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ONE-ELECTRON GREEN FUNCTION FOR ELECTRONS

COUPLED WITH ACOUSTICAL PHONONS IN ONE DIMENSION
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TheWardidentity for theone-dimensionalmany-electronsystemcoupledwith acousticalphononsis usedto get theone-
electronGreenfunction. Thereareno single-electronexcitationsin this systemandthe electronmomentumdistributionis
continuousat theFermi points.Migdal’s theoremis checkedfor thismodel.

The one-dimensionalelectrongasdistinguishesitself by a linearFermiseawhich is a segmentof straight line
endingat ±kF,kF being the Fermi momentum.As the low excitedstatesof this systemconsistof electron—hole
pairsexcitedin theneighbourhoodof ±kFwe may usethe linearizedexpressione~= p + p1 — kF for the unper-
turbedone-electronlevels,wherep is the chemicalpotentialand theFermivelocity VF is set equalto unity (UF

= 1). Theshortestwavelengthof theacousticalphononsis assumedto bemuchlarger thanthe averageelectron
spacingsothat the electrondensityfluctuationswhich coupleto thephononsare well-definedcollectivewaves.
Theelectron—phononcouplingis describedby the hamiltonian

H ~ E~aa~+ ~ ~ +g~ (wq/2)l/
2ap~+qap(bq+ biq)~ (1)

wherea~(a) and bq (b+) areelectronandphononannihilation (creation)operators,respectively,Wq = ciqI is the
barephononfrequency~c being the unrenormalizedsoundvelocity)andg is thebareelectron—phononcoupling
constant.The spin index is omittedbutthe spin contribution(afactor 2)will be countedin the numberof elec-
tronic states.

It was shown[1] that the electron—phononvertexfunction F(p,c; q, w) is connectedwith the one-electron
GreenfunctionG(p, e)by theWard identity ~

F~(p,e;q,w)=g[G(p,e)—G(p—q,e—w)]/(w~q)=g~l+[~÷(p—q,e—w)—~~(p,e)J/(wTq)},(2)

where~(p, c) is the electronproperself-energyand the upper(lower) sign refersto the processeswhich takeplace

near+kF (—kF). The Ward identity is an exact relationwhich is baseduponthe linearizedelectronspectrumand
*1 TheWard identity hasalsobeenderivedfor the electron—electroninteractingsystemwith forward scatteringin onedimension

[2].
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the conservationof thenumberof electrons.A straightforwarddiagrammaticanalysisshowsthat the Ward identity
leadsto the exactcancellationof all the diagramswhich containloopswith more thantwo electronlines. The can-
cellation of thesediagramsamong themselves(non-Tomonagadiagrams)hasbeenchecked[31to high ordersof
perturbationtheory.

Eq. (2) is particularly useful to calculatethe irreduciblepolarization

11~(q,w) = —2ig(2~2fdp de G~(p,�)G~(p— q, � — w)F~(p,�; q, w) [A/(w Tq)] fdp (fl~q nt), (3)

whereA = g2hr is the dimensionlesselectron--phononcouplingconstantandn~is themomentumdistribution of
electronsnear±kF.As theinteractionleavesthe electronnumberunchangedwe may insertthefree electrondis-
tribution in eq.(3) to get the totalpolarization

fl(q, w) = fl÷(q,w) + fl(q, w) = 2Aq2/(w2 q2). (4)

Hencewe obtain straightforwardlythephononGreenfunction

D(q, w) = w2(w2 — q2)/(w2 — v~q2+ i0~)(w2— u~q2+ iO~), v~
2= 4 {l + c

2 ±[(1 — c2)2 + 8c2A] 1/2} (5)

It resultsthat two typesof collectiveexcitationsare presentin this system,the electron—holepairs with velocity
v
1 andthe dressedphononswith velocity v2. Theseelementaryexcitationshavealsobeenobtained[3] by using

the bosonizationtechniqueandthe summationof bubblediagrams.Thesoundvelocity is proportionalto theadia-
baticparameter(m/M)

112,wherem andMare the electronicandionic mass,respectively.Since the usualvaluesof
this parameterarevery smallwe may usethe expressionsv

1 (I + 2Xc
2)112 and v

2 c(l — 2X)
112 for the two

groupvelocities.
The Dysonequationfor the one-electronGreenfunction canbe written as

— p + kF)G+(p, �)= 1 + i(2~)~fdq dwgD(q,w)F~(p,�; q, w)G~(p— q, � — w)G~(p,�). (6)

Hereafterwe shall dropthe+ index andmeasureboththe energyand momentumfrom the correspondingFermi
values.By insertingeqs.(2) and (5) in eq.(6) we get

(c—p)G(p, e) 1 + i(2~2fdq dwg2c2(w~ 1 1 ~ G(p q, c — w), (7)
v
1 — v~Lw

2 — v~q2+ i0~ w2 —u~q2+iO~i

wherethe shift in thechemicalpotentialwasfound to be zero by direct calculation.Thougha bit morecompli-
catedthan thecorrespondingequationfor theelectron—electroninteraction [41eq.(7) canbesolved by Fourier
transforming.An exponentialcutofffactorexp(—lql/A) is introducedin the integrationovermomentumto ac-
countfor the electronicstatesin the neighbourhoodof theFermi point. After performingtheintegrationthe dif-
ferentialequationwhich is obtainedmay easily be solved for the one-electronGreenfunctionin the coordinate
representation

G(x, t) = (27T)~A2(~iTh~2)~exp[ikF(x — t)] / [x — t — iO~sgn(t)J}[x — t + iA~(t)1 ~ Pi~2

