodies
remained a phenomenological parameter. Here, we derive the
gyromagnetic coefficient for a sphere, by using the well-known
Drude-Lorentz (plasma) model of matter polarization. Histori-
cally, the Drude-Lorentz model has proven useful in describing
the electric conduction or the optical properties of matter
[12-17]. Recently, it was used for describing the reflection and
refraction, as well as plasmons, polaritons and van der Waals-
London and Casimir forces in matter interacting with the electro-
magnetic field [18,19].
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Here, we put the problem in more general terms. Since the
rotation associated with the gyromagnetic effect is a non-inertial
motion, we can extend the resulting electromagnetic properties
to other non-inertial motions, like translations, for instance. We
show here that a point-like body in oscillatory motion, or a wave
propagating in an extended body generate electromagnetic fields
with the same frequency as the frequency of the oscillatory
motion or the wave frequency. A shock-like movement of a
point-like body generate electromagnetic fields with the char-
acteristic (atomic scale) frequency of the body. It is also shown
that a uniformly rotating dielectric sphere develops a static
(quadrupolar) electric field (which may be called the gyroelectric
effect), while a uniformly rotating conducting sphere sustains
stationary electric currents which generate a magnetic field. This
is the gyromagnetic effect, and the gyromagnetic coefficient is
computed here for a spherically shaped body. Slightly non-uni-
form rotations are also discussed in the context of the linearized
equations of motion for the polarization. It is shown that a
dielectric spherically shaped body in a slightly non-uniform
rotation generates electromagnetic fields with the characteristic
(atomic scale) frequency of the body (slightly shifted by the
uniform part of the angular frequency), while a conducting sphere
in the same conditions emits electromagnetic fields with the
frequency equal to the double of the uniform part of the angular
velocity.
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Non-inertial translations: We assume a simple model of homo-
geneous matter consisting of identical, mobile charges g moving
in a neutralizing background of charges —q. A local relative
displacement u generates a polarization charge density p and a
polarization current density j given by

p=—-nqdivu, j=nqu, 1)

where n is the charge density. The polarization (dipole momen-
tum of the unit volume) is given by P =qnu, so the charge and
current densities can also be written in the usual form p = —divP
and j =P. Let the background moves as a rigid body with velocity
V and let mw?u be an elastic force acting locally upon the charges,
where m is the (reduced) mass of the charges and w. is a
characteristic frequency. The frequency w. is an atomic-scale
frequency, corresponding to a model of dielectrics. For conduc-
tors, where the electrons are quasi-free, w. =0. The equation of
motion for the charge displacement reads

mi = —mV-mw?u—mya, )

where y is a damping coefficient (y < o, for o, # 0). Usually, we
set y =0, as for an ideal body (plasma). Similarly, we neglect the
collision processes of the charges in the body. Making use of the
Fourier transforms we get

—iowV(w)

U= oy ®
and

—ioV(w ;
u(t)_ /d w?— wzg—lzuy e “

(where the integration must be performed in the lower half-plane).
For an oscillatory motion with amplitude B and frequency Q
the velocity is given by V(t) = BQ cos Qt and

2
ZQ > sin Qt, 5)
(o

u(t)=—

(where we dropped out the damping factor y). For a wave with a
wavevector k, V(t) = BQ cos(Qt—kx) and

2
EQ S sin(Qr—kx). (6)

u(t)=—

For a shock of duration T (T < t) and velocity Vo, V(t) = TVd(t) and
u(t) = TV, cos wct. (7)

The polarization charges and currents corresponding to the
polarization P = gnu give rise to electromagnetic fields described
by the Kirchhoff’s retarded potentials

[ pRL[R-R|/0)
1 iR R-R/0)
ARD=; [ dR SRRl ®

where the integration is performed over the volume of the body.

