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TheWardidentity, relatingthethree-leggedvertexfunctionto theGreenfunction, is derivedfor non-relativisticfermions
interactingthroughatwo-body forceby usingthe equation-of-motiontechnique.

The Feynman—Dysonperturbationtheoryfor where ti(x) and 1i~(x)are thefield operatorsof the
non-relativisticfermionscanbeformulatedin terms fermionswith massm interactingthroughthe potential
of threefundamentalquantities[1]: theone-particle v(lx —yl) (spin indexis omittedfor simplicity). We
Greenfunction,the effectiveinteractionand thethree- usetheplanewaverepresentationfor theseoperators,
leggedvertexfunction.Thethree-leggedvertexfunction

( \ — ipx +( \ — + —ipx
representsall thediagramswith threeexternallines — ~ c~,e , ~ — c~e
(oneinteractionline andtwo particlelines).The Green
functionandthe effectiveinteractionare relatedto the c~,andc~beingthe annihilationandcreationopera-
vertexfunctionby the Dyson equations(via proper torsof the one-fermionstatelabelledby the wavevec-
self-energypart andirreduciblepolarization,respec- torp. Let us definethe three-pointvertexfunction
tively)~1.In orderto get thethird equationonecan +

look for theWard identitywhich, asknownfrom K(x1,x2,x3)= —(OlTn(x1)i~’(x2)~i (x3)!0>/<0l0>
quantumelectrodynamics[2], relatesthethree-legged
vertexfunctionto the Greenfunction.TheWard iden- wheretheoperatorsare writtenin the Heisenbergpic-
tity hasbeenderivedby diagrammaticmethods[3] ture,the space—timecoordinatex1 denotesthepair
andtheequation-of-motiontechnique[4] for theone- (x1, t1) (i = 1, 2,3), n(xj) is the particledensityopera-
dimensionalFermisystem,whenthe unperturbedone- tor,
fermion energylevelsarelinearin thewavevector.We +

obtainheretheWard identity for the generalcaseof n(x1)= ,1’ (xi) ~i(x1), (4)
non-relativisticfermionsmovingin three-dimensional 10>is theHeisenberggroundstateof thesystemand
spaceandinteractingthroughatwo-bodyforce. Trepresentsthetime-orderingoperator.Dueto the

Thehamiltonianof the systemisgiven by space—timeinvarianceof the systemthefunction

H = H + H 1 -‘ K(x1,x2, x3) dependson the differenceof its variables0 1 ~ a, only. Choosingx2—x3 andx3—x1 asindependent

H0 = — ~—fdx 1i~(x)~ i,t’ (x), (ib) variablesthis functioncanbe Fouriertransformedas

i K(x2 —x3,x3 —x1)=(2~)
8 (5)

H
1 =fdx dy V(Ix—yl)~Ji~(x)~i~(v) ~(y) qi(x),

2 (ic) XfdpdkK(p,k)exp(ip(x2_x3)]exp[ik(x3_x1)J,

wherethevariablesp andk denote,respectively,the
4’l Thezero-momentumcomponentof theinteractionis set wavevector-frequencypairs (p,e)and(k, s,).The scalar

equalto zero,sothatthe tadpolediagramsareexcluded, productin eq.(5) is taken,asusually,px px — et.
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I Introducingthis resultin eq.(8) and Fouriertrans-
forming the right-hand-sideof this equationwe get,
afterstraightforwardcalculation,

(a/at1)K(x1,x2,x3)= i(2x)
8 (10)

x fdpdk[(as,— e~,—k)G(p)G(,p— k) r(p, k) — G(p)

Fig. 1. Theskeletondiagramof thethree-pointvertextune- + G(p— k)] exp[ip(x
2 — x3)] exp[ilc(x3 — x1)]

tion K(p, k). TheGreenfunctionsandtheeffectiveinteraction
arerepresentedby full lines andwavyline, respectively:The wheree p

2/2marethe energylevelsof the free fer-
dashedtrianglerepresentsthe three-leggedvertexfunction . P
iNp k) mions.

Comparingeq. (7) with eq.(10) weobtainthe
Usingtheinteractionpictureandthe evolutionopera- Ward identity
tor of the perturbationtheory it iseasyto seethat all
the connecteddiagramswhich contributeto the func- r(p k) = [G~(p) — G~(p—k)] (11)
tionK(x

1,x2,x3)canbe representedby the skeleton (eP_k— e, +

diagramshown in fIg. 1 (in momentumspace).The
analyticexpressionof this diagramis whichis similar to that from quantumelectrodynamics.
K~ k’ — G

1 ~G1 k’ I’~ k’ In the caseof spin-dependentinteractioneq.(11)can
‘F’ I — ‘F) ‘F — ~ ‘F’ ~ ‘ ‘ ‘ be directlygeneralizedto

whereG(p)andG(p — k) are one-particleGreenfunc-
tionsandJip,k) isthethree-leggedvertexfunction. G~

0(p)~ k)G~(p— k)
Takingthetimederivativeof thethree-pointvertex ~5~,1G0~(p— k) —

functionwith respectto thevariable t1 weget ~p—k— + ~ . (12)

(a/at1) K(x2—x3,x3—x1)= i(2ir)
8 (7) Forone-dimensionalFermisystemsthe unperturbed

x fdp dk~.,K(p,k) exp[ip(x
2— x3)] exp[ik(x3 — ~ spectrume~,becomeslinear in thewavevectorp andeq.

(11)reducesto a resultpreviouslyderivedm refs. [3,4}.

Thetime-orderingoperatorin eq.(3) canbeexpressed The usefulnessof the relation(11) in thestudyof the
with thestepfunction0(t) = I for t >0 and0(t) = 0 one-dimensionalFermisystemswill bediscussedelse-
for t <0. Takingthetime derivativeof eq.(3)with where.
respectto t1 andusingthefermion anticommutators
of the equal-timefield operatorsweget References
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