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It is shownthat theJordancommutatorhasbeenoverlookedso farin thetheoryof theone-dimensionaltwo-fermion
model. TheJordan’sbosonrepresentationis generalizedto this modelandtheproperuseof then cut-offparameteris
introduced.

The bosonrepresentationfor the one-dimensionaltwo-fermionmodel(Tomonaga—Luttingermodelwithout
interaction)previouslyproposedby LutherandPeschel[1] andMattis [2] wasrecentlydiscussedby Haldane[3].
A major lackof thebosonrepresentationgiven in refs. [1,2] is the contributionof thezero-modesassociated
with the particle-numberoperators.Thesezero-modeswere consistentlytakeninto accountby Haldane[3] who
derivedalsothe completeform of thebosonizedkinetichamiltonianof the system.The bosonrepresentationof
the fermionfieldsgiven in ref. [3] looksvery much the sameasthatencounteredin thefield-theoreticalliterature
[4] and,in fact, it wasderivedmanyyearsagoby Jordan[5] for a singlefermion field in onedimension.

An importantfeatureof thebosonrepresentationof thefermionfields in onedimensionis the prescriptionof
introducingthecut-off parametera.As theparticledensityis infinitely largea propercut-off procedureis required
which shouldensurethe correctcommutationrelationsandprovideapracticalwayof handlingwith the divergen-
cies. Thebosonrepresentationgivenby LutherandPeschel[1] is notnormal orderedin bosonoperators.When
normalorderingis attemptedfactorsappearwhich containdivergentsummationsoveraninfinite rangeof
wavevectors.The cut-off parameterawasintroducedby LutherandPeschel[1] in thebosonrepresentationin
sucha wayasto simply ensuretheconvergenceof thesesums.However,this cut-offprocedurewas provedto
leadto someinconsistenciesin treatingthe one-dimensionaltwo-fermionmodel [6]. Haldane[3] useda normal
orderedbosonrepresentation,as did Mattis [21, so that thecut-off parametera is no longerneededin theboson-
ized expressionof the fermionfields. However,productsof two or more fermionfieldshaveto be calculated(to
evaluatetheanticommutators,correlationfunctions,etc.)and thereforethenormalorderingproblemarisesagain.
In orderto makefinite the summationsover wavevectorsappearingin the problemsof this type Haldane[3]
pointedout an essentiallysimilarcut-off procedureasthatgiven in ref. [1], althoughtheinterpretationof the
parametera in ref. [3] differs from thatgivenby Luther andPeschel[1]. Theabsenceof the cut-offparametera
in thebosonizedexpressionof thefermion fields givenby Haldane[3] removestheaforementionedinconsisten-
ciesof thetwo-fermionmodel.Howeverthereis a quantitynotexplicitly discussedin thesepreviousworks which
was pointedout long ago by Jordan[5] andwhichwill behereafterreferredto asJordan’scommutator.This
commutatorplaystherole of a supplementaryconditionwhich hastobe satisfiedby thebosonrepresentation
andits importanceisdirectly connectedto a consistentwayof renormalizingtheinfinitely largedensityof fer-
mions.Onecaneasilyseethat thecut-off proceduresproposedin refs. [1,3] do notmakethebosonrepresentation
satisfy theJordancommutator.The propercut-off procedurewassuggestedby Jordan[5]. Theaim of the present
letteris to drawattentionto Jordan’scommutatorandto introducethepropercut-off procedureaswell asto
generalizetheJordantheory to the two-fermionmodel.
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Let ussupposethat thefermion field in onedimension~,1i(x)= ~ elPXa~,p = 2ir X integer,is governedby the
kinetic hamiltonian

H0 = ~ paa~— ~ pa~,a= ~ paa~,+ ~ p(aa,, — 1). (1)
p>0 p~0 p>0 p~0

Theground-stateof this systemis infinitely filled with particlesfromp = —00 top= kF, kF beingthe Fermimo-
mentum.Insteadof working with theparticle-numberoperator~ ~ whichhas infinite valueswhenacting
uponthe statesof the system,Jordan[5] introducedthechargeoperator

