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ABSTRACT ARTICLE HISTORY

The screening, the configurational correlations and the interaction corre- Received 6 December 2021
lations in the theory of binary electrolytes are examined, by exploiting the Accepted 17 March 2022
charge conservation and the properties of the equilibrium state. Validity KEYWORDS

cpnditions for the.Iingarise.d D_ebye—HuckeI_ screened potential are pro- Electrolytes; Debye-Huckel
vided. A non-zero ionic radius is employed in order to account for solva- theory; excluded volume;
tion effects, and limitations on the contribution of the ionic radius are correlations

derived. A possible stabilisation of the ions in equilibrium positions, aris-

ing from counterion configurational correlations, is analysed for asso-

ciated electrolytes, and the corresponding correlation energy is derived.

A van der Waals-type equation is presented for strong electrolytes. Some

well-known technical difficulties of the theory of electrolytes are revisited,

with emphasis on statistical-dynamical correlations, excluded volume and

multiple-boundary conditions.

1 Introduction

The Debye-Huckel classical theory of electrolytes [1] enjoyed many discussions throughout the
years. The attempts of improving, or extending, this theory highlight its central concept of screening
the electrical charges (see, for instance, Refs. [2,3]). In electron plasmas (like ionised gases or
electrons in metals) the electrons, which are much more mobile than the ions, screen the ion
interaction [4]. A similar situation occurs in colloids, where the electrolyte charges are more mobile
than the colloid particles [5], or in electrolytes with a high mass asymmetry. In these cases, an
asymmetry occurs in treating the screening, in the sense that one kind of charges is screened by the
other kind. Extended studies on colloidal particles with various shapes, placed in various environ-
ments, are included in Refs. [6-12], where interesting phenomena are reported, like charge
inversion and amplification, capacitive compactness, estimation of the double-layer extension,
etc. In electrolyte solutions, with comparable dynamical properties of the ions, the screening is
due to both kinds of ions. Difficulties raised by an inadvertent ionic asymmetry in electrolytes have
been discussed long time ago, in connection with the electrolyte conductance [13,14].

We analyse in this paper the screening, the configurational correlations and the interaction
correlations in binary electrolytes, with the aim of providing a consistent treatment of the Debye-
screened potential. In order to account for solvation effects a non-zero ionic radius is explicitly
employed, and the corrections brought by this radius to the interaction energy and the limiting law
of ion mobility (electrical conductance) are re-derived. Limitations imposed upon the contribution
of the excluded volume are presented. A possible stabilisation of the ions in equilibrium positions
(counterion configurational correlations) is discussed in associated electrolytes. Well-known
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technical difficulties of the theory of electrolytes are revisited [15,16], with emphasis on statistical-
dynamical correlations, excluded volume of the particles and multiple-boundary conditions in
a space with multiple voids (ionic volume).

2 Excluded volume and ionic density

To begin with, as a general remark, the density of an ensemble of N pointlike particles with
determined (distinct) positions 7; is

n(r) = Z(?(;’ —ri). 1)

For any fixed position r all the functions &(r — r;) are zero, except the function with 7; close to r,
inside a mean volume per particle vy. In a continuum model, we can write n(r) = 1/v, and
n(r) =1/vg = AN/AV, where AN is the number of particles within an infinitesimal volume AV
constructed around the point r (the volume AV is large at the microscopic scale of the particles and
infinitesimally small at the macroscopic scale). The positions of the particles are statistical variables
in this case, and the probability of localising AN particles in the volume AV is given by the
Boltzmann distribution

AN e PU)

N AV, (2)
Jdre—ﬁu(r)

where 8 = 1/T is the inverse of the temperature T, V denotes the volume and U(r) is the potential
energy at the point r. We get the statistical density

n(r) = C(N/V)e PV, (3)
where C=V/ Jdre’/gU“) (such that Jdrn(r) = N). If the particles are endowed with a charge ¢,

the charge density is gn(r). It is worth noting that in a continuum model, where the Boltzmann
distribution applies, the mean distance between particles should be much smaller than any
characteristic distance over which the physical quantities vary (e.g. U(r)); this amounts to saying
that the physical quantities have a slow spatial variation. We show below that this observation leads
to the (linearised) Debye-Huckel model. Phenomenological and semi-empirical models have been
extensively developed recently, by combining the Boltzmann distribution (Equation (3)) with the
Poisson equation, with the aim of accounting for excluded volume, solvent structure, steric effects,
hydration, etc., in highly correlated electrolytes [17-19].

