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It is investigated the possibility of controlling the electric flow through a ferromagnet-superconductor
junction by spin polarization, within a simple, ideal model of a perfect ferromagnetic-superconductor
junction. The ferromagnetic and superconducting properties as well as the Andreev reflection are briefly
reviewed and the electrical resistance of the junction is computed both in the diffusive and ballistic
regime for the ferromagnetic sample. It is shown that the resistance of the junction increases with
increasing magnetization, including both positive or negative jumps on passing from the ballistic to

Published by Elsevier B.V.

1. Introduction

In spite of numerous past and recent extensive attempts [1-19],
which provide valuable experimental and theoretical information,
we still lack a simple, operational model for a basic understanding
of the electric flow through a ferromagnet-superconductor junc-
tion. It is the aim of this paper to attempt a formulation of such
a model. We consider an ideal, perfect ferromagnet-superconduc-
tor junction, of sufficient in-plane extension, as one realized by an
insulating non-magnetic thin film [20], such as to avoid the com-
plications arising from proximity effects [21]. It is assumed that
the ferromagnet and the s-wave superconductor are homogeneous.
We compute herein the electrical resistance of such a junction, af-
fected mainly by the well-known Andreev reflection, both in the
diffusive regime and ballistic regime for the ferromagnetic sample.
It is shown that the junction resistance increases with increasing
magnetization, including both positive and negative jumps on
passing from the ballistic into the diffusive regime.

2. Ferromagnet

We adopt a simple Fermi liquid picture for the charge carriers in
the ferromagnet; the charge carriers are assumed to be electrons,
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with an isotropic single-particle energy spectrum ¢(k) labelled by
the wavevector k in the normal (non-ferromagnetic) state; their
number is given by N = Vki/3n2, where kr denotes the Fermi
wavevector and V is the volume of the sample; the quasi-particles
have a Fermi velocity

Uy = 08/hok|_,, = hke/m’, (1)

where m* is their effective mass (and h is Planck’s constant); the
Fermi level is given by u, = &(kr) (which defines the Fermi surface
by fixing p, from the number of particles).

Below a critical temperature T,, the ferromagnetic state begins
to set up; it is characterized by a temperature-dependent gap 4,, in
the single-particle energy spectrum, which reads now

e (K) = —4n/2 + &k),
&(K) = 4n/2 + &(k),

as corresponding to spin up (label 1) and spin down (label 2),
respectively. The number of electrons is given now by

2)

N = Vk}, /67> + Vk}, /672, 3)
and the magnetization reads
M = pig(Vkz, /67 — Vig, /670°), 4)

where p; = eh/2mc is Bohr's magneton (with usual notations - e is
the electron charge, m is the electron mass and c denotes the
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velocity of light). It is convenient to introduce a reduced magnetiza-
tion defined as m = M/ N, which leads to

k}:] = k}:(] + m)1/37
k[:z = k[:(] — m)1/3

()

for the two Fermi wavevectors in Egs. (3) and (4); obviously, the rel-
ative magnetization varies between 0 and 1, 0 < m < 1. In the ferro-
magnetic state there are two types of quasi-particles, corresponding
to spin up and spin down, moving with velocities

Ur1p = V12 = 881_’2/hak|k:kﬂ‘2 = hkaz/m* = Un(] + m)1/3; (6)

this is the main point through which the dependence on magnetiza-
tion is introduced in the thermal or electric flows through the ferro-
magnet-superconductor junction, together with the m-dependence
of the Fermi wavevectors kg1, given by Eq. (5). The Fermi level of
the ferromagnetic state is given by

Ly = —An)2 + eker) = Am/2 + &(kes), (7)
hence,
A =e(ke(1+m)") = (ke (1 - m)'?). (8)

This equation determines the temperature dependence of the mag-
netization m. Indeed, the ferromagnetic gap has a typical depen-
dence Ap = Amo(1 —T/T»)"? on temperature T close to Tp; for
lower temperatures its temperature slope is vanishing, as for a typ-
ical mean-field theory. Since kg > have a slow dependence on mag-
netization (except for kg, = kg(1 — m)'”® for m ~ 1), we may use the
expansion

An=2hopksm 9)
for Eq. (8); similarly, the Fermi level reads

Uy = fAm/2+un+%hvnka+O(m2) = ft, +0(m?), (10)
whence one can see that it does not change appreciably in the ferro-

magnetic state. These m-expansions are used, for small values of m.