For a point-like body located at the origin we take u=
vug(t)o(R), where v is the volume of the body. The polarization
charge and current are given by

. aug
p = —nqu(tograd)d(®), j=nqv—2o(R). )
The potentials can easily be computed
R 5’[10([' R/C) Rllo(t—R/C)
PR t)= nqu A e ,
AR, =nq ] M (10)

ot

(We can check the Lorenz gauge divA+(1/c)o®/ot =0). Making
use of Eq. (5) for an oscillatory motion we get the potentials

OR,t)=— anun Q cos Q(t— R/c)+ — sm Q(t—-R/0)|,
Q°—w? lc
AR,f) = _z;;qug £ 0 cos Q(t—R/0c), 1

where e is the unit vector along the direction of the motion. We
can see that the body in oscillatory motion radiates electromag-
netic waves with the motion frequency Q2. Making use of Eq. (7)
for a shock, we get

D(R,t) =nquTV,y|— %wc sin w(t—R/c)+ % cos w:(t—R/0)|,

AR,0) = —nquTV, %wc sin wc(t—R/c), 12)

and the radiation emitted has the characteristic frequency w, of
the body.

Let us assume now that we have an infinitely-extending body
subjected to a wave-like motion, as given by Eq. (6). The
potentials are given by

87BkngQ? cos(Qt—kR)

DR, t)=— ,
®0 Q—w? K0P/

87BngQ’ cos(Qt—KkR)

AR,t)=— ,
R.5) C(Qz—cog) kz—Qz/c2

(13)

where we can introduce the velocity v = Q/k of the propagating
wavelike motion of the background. We can see that the emitted
radiation has the frequency @ of the wave propagating in
the body.

We can see from the above discussion that a non-uniform
translation of a body can generate electromagnetic fields. This is a
non-inertial electromagnetic effect.

Rotations. Static electric field: Let us assume _that the rigid
background is moving with an angular velocity . The motion
of the displacement u is described by

U=rx Q420 x Q+Q x(rx Q)-w?u—yuy, (14)

where the first term in the rhs comes from the non-uniformity of
the angular velocity, the second represents the Corlolls force and
the third is the centrlfugal force. We chose 3 and O oriented
along the z-axis, i.e. 0= Qe, and 0= = Qe,, and see immediately
that u, = 0. We get two coupled equations

iy + 2 Uy + i —2Q11y = yQ +XQ%,

ity + w2uy + ity +2Qil, = —xQ +yQ?, (15)

for the other two components of the displacement.
We consider first Q=const (a uniform rotation). Usually,
Q < w.. Averaging out the high-frequency oscillations of the
solution of the homogeneous system of Eq. (15), we are left with
the (particular) solution (y = 0)
2 QZ

w2’ uy =y
wg

Uy =X— (16)

w?’
We can see that the centrifugal force pushes the charges towards
the surface of the rotating body. Since u does not depend on the
time, the current, the vector potential and the magnetic field are
vanishing. We are left with a static scalar potential as given by

Eq. (8). We compute this scalar potential for a spherically shaped



M. Apostol / Solid State Communications 152 (2012) 1567-1571 1569

body of radius a, for which the displacement field u reads
o2
u= @ (%,y,000(a—R), 17)

where 0(x) =1 for x >0 and 6(x) =0 for x < 0 is the step function.
The calculations are straightforward. Making use of Eq. (1) we
compute the polarization charge density (paying attention to the
derivatives of the step function), expand the Coulomb potential in
Eq. (8) in Legendre polynomials and use the well-known addition
theorem for the two vectors R and R'. We get easily the potential

o % a? —%(ZR2 -7%), R<a,
dR) = —4nnqﬁ @ /32 (18)
< | —= (—2—1), R>a.
15R°\ R

We can see that this is a quadrupole potential, with a charge
contribution inside the sphere. The corresponding electric field
E = —grad® can be easily computed from Eq. (18). We give here
the electric field inside the sphere

16m QP 1
ER)=——n —<x, ,—z>. (19)
5 qwg )

We can see that the x,y-components of the electric field are
proportional to the corresponding components of the polarization
(P =nqu, where u is given by Eq. (17)). In addition, there appears
also a z-component of the electric field, due to the non-uniform
polarization along this direction. It is also worth noting that the
average of the electric field (and polarization) over the volume of
the sphere is vanishing. We can call this effect the gyroelectric
effect.