We consider an electrolyte dissolved in a polar solvent, consisting of N identical cations with
charge + g and N identical anions with charge — g (N > 1) in a macroscopic volume V (binary
electrolyte) [15]. We denote by £ the two ionic species (cation/anion) and by i, j = 1,2,... N the
ions of each species. We assume that the ions are spheres with the same radius 7. Both g and 7, are
viewed as parameters, corresponding to ion solvation; they depend on the nature of the solvent and
the ions. Different radii ry for the two ionic species may lead to different charges, and specific
solvation models are then necessary [20,21]. The results presented below can be extended to distinct
ionic charges and numbers of ions (e.g. ternary electrolytes). The interaction of the ions with the
solvent molecules is taken into account by a dielectric constant.

The radius ry limits the available volume for each particle. We need to consider an excluded
volume. This circumstance reflects a type of configurational correlations. We consider non-
associated electrolytes, i.e. we assume that the ions are not associated in space in formations of
two or more ions (strong electrolytes). The available volume for an ion is V — (2N — 1)v ~

V —2Nv (N > 1), where v = %”(21’0)3 ( < V). For instance, we cannot put an ion in a sphere
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with a volume strictly smaller than 47"7’8; if two ions are present, we cannot put one of them in
a volume strictly smaller than v. In multiple integrations, where the coordinates of the ions are
independent variables, the excluded volumes are counted twice, such that a corresponding factor
1/2 should be included. Therefore, we consider an available volume V which includes 2N spherical
voids with radius ro (multiple voids). If the coordinates rfc of the cations/anions are determined, the

density is defined by

ni(r)zz%(?(\r—rﬂ—ro). (4)

— 2115

The variable r in Equation (4) takes values everywhere in the volume V, the integration over the

volume V being performed by means ofJ dré(r — rg) =1, such that we get J_drni (r) =N.
v

r>ro
Equation (4) indicates a surface charge distribution, which may be viewed as being appropriate for
ion solvation. The Coulomb potential generated by a surface charge in the volume V is the same as
the potential generated by a pointlike charge or a charge distributed in a sphere with radius r,. The
assumption of an excluded volume is associated with a surface charge.

If the ionic positions are statistical variables, the ionic density is defined by the Boltzmann
distribution, as in Equation (3). In order to define the statistical ionic density, we need a continuum
model, where contributions of the order of the ionic volume ~r; should be neglected. We assume
the existence of an electrostatic potential @(r) in the volume V, such that the energy of an ion
placed in the potential is

+ +
Ury) = —znfg Jvdr6(|r — ] = r)D(r) = 4—3Jdo®(r?[ +10), 5)
where do is the element of solid angle and ry is the vector of length ry. A series expansion in powers
of the coordinates of the vector r, leads immediately to

U(r) = £q(r) & { 5Ad(r) +O(r}). ©

We assume that the potential @ is generated by the ionic charges. This is a mean field potential.
Since there is no charge at r;, the term with the Laplacian in Equation (6) vanishes, so we are left
with U(r;) = £q®(r;), up to contributions of the order rj. We can see, indeed, that contributions of
the order r; are absent in the potential energy and the ionic density. In all the subsequent
calculations, we limit ourselves to terms of the order r3; we define the ionic densities in the whole
volume V, like the potential @. Both the ionic density and the electrostatic potential are macro-
scopic quantities, defined in a continuum model. Finally, we get the ionic densities

ni(r) = Cene 1% )

where n = N/V and the constants C,. are determined by
J_drni(r) = CinJ_dre:Fﬁq‘p(') =N. (8)
v 14

The charge density is given by = gn. (r), where ny(r) are given either by Equation (4) or by
Equation (7), up to contributions of the order ;.
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3 Screened potential

The electrostatic potential @(r) obeys the Poisson equation
AD = —4nq[n(r) — n_(r)] 9)

in the volume V; the dielectric constant of the solvent is tacitly assumed in Equation (9) (its explicit
introduction would complicate the notation). The boundary conditions for this equation are
discussed below. In equilibrium, in a continuum model, the densities n4(r) and the potential
@(r) vary slowly in space. In order to apply the equilibrium statistics, we need to assume slowly
varying functions. In the close neighbourhood of an ion, the Coulomb potential varies abruptly, so
we should subtract the Coulomb self-energy, as shown below, which leads to a smooth variation.