3. Superconductor

For later convenience we review here briefly the Gorkov equa-
tions for a simple model of superconductivity [22]. Let ¢, be the
destruction operator of a quasi-particle state in a normal conduc-
tor; it obeys the Heisenberg’s equation

ihocy /0t = e(K)ck = (U, + hva (K — Kp)]ck, (11)

or, introducing the field operator y/(r) = (1 / W) Zxcke™™ for k close
to kr,

ihoy /ot = (1, — hv,Ke — ihv,d /o). (12)

We wrrite the effective quasi-particle interaction as
1 ,
Hine = 5 /drdl‘ “G(X =), (O () (1), (1), (13)

where o, f are spin labels and g(r — r’) is an interaction potential
(here chosen as spin-independent for simplicity); Eq. (12) reads
now

ihoy, /ot = (U, — hv,Kr — ihv,0/0r)y,
o [ dr gl w0, 0 (14)

such an interaction may lead to superconductivity, by a macro-
scopic occupation (i, (r)y,(r)) # 0 of the pair states. Here we as-
sume a J-type interaction g(r —r’) = gé(r — r’), which makes the

pair wavefunction a spin singlet (y_,(r)y,(r)), and define
Fy, =g{y_,(r)¢,(r)). According to its definition F_, = —F,, while
F* , =F, by time reversal symmetry; it follows that we may define
the superconducting gap parameter 4, = 4;, = —4_, (> 0) through
F, =i4,. In addition, we include the basic time-dependence
W, ~ e iat/M in Eq. (14) (and subtract g,N from the hamiltonian).
Eq. (14) becomes

ihow, /ot = (—hv, K — ihv,0/00), + id, (0, (1) (15)

in addition we assume a constant 4, = 4,(r) as for a s-wave pair
state. The above equation leads to

ihOCiy /Ot = hvn(k — ke)Cie + 14567y,

—ihoct, /0t = hvp(k — ke)chy , + 450k (16)

for k along v,, which are solved for the well-known superconduc-
ting spectrum

e (k) = w, + /42 + W v2(k — ke)?, (17)

with (the original) operators cy, ~ e {ttholt/h ¢t = eilkn=hw)t/h

and hw = +1/4% + h* 2 (k — ke)*; the lower branch joints smoothly
the rest of the original energy spectrum, so that the superconduc-
ting Fermi level is given by

:us::un_Al' (18)
It is convenient to measure the wavevectors with respect to the

Fermi wavevector, i.e. & (K) = p, + \/ 4% + h* 22k, so that the solu-
tions of Eq. (16) read

o
Cka = ukbkoc + ”/kbfkfw (19)
. +
C_g-o = Ugb_x_oy — iy,

where u, = |cosOy, v, =|sinby|, tan0y = —(Ex — hv,k)/ 44, Ex =
hw = /4% + W* 02k, or

w2 == (1+ hvak/Ey).,

(20)

N[ = DN =

V2 == (1 —hvak/E)
for the energy branch e(k) = u, + sgn(k)Ey, and u,vx = 4,/2E;. The
self-consistency condition 4, = —ig{y_,(r)y,(r)) leads to the well-
known gap equation

gk tanh SE;
1_—ﬁ/dk27b_k, (21)

whence one may see that interaction must be attractive, i.e. g < 0;
one obtains the well-known critical temperature

Te ~ hvpkee /P8, (22)

where D = kﬁ/27rz)"lyn is the density of states (per spin) at the Fermi
surface, k. is a wavevector cutoff (the scale energy hv,k. is of the
order of the Debye energy hwp for a phonon-electron superconduc-
ting interaction), and the sign of the interaction has been changed.
Similarly, one obtains the temperature dependence of the gap
Ay = Ayo(1 = T/T,)"/? for temperatures close to the critical temper-
ature, the gap 4,9 being given by 4,0 ~ 2hv,k.e~1/P¢, We may ne-
glect the temperature dependence of the superconducting gap
and Fermi level Eq. (18), assuming the temperature is sufficiently
low for superconductivity be well developed.