(8)
X [X_V

1t+jA_1(t)}ai[X_v2t+iA_1(t)j_02[x÷v1t_iA(t)]iEx+V2t_iA_l(t)]~2,

where

a12 = [Ac
2/4(u~ - v~)J(1 + vj~)/(l - v12), p1,2 = [Xc2/4(v~- v~)](1 - vj~)/(1 + V12), (9)

and A(t) = A sgn(t).Due to thecutofffactor over momentumthis expressionis valid in the limits x, t ~ A~ and
x, t ~ A~.It may easily be checkedthateq.(8) satisfiesthe conditionG(x, 0~)— G(x, 0) = —i~(x)and G(x, t)

is an analyticfunction in the quadrantsRe t >0, Im t < 0 and Re t < 0, Im t> 0. Sinceeq.(8) containsthe sound
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velocity c as a small parameterwe may keepthe termslinearin c only, thusarriving at

G(x, t) = (2ir)~{exp[ikF(x — t)] /[x — t — i0~sgn(t)]]~(l+ A2x2)_n, a= Ac/4(1 — 2A)~2, (10)

the Fourier transformof which is [5]

G(p,e)=4A~2(e—p)(a—1)_i
1F2(1;2—a,~Ie—pI

2/4A2)

+4A1sgn(e_p)~J~(Ie—pI/2A)2’1[r(1_a)/c(4+a)]
11’2(a;a+4,a;1cp1

2/4A2)

— 1A1 sgn(e)(Jc— pI/2AY~~12[‘~,/~7F(a)1Ka_
112(k — p1/A), (11)

1F2 being the generalizedhypergeometricseriesandKn_1/2 the cylindrical function of imaginaryargument.We
mayconcludeby looking at eqs.(8) and(11) that,irrespectiveof the couplingstrengthA (0< A <4) and smalla
approximation,G(p, �) hasno simplepolesin the complexenergyplane,that is, thereare no singleelectronexci-
tations.Thus,asin thecaseof the one-dimensionalmany-electroninteractingsystemwith forwardscattering[6]
thebasicassumptionof Landau’sFermi-liquid theory is not fulfilled. Consequently,theonly excitationswhich
are presentin this systemarethosegiven by thepolesappearingin eq. (5). This is why thehamiltoniangivenby
eq.(1) couldhavebeendiagonalizedby using theTomonagabosonizationtechnique[31. It is noteworthythat
our expressionfor G(p, �)given by eq.(11) fulfills thesumrule

f de [A(p, �)+B(p, e)] = I, A(p,�) = —ir~ImG(p, �), B(p, e) i~ImG(p, —�).

Indeed,we have

fdc [A(p, �)+B(p, e)] = [2’
2F(a) ~ -l [~ dx IxI0~2Ka_l/

2(IxI)+ f dx
o —IpI/A p1/A

(12)

which in the limit l~l~ A gives 1 [7]. The momentumdistribution of electronsnear+kF,

n~= —(i/2~)fdx e_~XG(x, 0) = — (2~)~jdx x~
1sinpx (1 + A2x2)~1~ (13)

can easilybe calculated[5] . For c ‘~ 1 and IpI ~ A we get

fl~= 4 — ir~ sgn(p)g(IpI/~), (14)

where

g(x)4..,/~ [F(a—4)/r’(a)]x for4—c2/32<A<4,

(15)

= 4/~[r~-— ci)/[’(l + a)1 (x/2)~ for 0< A <~- — c2/32.

Onecan concludethat thereis nojumpin themomentumdistribution at the Fermipointsandthe numberof elec-
tronsis conserved(n~+ n_~= 1). This resultis similar to thatcorrespondingto theelectron—electroninteraction
in onedimension[4].

By expandingthe Greenfunction givenby eq.(11) in powersof awe obtain the leadingcontributionto the
electronself-energy

~(p, e)= a2Az{2z2f
1(z)+ 2 In lzI[2z

2f
2(z) — 1] —f3(z)+ i~sgn(ez)e~

2~}, (16)
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where

z = (�— p)/2A, f1(z) = ~ [z
2k/(k + 2)!] [~(k + 3) + C~, f

2(z) = 1F2(l ; 2, ~ ; z
2),

= (17)

f
3(z) = ~ [(2z)

2k/k!j [~(2k +2) +

~,L’beingthe logarithmic derivativeof the gammafunction and CEuler’sconstant.This expressionis valid for
Ia lnIzII ~ 1, which meansexp(_constX ~/)~7~)~ 1� — pl/2A ~ exp(const X ~ and for small values of the
adiabaticparameter(m/M)1/2. It resultsthat for z� 0 and in the limit m/M~ 1 the electron self-energy is

O(~/m/M).Beforemakinguseof this result in discussingeq. (2) let us first remark that we are not interested in the

vertex function itself but rather in otherquantitieswhich areexpressedin termsof F by integrals.Therearethree
types of singularitieswhich may arisein the integrandsof thesequantities:(i) � = p, (ii) w = q, (iii) w = q —~ 0. The

singularity of the type (i) is removable due to the analytic structure of the one-electron Green function (singularity

weaker than a pole). The sameis true for the singularity of type (ii) since the poles of the phononGreenfunction
are never of the form w = q (these being virtual phonons).In the case (iii) we have from eqs. (2) and (16)

— q, � — w) — ~(p, e)] /(w — q) -÷ a~(p, �)/ap = O(/~7M). Therefore, we may conclude that in treating the
electron—phonon interaction in one dimension, the vertex function may satisfactorily be approximated by F

g[l + O(~/m/M)] . This is what Migdal’s theorem [8] claims for the three-diinensional case. Wehave thereby

checked this theorem for the present exactly soluble one-dimensional model.
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