Consequently, in the series expansion of the exponentials e*#1?, we may write approximately ®" =

®-o"! for any n>1, and O" = D" 2= . . =", such that &" = &-@" ", where

Q" = %J_dr@”, n=1,2,.... This amounts to avoid interaction self-correlations at the same
v

point, as it is naturally expected for a mean field. By using this approximation, it is easy to see

that the exponentials 4% can be written as
1P =1 4 y+PqP , (10)
where
Y+ = eiﬂ;:gl : (11)
The ionic densities become now
ni(r) = Cine ™0 = Cynf1 + yBq®(r)] (12)
with the normalisation conditions
Ce(1+7.89P) = 1; (13)
Equation (9) becomes
AD = —4mqn(Cy — C_) — 4n(Cyy, — C_y_)q*nPd(r), (14)

where we recognise the (linearised) Debye-Huckel model. The potential ®(r) changes the local
densities from their uniform-distribution values #n to ny(r) = Cin[l + y,Bq®(r)]; the change is
proportional to the potential, dny(r)~®(r). Since the number of ions is conserved

(J_drni(r) N), the average potential is zero, @ = 0. This condition leads to Cy =1
v
(Equation (13)), y, = F1 (Equation (11)) and

AD = > D(r), (15)

where x* = 8mBq?n. We can see that the potential @ is a self-consistent potential.
This equation is solved by using the boundary conditions provided by Equation (4), according to
the charge conservation. The solution is a superposition of potentials vanishing at infinity, given by

e—x|r—r,ﬂ e klr=r;]
o(r)=4q" - 16
=92\ =) 1o
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where the constant of integration g* (an effective charge) is determined shortly from the charge
conservation. Before this, we analyse the condition @ = 0. Equation (16) defines the well-known
Debye-Huckel screened potential [1,15]. We can see that in the close neighbourhood of an ion the
main contribution to the potential given by Equation (16) is g*e " /r, for r close to ry. For small
values of 7, this contribution has an abrupt variation, arising from the Coulomb self-potential g*/r
for r ~ ry in the expansion g*e ™ /r = q*/r — qg*k + . ... This Coulomb self-potential should be
removed, such that the assumption of a smooth potential in the Poisson equation is preserved.

1

The calculation of the average potential @ = -

J_dr(D(r) can be done, most conveniently,
v

by integrating over the whole volume V and subtracting the contribution of the volume Vi,
of the spheres with radius ry (the volume of the voids). In the integral over the volume Vi,
for a fixed sphere, we need to separate the contribution of that sphere from the contributions
of the other spheres. For instance, we get

e

o Kt *
J dr q‘e i _ 4710 N[l _ (1 + Kro)eﬂm,]_i_
Vint i

+ -
4nq : e U e 1
+ 2L (xro cosh kry — sinh k) (Zi*jW_’_ T)

gk,

17)
where 7 * = |[r;” —r| and r;;” = [r]” — r;'|. A similar contribution arises from the other term of
the potential in Equation (16), such that the average potential is

dna* —rtt —Kr
=N TT . i i
D =— quV (kro coshkrg — sinh kro) 3, (e;«f* _ em;ﬁ ) (18)
(where ri = lr; — r]f|). Since «rq cosh krg — sinh krg = (Kr0)3/3 + ..., we can see that ® =0

within our approximation of a small excluded volume. This condition defines the equilibrium state
of the electrolyte. Also, it follows that xry should be much less than unity.
The effective charge q* is determined from the condition that the integral JdrAq) over the

volume V is equal to 47 multiplied by the total charge. The integral JdrA(D reduces to a sum of

surface integrals of grad® over the spherical surfaces with radius ry surrounding the ions (the
contribution of the surface at infinity is zero). Let us assume a cation placed at r;". The surface
integrals can be effected straightforwardly, with the result

—xri —xri
q" (1 + xrg)e ™ — g*(kro cosh kry — sinh kry) ( Z ¢ +]+ - Z S ) =q. (19)