4. Andreev reflection

Further on, we give a brief description of the Andreev reflection
[23]. We focus first on the superconducting Eqs. (15) and (16),
where we drop out the label n for the Fermi velocity v,, and the
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superconducting gap 4, is assumed constant and positive. In addi-
tion we introduce the one-particle amplitudes

Py = Ol [1er), 7, = (O, 1), (23)

where |1a) is an excited one-particle state. The amplitude ¢, is the
wavefunction of a k, «-quasi-particle, while y, represents a —k, —o-
quasi-hole in a superconducting pair. Indeed, for instance,

P = Ol 1) = — > e (0]ey €, |0) = Tvem (24)
is the wavefunction of a quasi-particle, and similarly for y, for the
superconducting state. The connection of the amplitudes above
with the canonical transform Eq. (19) is obvious; Eq. (15) reads now

ihog, /ot = (—hvkr — ihvd/or)@, +id,Y,,

25
—ihoy, /ot = (—hvKkr — ithvd/or)y, + id4,¢p,, 25)

and it is easy to check up the continuity equation

(10, +12%) ot + V(10 = 12.I7) for =0 (26)

for each spin orientation o. Since 4_, = -4, and, similarly,
YA_. = —X, according to its definition, Eq. (25) are the same for each
spin orientation, so we may drop out the label « for the supercon-
ducting gap and amplitudes. Eq. (26) tells that the localization prob-
ability |@[* + |y|* of a quasi-particle in the superconducting state
changes in time according to the divergence of the current
j=v(|o> = x/*). The current j consists of two contributions,
v|¢[* ‘which flows along the velocity, and —v]|y[* which flows in
the opposite direction; this latter contribution is the Andreev reflec-
tion. The quasi-particles encounter a potential barrier on their at-
tempt of entering a superconductor, and, consequently, they are
reflected by the superconductor gap, as well as transmitted
through. Eq. (25) can also be written as

h(w + vk +ivd/or)p = idy, (27)
h(w — vKg — ivd/or)y = —id¢@

for @, x ~ e~*t, In addition, we remove the vkg-term by introducing
f=ep, p=elry, (28)
so that Eq. (27) become
h(w +1ivd/or)é = idn, (29)
h(w —ivd/or)n = —i4¢;

for ¢ n~e™ one can check out the superconducting spectrum

hw = +£1/4? + h*(vk)?, while the reduced wavefunctions are given
by

C, )
=% /1 +vk/we™
v e (30)
_ TG A vk/we'r
n \/j )

where C, is a constant, hvk = i\/(ha))z — 4% and hw > 4 (other-
wise the quasi-particle does not propagate, and the wavefunctions
decay exponentially with the distance). The wavevectors k in Eq.
(30) are small in comparison with the Fermi wavevector kr (where
the velocity v is calculated), so the wavefunctions &,  vary slowly in
space. The constant C, bears temporarily a spin label, for the sake of
generality. Before passing to the ferromagnet-superconductor junc-
tion we note that the transmitted (tunneling) current in the super-
conductor is

i = V(167 = In1?) = 1CaPv(vK/). (31)

We may pass now to the Andreev reflection in a ferromagnet-
superconductor junction. We assume that the Fermi level in ferro-

magnet is close to the Fermi level in superconductor, as for a per-
fect contact. Under these circumstances Eq. (25) hold for the
ferromagnet by simply dropping out the superconducting-gap con-
tribution. Obviously, the remaining part depends on the spin orien-
tation, through both the Fermi velocity and Fermi wavevector. In
addition, y vanishes for the non-superconducting sample (indeed,
n — 0 in Eq. (30) for 4 — 0, as expected), so that we may write
down Eq. (27) (or (29)) as