Rotations. Gyromagnetic effect: For conductors, the situation is
different. For w. =0 (and Q =0,y = 0), Eq. (15) becomes

liy—2Qi1, =xQ%, iy +2Qu, =yQ?. (20)

Again, averaging out the oscillating terms, we are left with the
solution
ulegy 1 :—1Qx. (21)

27 2

We can see that the combined effect of the Coriolis and the
centrifugal forces leads to the occurrence of circular polarization
currents in the plane transverse to the rotation axis. These
currents (given by j=nqu) are stationary and divergence-free
(divj=0). They generate a magnetic field H = curlA, where A is
given by Eq. (8). Again, the calculations for a spherically shaped
body are straightforward. This time, the contributions are dipolar
(arising from the associated Legendre function P} ). We get the
vector potential

0O @R, R<a,
AR) = 50, -x0)] 54 @2)
— R>a.
5R

and the magnetic field inside the sphere

_ 2mnqQ 5, 2 2
H= 5c (xz,yz, 3 a‘—(2R"—z%) |. (23)
We can see that, both inside and outside the sphere, the magnetic
field has the specific two-poles pattern of a magnetic dipole.

The average of the magnetic field over the volume of the
sphere gives the only non-vanishing contribution

— 16mnqa®
He=—"55¢

The coefficient in front of the angular velocity Q in Eq. (24) is the
coefficient of the gyromagnetic effect. For non-magnetic matter

Q. (24

H; is the magnetization, and p=VH, is the magnetic moment,
where V is the volume of the body. Eq. (24) can then be written as
8n Q

n=—- ?WL' (25)
where Q is the total (mobile) charge of the body, M is the mass of
the body and L is the angular momentum (with respect to the
rotation axis). From the equation of motion dL/dt = I{ x Hg in an
external magnetic field Hy, we get dii/dt=7yHy x I, where
y=(8m/5)(Q/Mc) is the gyromagnetic ratio. By analogy with the
quantum particles, the numerical factor —167/5 in Eq. (25) can be
viewed as the g-factor in the relationship between the magnetic
moment and the angular momentum.

Similar calculations can be done for other shapes of the bodies,
however, with appreciable technical difficulties in many cases.

Time dependence. Dielectrics: In order to include the time
dependence we linearize Eq. (15) by writing

Q=Q0+Q1(t) (26)
and
Uxy = Uy yo +Uxy1 (1), 27

where Qg =const, Qq(t) <€y and uyy=const are given by
Eq. (16) (where Q is replaced by Q). It is not necessary to have
Uyy1(f) < Uyyo. Upon linearization Eq. (15) becomes

il;q +w§ux1 +])ilx1 —ZQ()uﬂ =le +2XQOQ‘] )

ily1 + 21y + iy +2Q0T = —xQ1 +2yQ0 Q. (28)

We take the Fourier transform of these equations and omit for the
moment the argument w in uyy(w) and Q;(w). Eq. (28) read

(0? — @ +iy)iy —2iQowuy, =C,

(* =2 +iwy)uy +2iQowuy =D, (29)
where

C=(ilymw—2xQ0)21, D=—(ixw+2yQy)$2;. 30)

We note the symmetry of the system of Eq. (29) for x—y and
Q01 <> —€0 1. The solutions of Eq. (29) can readily be obtained. For
Qg < w¢ (which is the realistic condition) they have four poles
+ we + Qp—iy/2 in the lower half-plane. We take the inverse
Fourier transform (the integration must be performed in the lower
half-plane) and get