+7
dpii Ml 7 i

For an anion placed at r; the result is the same with g*, g changed to — g%, — g and 1’1-]+-+ changed in
r; - The summation over all the cations and separately over all the anions leads to the same charge
q*, providing the condition @ = 0 given above (Equation (18)) is satisfied. Therefore, the effective
charge is given by

X B i ) 1 e 1 e
q (1 + K?’o)e kro __ q (Kro cosh kry — sinh Kro) <NZK}’T - NZK}’T =q, (20)
7 KT i i
ie.
ern 1 2
=9 +5 (kro) 1)

We note that a non-zero ionic radius ry#0 leads to an enhanced effective charge g* > q.
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4 Correlation energy
We pass now to computing the electrostatic energy E of the electrolyte. It is given by E =

%Jdrp(r)(b(r) (without including the self-energy), where p(r) is the charge density. If we use
p=q(ny —n.) = —2npg'® (22)

(according to Equations (12)), we get E = — %Jdr@z(r) = 0. This is too crude an approximation,

because the potential @ given by Equation (16) shows that the main contribution arises from the
regions near the ionic positions, where |r — 7| ~ o, which indicates the use of the ionic density
given by Equation (4), instead of the statistical density. According to Equation (4), the charge
densities of the ionic spheres are

pi(r):izzg (|r — 7| — o) ; (23)

the potential given by Equation (16) can be written as

o(r) =3, [@f (r) + @—(r)] ; (24)
OF (1) = a5

[r—r] 0

such that the electrostatic energy is given by

1 1 _ o
= Jidr [2 E pi @ +3 E p; O + E pi@
v i#j i ij

where we avoid the self-energy of the screened ions; Equation (25) accounts only for the electro-
static interaction energy of the screened ionic charges. The integration in this equation is performed
immediately; we get

—xr T
14 e y
E= zKosmhKrO[z:<ﬁ+ )—22 +1 , (26)

i ij T 7 T

; (25)

where M = g[1 +1(xro)?].

In general the calculatlon of the summations in Equation (26) can be done by using two-particle
correlation functions [22-24]. For a uniform distribution of ions, Equation (26) leads to E = 0, such
that a non-vanishing contribution may result from self-energies. For higher densities (or low
temperature), the summations in Equation (26) can be performed by taking into account the
excluded volumes indicated by i#j and ri;-r ~ in a uniform distribution of ions. For like ions
a volume V/N = %4’ is assigned to each ion, where 24 is the mean separation distance between
these ions (a>r0); the corresponding excluded volume is 43—”(2a)3. For counterions, a volume
V/2N = %13 is assigned to each ion, the excluded volume is % (2a)’, where @ = a/2'/. This
assumpt1on of excluded volumes reflects a type of configurational correlations. We give here the
computation of the first summation in Equation (26) (for a fixed r;), omitting the superscripts + +:

—Kij e~ Klri—7| e K"

’re
g ) = nJ dr nJ dr =
7 rij Vi | - 7'| 2rg<r<2a r

= Z —a [(1+ 2krg)e ™ — (1 + 2xa)e ],

27)
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where 3 = nJﬁ dre= =3",<= (and the prime means the excluded volume); the volume V', is the
1

whole volume V minus the spherical volumes with radius 2. The calculation of 3 leads to

Z:nJ ar<Z —n J dreit —
v r Zz r<am [ritr]| (28)
= 41 _ 41 (2rg cosh 2krg — sinh 2xrg) >

i.e. X = 47n/«%. The quantity 3 does not enter the final result of Equation (26). Introducing all the
three summations in Equation (26), we get
4mqq* =
E= #Nsinh xro[(1+ 2xa)e > — (1 + 2ka)e ] . (29)
KTy
It is easy to see that E given by Equation (29) is always negative (for a < a), indicating the tendency
towards a bound state. Formally, we may get a simplified expression of E in the limits xry < 1 and
ka, ka < 1; it is the Coulomb energy
64’ 7