[0+ Vi2(Kpi 2 — Kp) +ivy20/01]¢ 5 = 0, (32)

where the velocities vy, =v(1 + m)l/ 3 and the Fermi wavevectors
Kr15 = (1 +m)"? correspond to spin up and down, respectively, as
defined in (6) and (5), m being the reduced magnetization. In addi-
tion, we may note that the term vy »(Kr12 — Kr) = £(1/3)vkem ~ 4y
is small according to the previous discussion, i.e. it is comparable to
A with respect to the Fermi energy. Consequently it is immaterial in
Eq. (32). It follows that the corresponding Egs. (27) and (29) for the
ferromagnet reduce to

[ +1V120/01]¢;2 =0, (33)
whose solution is

& =A™ (34)
for

vizkiz = v(1 £ m)"’k;; = . (35)

The continuity condition of the wavefunctions ¢ given by Egs.
(30) and (34) leads to
C
Air= %
for a boundary placed at x = 0. On the other hand, the incoming cur-
rent is given by

1+vk/w (36)

Ji=vilA P 4 Vel = v [(1+m) P+ (1 -m) PiasP] 37)

Making use of Eq. (31) we may define the transmission
coefficient
G +Cf?
(14+m)"PJA P+ (1= m)'P Ay
20141 + A2 ) vk/o

= . 38
A+m) AP+ (1—m) PR 1+ vk/o (38)

W= (ju +Je) /i = (vk/w)

The asymptotic spin amplitudes in the superconductor are equal, i.e.
IA1? = |A2? (and |C;* = |C2)?), so we get
4 vk/w

W:(1+m)”3+(l—m)”3 1+vk/w’ G39)
or

= 2 40
W_(1+m)]/3+(l—m)1/3W07 (40)
where

. Vk/o
"= 2Tk “n

is the transmission coefficient for zero magnetization. Within the
present approximation

wo ~ 2v2 /hw/4 - 1. (42)

One can see that the transmission coefficient in the Andreev
reflection increases slowly with increasing magnetization,

w = (1+m?/9)wo (43)

for small values of m.
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5. Electrical resistance of the junction. Diffusive regime

For a voltage drop U a charge
_ @ezu 2: dp3
o (27h)

(44)

is transported per unit volume by a quasi-particle, where n denotes
the Fermi distribution. During the quasi-particles lifetime 7 the
charge flux (charge per unit area) along the x-direction is

on , 2-dp
s 2, (45)
while the total flow (charge per unit area and unit time) is
2¢?
= 2nh /dp % v2T(U/x). (46)

From j = oE, where E = —9U/dx is the electric field, we obtain

the electric conductivity

2
0 =5k, (47)
in the low-temperature limit. In the derivation given above the sta-
tistical equilibrium is assumed, as well a mean-free path much
shorter than the size of the sample, a low, uniform electric field,
and a lifetime free of finite-size contributions or other geometric
effects.

Eq. (47) shows that the electric conductivity of a ferromagnet
does not depend essentially on magnetization. Indeed, the depen-
dence on the magnetization comes through the velocity » and Fer-
mi wavevector kg in Eq. (47), which gives (1/2)(2; k,zr] + vzkiz) =
(1/2)vk>(1+m+1—m) = vk’:. A weak magnetization depen-
dence may be included in the lifetime, but its contribution is
uncertain. This point is supported by the fact that flows are propor-
tional to density of states ~ k,zc/z/ multiplied by velocity v multi-
plied by mean-free path vt in the diffusive regime, hence their
~ ki proportionality to density, and the independence of
magnetization.

The electric conductivity corresponding to the tunneling cur-
rent in a superconductor can be derived in a similar way. The flow
involves now the quantum probability beside the statistical one,
i.e. it is given by

j=— =Vt oU/ox 48
j 2n_h/p [l ~ 1%2] o ox), (48)
where the temperature is so small in comparison with the super-
conducting gap that we may use n = e~"/T, hw > 4, for the Fermi
distribution. The wavefunctions ¢ and y are those given by (28)
and (30) for |C,* = 1; one can see that

lol> — [ = vk/w ~ vV2y/hw/4 -1 (49)

is much lesser than unity (which corresponds to a normal conduc-
tor), as due to the Andreev reflection. Making use of (48) and (49)
one can compute the tunneling electric conductivity of a supercon-
ductor as