Uy (t) = Q1(w¢)COS W t(y cos Qot—x sin Qgt),

Uy1 () = —Q1(wc)Cos wct(y sin Qot+x cos Qot). 31

In the amplitudes of the oscillating functions in Eq. (31) we used the
approximation Qp < ., and assumed also Q;(w.) = Q7j(w.) (and
put y=0). As a consequence of this approximation, the displace-
ment components given by Eq. (31) are determined solely by the
non-uniform angular velocity (the Q- term in Eq. (14)), the role of
the Coriolis force being that of shifting the frequency w. to w. + Q.
Within this linear approximation the centrifugal force does not
contribute (it determines the constant displacements ).
Comparing Eq. (16) with Eq. (31), we can see that, although
Q1 <Qp <, it is possible to have uyy > uyyo, if the Fourier
component Qq(w.) is sufficiently large (as, for instance, for
shocks). Further on, we leave aside the displacements uyy,o and
focus ourselves on the effect of the time-dependent components
Uyy1. It is easy to see from Eq. (31) that the displacement u
performs a wobbling motion, including a rotation with freq-
uency € and a radial oscillation with frequency wc (uf; +u3, =
Q% (we)r? cos? wt).

We simplify further Eq. (31) by noticing that they imply
oscillations with the frequencies w¢ + Qo where we may neglect
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Qg in comparison with w.. We get

Uy (£) = 21y €OS @ct, Uy (t) = —1x COS Wct. 32)

Making use of Eq. (1), we can see that the polarization charge
density is vanishing for a sphere (div[u;8(a—R)] = 0, where a is the
radius of the sphere); we are left with the polarization current
density

j1 =nqQ1w(-y,x)0(a—R)sin wt, 33)

which we use to compute the vector potential from Eq. (8).
The vector potential A given by Eq. (8) contains the “retarded”
Coulomb potential e'®R-Rl/c/|R—R’|. This potential has an
expansion in Legendre polynomials P, whose coefficients are
given in Ref. [20]. It reads
eHRRT i 1 )
R~ 5 (RR) > @n+1)),112(2R <)Hp 1 12(AR - )Pa(c0s O),
n=0
(34)

where J, 1, and Hy,1/> are the Bessel and, respectively, Hankel
functions of the first rank, @ is the angle between the two vectors
R and R/, R. =minR,R), R~ =max(R,R) and A is any real
parameter (A= w./c). We limit ourselves to the radiation zone
R > a, AR > 1 and a macroscopic body for which la> 1. We get the
vector potential

4nnqa®c,
"

AR)= in %(fy,x)sin w(t—R/c). 35)

C

This vector potential has a dipolar character and satisfies divA = 0.
We can see that a dielectric spherically shaped body which
rotates about an axis with a (slightly) non-uniform angular
velocity (Q = Qo+ Q1, Qo = const, Q1 # 0, Q; < Qo) emits radiation
with the frequency =~ w., where @, is the characteristic (atomic
scale) frequency of the body. The amplitude of the emitted field is
governed by the Fourier transform Q1 (w.) of the angular velocity.

Time dependence. Conductors: In order to carry out the linear-
ization procedure for conductors (w. = 0) we introduce the new
variables vy, =iy, and write Eq. (15) as (y =0)

Ux—2Qu, =yQ +xQ?,

Uy +2Quy = —xQ +yQ°. (36)

Here we set Q =Qy+Q;(t) and vxy = Vxyo+Vxy1, Where Q; < Qo,
Qo = const and vy = Q0y/2, Vyo = —Lpx/2. The constant compo-
nents vy, are given by Eq. (21) and causes the gyromagnetic
effect. We focus here on the time dependent components.
The Fourier transforms of the solution of the linearized system
of Eq. (36) have two poles in the lower half-plane at + 2Q,.
The corresponding displacement field is given by

Uyt = —321(2Q0)(x sin 2Qpt—y cos 2Qqt),

Uy1 = —1Q1(2Q0)(x cos 2Qpt +y sin 2Qqt). 37)

In Eq. (37) 21(2Qp) is the Fourier transform Q;(w) for v =2Q,
(we have assumed Q7 (w) = Q1()). In the subsequent calculations
we omit the argument 2Qq and write simply Q7 for Q(2Q).