E~ (1-2"N+...==22LN+.... (30)
a a
The error introduced in the above calculation by the continuum approximation of a uniform ionic
distribution with excluded volume (in comparison with the discrete summations) may change
slightly the numerical coefficient 1 — 27%/3 in Equation (30); however, the counterions are always
closer to each other than the like ions, such that the energy is always negative. The fluctuations of
the parameter @ about the equilibrium position, a — @ + da ( < da> = 0), lead to a positive change
OE = 87¢>nN(8a@)* >0 in energy, which shows that the equilibrium is stable. For moderately low
temperatures or dilutions the electrolyte solute looks like a liquid, while lowering further the
temperature or increasing the concentrations, where the Debye length becomes comparable to, or
shorter than the mean inter-ion separation distance a (xa > 1), the ions may stabilise themselves in
equilibrium positions (in estimating the numerical values of the energy in Equation (30) we should
include the dielectric constant of the solvent). An estimate of these critical values of the temperature
and the concentration is given shortly below. In this case, the equilibrium state should be re-
constructed, by including the repulsive ionic interaction. Such a long-range order in electrolytes has
been suggested a long time ago [25]. The stabilisation of the ions in equilibrium positions indicates
an associated electrolyte, similar to an ionic solid (e.g. the factor 2.2 in Equation (30) is a Madelung
constant [26]). It is difficult to illustrate such an ionic solid by numerical calculations, because of the
finite spatial extension of the ionic sample, which generates instabilities. The factor 1/2 in @ =
a®/2 is reminiscent of the correlation factor introduced by Bjerrum for associated electrolytes [27].
The characteristic length of variation of the screened potential given by Equation (16) is the
Debye length x~!. According to the assumption of the continuum model and the statistical
equilibrium, this screening length should be much longer than the mean separation distance 2a
between counterions, i.e. 2xa < 1, or, approximately, %2 <« T: the Coulomb energy should be much
smaller than the temperature. g*/T is the Bjerrum length. For g = —4.8 x 10 '%esu (electron
charge) and T = 300K we get g*/T = 5.5 x 10~%cm; if we allow for a dielectric constant ¢ = 80
(water), we get q°/T =7 x 10 8cm. For mean separation distances smaller than the Bjerrum
length, interaction correlations appear and the above description, based on the existence of a mean-
field potential, is no longer valid [28-30]. In this case, the change in position of an ion modifies the
potential, such that the removal of the self-correlations (in @" = @P") is not valid anymore. We
need to solve for the effects of the interaction, repulsive ionic interactions included, and expect
elementary excitations like plasmons, or sound-like waves.
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For high temperatures or high dilutions (xa < 1) the electrolyte behaves as a (non-ideal) gas.
The excluded volumes discussed above (associated to the mean distances a and @) are practically
zero, as a consequence of the thermal motion, the interaction energy given by Equation (26) is
vanishing, and we are left with the self-energy of the screened ions (not included in Equation (26)),
which is given by

2

99" e 9" _ q
Ejop = d Or—ry) =g =— 1 . 31
ion 27_”3 Jr>r0 r r (l’ 1‘0) o € 7‘0(1 —I-Ki’o) 3 ( )

subtracting the Coulomb self-energy and multiplying by ;-2N, we get the well-known total

interaction (or correlation) energy [1,15]

_ q’kN
1+ xry

Ejpt = ~ —qz;cN[l — Kkro + (K?’O)z] ) (32)
Using Epy/T? = — O—E’T (Fint/T), we get the interaction free energy Fi,; (up to a T-independent term
in Fip /T, arising from the excluded volume). According to the theorem of small increments, Fi;
gives also the interaction contribution to the Gibbs free energy at constant pressure and tempera-
ture for the electrolyte solution (in computing the Gibbs free energy it is convenient to introduce
the number of particles and the molecular volume of the solvent) [31]. The statistical equilibrium
requires an estimation of the interaction effects up to relative corrections of the order
¢*/aT = (ka)* < 1, where a is the mean inter-ionic separation distance. The energy given by
Equation (32) satisfies this criterion, since E;,;/N(q*/a) is of the order xa. Also, the energy given by
Equation (30) satisfies this criterion, although the energy given by Equation (29) may lead to
ka > 1, which requires the re-construction of the equilibrium state. Higher-order correlations may
bring contributions, which infringe upon this criterion, or are irrelevant.