€2 V2kiwt [, [E—A .
05:3n2h T /dC'V’A e

=32 hk2 vT/TT /2467, (50)

or
0s = 0\/7T/24e” 4T (51)

for the tunneling conductivity of the superconducting state, where
o is the electric conductivity of the normal state. One can note in

Eq. (51) a drastic reduction in the electric conductivity, in compar-
ison with the normal state, as a consequence of the Andreev reflec-
tion. In addition, from

. U-Up
.l = 0 l b
! (52)
. Uy
] =055
I,

for a ferromagnet-superconductor junction, where I denote the
lengths of the ferromagnet and superconducting samples, respec-
tively, one obtains the electric resistance of the junction

Rj:lf/0+ls/05:R+Rs (53)

for unit area, whence one can see that it is independent of magne-
tization; Uy denotes the voltage drop at the junction. The supercon-
ducting resistance R; = I;/0; is very high in comparison with the
normal resistance R = Iss/o. In particular

=R\/24/nTe"" (54)

is the additional, large electric resistance due to the Andreev reflec-
tion in the superconductor, similar to the one computed originally
for a thermal flow [23,24].

Rs = s/o-s

6. Electrical resistance of the junction. Ballistic regime for the
ferromagnet

It is easy to see that for a mean-free path 4 = vt comparable
with the sample length Eq. (46) leads to an electric current

I= sz U, 55

3n2h (33)
through the cross-sectional area A. By this equation quanta ~ 2e?/h
of electric conductance can be inferred. Actually, in such a ballistic
regime of transport the lifetime 7 does not appear anymore in Eq.
(45), and the average over angle integration gives 1 instead of 2/3
in Eq. (46); we obtain therefore

_e%k;

© 2m2h
i.e. an electric resistance

_ 2m*h

- 2

e2ky

(56)

(57)

for unit area. It is worth noting that in a ballistic transport regime
the resistance may depend on the voltage drop, in some cases. In-
deed, for a normal conductor we have obviously hviky = —eU,

and the current j= ( ekF/an) Jdu(veke) = (ezk2/2n2ﬁ)U hence

the ballistic resistance Eq. (57). For a superconductor the current is
reduced by vk/m, according to Eq. (41), where ha = —eU. One ob-

tains R;' = R 'Ve2U? — Az/eU, which is the typical behaviour for
the tunneling resistance in superconductors [25-27].

We turn now the attention to a ferromagnet-superconductor
junction where the ferromagnet is in the ballistic or quasi-ballistic
regime. We assume that the superconducting sample is in the dif-
fusive regime, i.e.

j- % T2 e Uy, (58)

where R = 372hl; /e? k> A as given by Eq. (50). Let us assume that the
temperature is sufficiently low and the ferromagnetic sample is suf-
ficiently thin that the length I; is much shorter than the mean-free
path 4 = vt in the normal state of the ferromagnet, Iy < A. Increas-
ing the magnetization the spin-up electron fluid increases its mean-
free path A; = A(1+m)'?, so that it transports in the ballistic re-
gime; therefore, we may write down
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i - e2k?, _ ek
'™ am2p 47m2h
according to the discussion above. The spin-down electron fluid de-
creases its mean-free path 4, = A(1 — m)'/* on increasing magneti-

zation. Up to a threshold magnetization m, = 1 — (Is/A)? it is still in
the ballistic regime, so that

(U - Uy) (1+m)*>(U - Up), (59)

ir = j;’f; (U-Us) = j;—’jia - m(U - Up); (60)
it follows

=i+ :%[(1 +m)?* 4 (1= m)?*| (U - Uo), (61)
which means a resistance

=R i A—mpr " (©2)

where R = anh/ezki as given above. For m > m; the mean-free
path A, gets shorter than the length I; of the sample and the
spin-down fluid flows in the diffusive regime. In this case