Now, it is easy to compute the electromagnetic potentials
given by Eq. (8). According to Eq. (1) the polarization charge and
current densities for a sphere of radius a are given by

1 a>-22 .
p= jan] 29(a—R)—T()(a—R) sin 2Qqt,

j=—nqQRoQ1[(x,y)cos 2Qot +(y,—x)sin 2Qqt]0(a—R). 38)

The calculations are straightforward and go in the same manner
as for a dielectric sphere described above. We give here the lead-
ing terms for the realistic conditions Qpa/c <1 and QyR/c <1,

i.e. for wavelengths c/Qy, much longer than the radius of the
sphere and the distances of interest (this is the opposite to the
approximation used for a dielectric sphere, where the relevant
frequency w. corresponds to very short wavelengths). Under
these conditions we get the scalar potential

5
BR) = L;"S’;f‘ Py (cos O)sin 2Qq(t—R/c), 39

and the vector potential

4ntnqa® Qg

AR) = - 15k & [(x,y)cos 2Q0(t—R/c)+ (y,—x)sin 2Qo(t—R/c)],
c

(40)

(where cos 0 =z/R). We can check immediately the Lorenz gauge
divA+(1/c)o®/ot =0 (within our approximation). The retarded
contribution to Egs. (39) and (40) (2QoR/c in the oscillatory
functions) can be omitted, and the field assumes, in fact, the
aspect of a stationary field. We can see that a conducting sphere
which rotates about an axis with a (slightly) non-uniform angular
velocity emits (quadrupolar) radiation with the frequency 2Q,
where Qg is the uniform part of the angular velocity. The
amplitude of this radiation is governed by the non-uniform part
Q4 of the angular velocity.

Concluding remarks: Electromagnetic phenomena arising from
the non-inertial motion of matter have been investigated in this
paper by using the well-known Drude-Lorentz (plasma) model of
polarizable matter and the corresponding equation of motion for
the electric polarization. It was shown that a point-like body
subjected to an oscillatory motion emits an electromagnetic field
with the same frequency as the frequency of the oscillatory
motion; while the same body subjected to a shock-like movement
emits an electromagnetic field with the characteristic (atomic-
scale) frequency of the body. A wave propagating in an infinitely
extended body generates an electromagnetic field with the same
frequency as the wave frequency.

It was also shown that a dielectric sphere in uniform rotation
develops a static polarization (and electric field), which contains a
quadrupolar term. This may be called a gyroelectric effect.
The average of this electric field over the volume of the sphere
is vanishing. Similarly, a conducting sphere in uniform rotation
sustains circular, static polarization currents, which lead to an
(average) axial magnetic field (i.e., oriented along the rotation
axis) proportional to the magnitude of the angular velocity.
The corresponding vector potential has a dipolar character. This
is the well-known gyromagnetic effect, and the gyromagnetic
coefficient was computed here for a spherically shaped body.

Slightly non-uniform rotations have also been investigated
here by means of a linearized equation of motion for the electric
polarization. A dielectric spherically shaped body rotating with a
slightly non-uniform angular velocity emits an electromagnetic
field with the characteristic (atomic scale) frequency (slightly
shifted by the uniform part of the angular velocity). A conducting
sphere in similar conditions emits an electromagnetic field whose
frequency is double the uniform part of the angular frequency.

In conclusion, we may say that a variety of electromagnetic
phenomena appear as a result of the non-inertial motion of
matter, including static electric or magnetic polarization, as well
as emission of electromagnetic field.
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