5 van der Waals equation

By using the above results, we can arrive at a van der Waals-type equation for the non-ideal
electrolyte gas. According to our assumptions, the excluded volume ~r; should be omitted in this
equation (V = V); also, the small terms «r, and (kr,)” in Equation (32) may be neglected, since E;
should be a small correction to the energy, which implies a > g*/T (xa < 1). We get the
correction to the free energy Fi, = —%qZKN and the total (osmotic) pressure (at an interface
with the solvent, van’t Hoff's law)

287\ 3/2
p—ﬂ—zmTCJ N) . (33)

v 3 vV

The function p(V) given by this equation has a maximum at V; = a3, a; = (7/ 2)1/ ’(g*/T), where
the pressure is p; = = T(T/q?)’ and a zero at Vo = a3, ap = (271/9)"* (42 T). Close to these points
(where the correction to the energy is no longer small) the negative pressure generated by the
Coulomb interaction dominates the thermal pressure; in this region, the electrolyte has the
tendency to collapse in a bound state, first as a liquid, followed by an ionic solid. The values ag ;
can be taken as an estimate of the parameter a used in Equation (29) for an associated electrolyte.
Equation (33) can be written as p, = 1/% — \/7/37*/? in the reduced variable ¥ = V/2Nv,, where
pr = pvp/T and v, = (q*/T)’ is the Bjerrum volume; the curve p,(¥) is shown in Figure 1.

In order to compute the Gibbs free energy @ we need to introduce the molecular volume vy =
V /Ny of the solvent, where Nj is the number of solvent molecules; vy is a function of the pressure p
and the temperature T. For a weak electrolyte (N < Nj), the Gibbs free function is given by
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Figure 1. Reduced pressure vs reduced volume p, = 1/v — \/71/3V3/2 (van der Waals-type curve for electrolytes, Equation (33)).
The parameters g ¢ are of the order of the Bjerrum length g?/T. In this concentration region the electrolyte has the tendency to

collapse into a correlated state (ionic liquid, ionic solid).

2 7 (2¢*N\**
(D:Noy0+2NT1n(N/€NQ)+N(l//++1//7) —EN() V—T<T> , (34)
0 0

where y is the chemical potential of the pure solvent and v are undetermined functions of pand T
[31]. Hence, we can compute the chemical potentials of the solvent and the ions, as well as the
change in the freezing point, the boiling point, the vapour pressure, etc. For instance, the heat

released by dilution is
2v/m . (2¢N\?, 0 1
=V T
Q=3 N“( N0> ot \ /2732 (35)

(the dielectric constant should be included under the temperature derivative).

6 lon mobility

The non-zero ionic radius ry brings a small correction to the relaxation change in the mobility
of the ions. We give here a simple derivation of the relaxation change in mobility for high
dilution. According to Onsager [14], this change consists of two factors. The first factor arises
from the change brought about by the external electric field in the localisation probability. This

change is — [)’Jdrp(S(D, where p is the charge distribution of an ion and §® = —kg*e " dx/r is

the change in the potential of a counterion, with dx the change in position along the electric
field (removing the Coulomb contribution). It is easy to see that dx is the projection along the
direction of the electric field of the displacement rcos@ produced by the field along r, i.e.
rcos® 0, where 0 is the angle between r and the direction of the field. Averaging over directions,
we get 0x =37, such that & = —1xg*e™™ and the change in probability is — 3fqq ke ™",
The second factor arises from the change in the mean correlated mobility. The mobility g,
defined as velocity divided by force, v = uF, implies a correlated mobility arising from the
product of two velocities, viv, = p;u,F>. The correlated mobility S is given by S =g — /S,
where @ is the average mobility (for counterions) [14]. In general, for two counterions with
charges g1, and mobilities 4, , the average mobility is @ = (quy; — qapt,)/ (91 — 92) (4, + 1, ); for
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binary electrolytes q; = —q, = q and @ = 1/2 [32]. It follows that the mobility factor is

S=1-1/y/2. Finally, we get the mobilities corrected by the counterion relaxation
(Kohlrausch law)

S - SBq*x
— 1 —— Kro | — 1— .
S P‘l,z( 3/3% ke ) P‘1,2{ 31 KTO):| ; (36)

we can see that a non-zero ionic radius further reduces the ion mobility [33]. A similar
result is valid for the electrophoretic part of the change in the mobility, by replacing the
screening length x' by x'+ry=x"'(1+xry). These formulae should be limited
by (14 xrg) " ~ 1 — xro + (xr)°.

In the opposite limit of higher concentrations, or lower temperatures, there may appear two
distinct behaviours of the conductance. If the configurational correlations and association
dominate, especially in solvents with small dielectric constants, we may have a further decrease
in conductance; their effect may be diminished in solvents with larger dielectric constants, such
that the conductance may exhibit a tendency of increasing with increasing concentration.