2
e? U-U, e%k; vt

L R R )
e2k? A 1 1-m
—ﬁyﬂ—m)w—uo)—ﬁm(u—uo)ﬁ (63)
it follows the resistance
2
Rr =R , m>m 64
f (1+m)2/3+%ﬁ t (64)

for the ferromagnetic sample. The two resistances given by Egs. (62)
and (64) are discontinuous at the threshold magnetization m = my,
as a consequence of the distinct numerical factors in the ballistic
and diffusive conductivities. This negative jump in the resistance
is in fact round-off (by geometric effects, for instance), and it may
be viewed as a negative resistance for magnetization values close
to magnetization threshold. Apart from this jump the resistance
Ry exhibits a monotonous increase with magnetization over the en-
tire range 0 < m < 1. In addition, as previously discussed, the And-
reev reflection may greatly be diminished for values of the
magnetization m close to unity for the spin-down quasi-particle
fluid (in the sense that the corresponding electric flow may drasti-
cally be reduced), but its contribution to the conductivity is small
for m~1. We note two limiting behaviours for R;, namely
Rf ~R(1+m?/9) for m ~ 0 (which is similar to the behaviour of
the transmission coefficient w as given by (43)), and

Ry ~ 2”3R{] +1 [(]};%— 1} (m— 1)} for m ~ 1. We note also that
the resistance of the junction is R; = R + R, and it depends on mag-
netization through Ry.

For A<l <2'A there exists another threshold
m; = (I/4)*> — 1 below which both spin-up and spin-down fluids
flow diffusively, while for m > m, the spin-up fluid flows ballisti-
cally (we call this regime quasi-ballistic). The ferromagnetic resis-
tance is then given by

R = %R(l +m)'? m<m (65)

in the former case, and
3 2
R == R(1+my)"? ; 7
1-m+3(1+m) " (14+m)

230 m>m;

2
(66)

in the latter, where R is the same as above. For small values of the
magnetization the resistance is constant (and close to the value R

corresponding to I < A), while for higher values of magnetization
it increases up to the same value 2'R as above. At the threshold
it has a positive jump, in contrast to the case Iy < 4, where the jump
is negative. The reduced ferromagnetic resistance is shown in Fig. 1
for both cases.

7. Discussion and concluding remarks

It is worth stressing the complexity brought about by the ferro-
magnet-superconductor interface. Herein we have assumed a per-
fect, ideal junction, leaving aside the proximity effects (and
neglecting the potential barrier it may contribute). In particular,
the matching conditions of the Andreev reflection may be appre-
ciably affected by a more realistic, complex interface. at the ferro-
magnet-superconductor junction. It is very likely that two very
dissimilar solids (including appreciably different Fermi levels)
may diffuse largely into one another, such that an extended contact
is built up at the interface. Such a contact acts like a “third solid”
in-between the former two, with its own properties. Along such
an extended contact the physical properties vary slowly, and the
Andreev reflection may work in principle. However, such an ex-
tended contact may put certain limitations on the ballistic regime
of transport in the ferromagnetic sample, as due to proximity ef-
fects. If the two solids are similar they diffuse into each other over
a rather limited scale length. It is reasonable to assume, as we did
herein, that the two Fermi levels are close to each other. It is also
reasonable to assume that both the ferromagnetic and supercon-
ducting gaps do not change appreciably this picture.

It was shown that under such ideal conditions the electric
transport through a ferromagnet-superconductor junction is not
affected by spin polarization in the diffusive regime. On the con-
trary, it depends on magnetization in the ballistic regime for the
ferromagnetic sample. It is our opinion that a ballistic regime for
the superconducting sample may prove to be inconsistent (in par-
ticular, a spin-polarized injected current may destroy the super-
conductivity over small Ilength scales). The change in
magnetization may be performed by slight changes in temperature
just below the magnetic critical temperature, but much lower than
the superconducting critical temperature. The results are valid for
small values of the relative magnetization m. For high values of the
magnetization (m — 1) the spin-down fluid of quasi-particles in
the ferromagnet ceases to fulfill the Andreev matching conditions.
However, the two spin fluids of quasi-particles act like two con-
ductors coupled in parallel, and the spin-up contribution domi-
nates the junction resistance.

09F 1

0.8 .
0 m=1/3 05
m

m=2/3 1

Fig. 1. Reduced resistance of a ferromagnetic sample vs. magnetization in the
ballistic (solid line) and quasi-ballistic (dotted line) regime for two arbitrary values
of the threshold magnetization m;.
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