7 Conclusions

The main assumption of the above calculations is the existence of an electrostatic, self-
consistent mean-field potential @(r), generated by the ionic charge distribution in the volume
V, i.e. for all points r except those belonging to the ions with radius r. In equilibrium, the
cation/anion charge density is given by the Boltzmann distribution n.(r)~e™1®("), These
charge densities are defined for all points r where the potential is defined. Consequently, the
electrolyte is viewed as a continuous medium (with multiple voids), and we need to consider
only smooth spatial variations of the potential and the density. This observation leads
straightforwardly to the linearised form of the density given by Equation (12) (with Cy =1
and y, = F1). Usually, this result is valid for an external potential, which varies smoothly in
space. For our potential, generated by interacting charges, we need to take into account the
potential in the close neighbourhood of the ions, where it is a Coulomb potential. The ionic
voids act like multiple boundary conditions. Since the Coulomb potential varies abruptly near
the ions, we need to remove the Coulomb self-interaction. This way we arrive at the screened
potential (Equation (16)) and the interaction energy given by Equation (26) (without self-
energy) for moderately higher concentrations or the screened self-energy given by Equation
(32) for dilute concentrations.

In conclusion, the equilibrium state of the electrolytes implies a vanishing average electro-
static potential (@ = 0) and the absence of the interaction self-correlations (y, = F1); the
main role in their interaction properties is played by screening and configurational correla-
tions. For higher concentrations (or lower temperatures) the Coulomb interaction dominates.
Its minimisation leads to ionic excluded volumes, which reflect a type of configurational
correlations, such that the ions tend to stabilise themselves in equilibrium positions. This
situation may correspond to associated electrolytes (similar to ionic solids). For higher
dilutions, or higher temperatures (which is the current situation in electrolyte solutions),
the screening correlations dominate, and the interaction energy is the self-energy of the
screened ions (correlation energy). A non-zero ionic radius, which reflects another type of
configuration correlations, may account for solvation effects; it leads to well-known correc-
tions to the screening, the interaction energy and the ionic mobility, through an effective
charge occurring in the electrostatic potential.



PHYSICS AND CHEMISTRY OF LIQUIDS e 837

Acknowledgements

The authors are indebted to the members of the Laboratory of Theoretical Physics at Magurele-Bucharest for many
fruitful discussions. This work has been supported by the Scientific Research Agency of the Romanian Government
through Grant PN 19060101/2019.

Disclosure statement

No potential conflict of interest was reported by the author(s).

References

Debye P, Huckel E. Zur Theorie der Elektrolyte. Gefrierpunktserniedrigung und verwandte Erscheinungen.
Phys Z. 1923;24:185-206.

Kontogeorgis GM, Maribo-Mogensen B, Thomsen K. The Debye-Huckel theory and its importance in
modeling electrolyte solutions. Fluid Phase Equilibria. 2018;462:130-152.

Liu J-L, Li C-L. A generalized Debye-Huckel theory of electrolyte solutions. AIP Adv. 2019;9(1):015214.
Apostol M, Cune LC. On the stability of a classical plasma. Phys Lett. 2019;A383(16):1831-1835.

Apostol M, Cune LC. On the dynamics of the lyophobic colloids. Chem Phys. 2020;531:110660.
Gonzales-Tovar E, Martinez-Gonzalez JA, Galvan Pena CG, et al. On the expected value of the electrostatic
potential produced by a charged electrode neutralized by a Coulombic fluid: the capacitive compactness.
J Chem Phys. 2021;154(9):096101.

Guerrero-Garcia GI, Gonzalez-Tovar E, Chavez-Paez M, et al. Expansion and shrinkage of the electrical
double layer in charge-asymmetric electrolytes: a non-linear Poisson-Boltzmann description. ] Mol Liquids.
2019;277:104-114.

Guerrero-Garcia GI, Gonzalez-Tovar E, Chavez-Paez M, et al. Quantifying the thickness of the electrical
double layer neutralizing a planar electrode: the capacitive compactness. Phys Chem Chem Phys. 2018;20
(1):262-275.

Guerrero-Garcia GI, Gonzalez-Tovar E, Perez MQ, et al. The non-dominance of counter-ions in charge
asymmetric electrolytes: non-monotonic precedence of the electrostatic screening and local inversion of the
electric field by multivalent coions. Phys Chem Chem Phys. 2016;18(31):21852-21864.

Barrios-Contreras EA, Gonzalez-Tovar E, Guerrero-Garcia GI. The dominance of small ions in the electric
double layer of size- and charge -asymmetric electrolytes: a mean-field study on the charge reversal and
surface charge amplification. Mol Phys. 2015;113(9-10):1190-1205.

Boon N, Guerrero-Garcia GI, van Roij R, et al. Effective charges and virial pressure of concentrated macroion
solutions. Proc Nat Acad Sci USA. 2015;112(30):9242-9246.

Ovanesyan Z, Medasani B, Fenley MO, et al. Excluded volume and ion-ion correlation effects on the ionic
atmosphere around B-DNA: theory, simulations and experiments. ] Chem Phys. 2014;141(22):225193.
Onsager L. Zur Theorie der Elektrolyte. I. Phys Z. 1926;27:388-392.

Onsager L. Zur Theorie der Elektrolyte. II. Phys Z. 1927;28:277-298.

Robinson RA, Stokes RH. Electrolyte Solutions. Dover (NY): ButterworthCo.; 2002.

McQuarrie DA. Statistical Mechanics. NY: Harper and Row; 1976.

Borukhov I, Andelman D. Steric effects in electrolytes: a modified Poisson-Boltzmann equation. Phys Rev
Lett. 1997;79:435-438.

Bazant MZ, Storey BD, Kornyshev AA. Double layer in ionic liquids: overscreening versus crowding. Phys Rev
Lett. 2011;106(4):046102.

Bohinc K, Bossa GV, May S. Incorporation of ion and solvent structure into mean-field modelling of the
electric double layer. Adv Colloid Interface Sci. 2017;249:220-233.

Fuoss RM. Review of the theory of electrolytic conductance. J Solution Chem. 1978;7(10):771-782.
Okamoto R, Koga K, Onuki A. Theory of electrolytes including steric, attractive and hydration interactions.
J Chem Phys. 2020;153(7):074503.

Onsager L, Fuoss RM. Irreversible processes in electrolytes. Diffusion, conductance, and viscous flow in
arbitrary mixtures of strong electrolytes. ] Phys Chem. 1932;36(11):2689-2778.

Bogoljubov NN. Problems of dynamical theory in statistical mechanics. Moscow: Gostehizdat; 1946. in
Russian.

Bogoljubov NN. Studies in statistical mechanics. de Boer J, Uhlenbeck GE, eds. Vol. 1, Amsterdam: Nort-
Holland; 1962. p. 11-50.

Beck J. Konstruktion einer 10-kW-Drehanoden-Rontgenrohre. Phys Z. 1939;40:474-483.

Kittel C. Introduction to solid state physics. NJ: Wiley; 2005.



838 M. APOSTOL AND L. C. CUNE

(27]

(28]

Bjerrum N. “ Untersuchungen uber Ionenassoziation. 1.”, Kgl. Danske Vidensk. Selskab Mat-fyss Medd.
1926;7(9):1-48.

Lee AA, Perez-Martinez CS, Smith AM, et al. Scaling analysis of the screening length in concentrated
electrolytes. Phys Rev Lett. 2017;119(2):026002.

Kjellander R. The intimate relationship between the dielectric response and the decay of the intermolecular
correlations and surface forces in electrolytes. Soft Matter. 2019;15(29):5866-5895.

Kornyshev AA. Double-layer in ionic liquids: paradigm change? J Phys Chem. 2007;B111(20):5545-5557.
Landau L, Lifshitz E. Course of theoretical physics, vol. 5, statistical physics. Oxford: Pergamon; 1980.
Landau L, Lifshitz E. Course of Theoretical Physics, vol. 10, Physical Kinetics, Pergamon (Oxford) 1981.
Falkenhagen H, Leist M, Kelbg G. Zur Theorie der Leitfachigkeit starker nicht assoziierender Elektrolyte bei
hoeheren Konzentrationen”. Ann Phys. 1952;446(1):51-59.



	Abstract
	1 Introduction
	2 Excluded volume and ionic density
	3 Screened potential
	4 Correlation energy
	5 van der Waals equation
	6 Ion mobility
	7 Conclusions
	Acknowledgements
	Disclosure statement
	References