B ~ aap — ~ ~ ~Ii~aa~,+ ~ (a~a,~—1), (2)

p>0 p~0 p>0 p~o

which countstheparticleswithp > 0 minus theholeswithp ~ 0. Owing to the infinite filling of thestatesthe
particle-densityoperator If~(x)~i(x)hasinfinite values:

I +B+(2i)~[F(x)+F~(x)], ~(x)~(x)= ~ 1 -B—(2i)~[F(x)+F~(x)], (3)
p~<0 p>O

whereF(x) =

2ir~k>0ei p(—k),p(—k)= p~(k)= ~ are the Fouriercomponentsof theparticle-density
operator.In order to extract theseinfinities asc-numbersJordan[5] introducedthe cut-off parametera> 0 by

~,1i~(x)t/i(y) = urn [ili(x — ia/2)]~ ~i(y — ia/2), ~(i(x)i,L1F(y) = lim i,D(x + ia/2)[~i(y + ia/2)]~ , (4)

and found

[~,L’(x— ia/2)]~D(x —ia/2)=(2ira)~+B +(2ir)1[F(x)+F~(x)] + 0(a),

i,li(x + ia/2)[,li(x ÷ia/2)]~ = (2ira)~ — B — (2ir)~~ [F(x) +F~(x)]+ 0(a). (5)

One can see from eq. (5) that a1 may be interpreted as a bandwidth cut-off. For a -~ Owe get from eq. (5) the
Jordan commutator

[,1i~(x),~/i(x)]= 2B + ir~l [F(x) +F~(x)]. (6)

Jordan[5] proved that p(—k)satisfy rigorously boson-likecommutationrelations[p(—k),p~(—k’)J= (21T)’k6kk

andestablishedthebosonrepresentation

x)=cS1exp[i2ir(B_ l/2)xJ ex~(_2ir~II~k_1e_11~P+(_k))exp(2ir~ [k_1e~xP(_k)]), (7)
k>0 k>0

wherec is a constantwith ci = 1 andS a unitary operatordefinedby Sa~S~= ap+
2~,SaS

1 = a~
2~with

the properties

SBS
1= B — 1, SH

0S
1= H

0 — 2ir(B — 1/2). (8)

All the propertiesof the fermion field 4i(x) (commutatorswithp(—k),B and 5, equationof motion,anticommu-
tation relations), Jordan’s commutator (6) included, are satisfiedby thebosonrepresentation(7) providedthat
Jordan’s prescription (4) is followed. Working with the boson representation (7) we encountersumsof the type
f(z) =

2~k>Oke, Rez ~‘ 0, z� 0 which are to be approximatedbyf(z) —ln(2irz)+ irz. This approxi-
mation is valid for L~Iz I ~ 1, L being the length of the box the system is confined to (we putL = 1 in writing
down our equations for simplicity). The completeform of the bosonizedkinetic hamiltonianis derivedasfollows:
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~ e~~paa~,— ,~oeP°~p(a,,a~t— 1) = ~ ~ — ~ ~°ia~,a — 1))

a . +
~—fdx [i~i(x— ia/2)] i~i(x— ia/2), (9)

where we simply used the Fourier representation of the ~,t’(x).By usingeq. (7) we obtain

[çli(x — ia/2)]~1i(x — ia/2) = (2ira)~ +B +(2ir)~[F(x) +F~(x)] + ira:{B +(2ir)1 [F(x) +F~(x)]}2: + 0(a2),
(10)

where: : means normal ordering, so that

f dx [~i(x — ia/2)]~~i(x — ia/2) (2ira)~ +B + lTa(B2 + 2 ~ p+(_k)p(_k))+ 0(a2), (11)
k>0

and comparing with eq. (9) we get

H
0 = urn ( E eP0paa~— ~ ep~papa;)= irB

2 + 2ir ~ p~(—k)p(—k). (12)
n-+0 p>0 p~0 k>0

The bosonrepresentation(7) and thebosonizedhamiltonian(12)are thesameasthosederivedby Haldane[3] by
an entirely different method. However it is a matter of a simple algebra to show that the cut-off procedure used
in refs. [1,3] doesnot makethe fermionfield (7) satisfy Jordan’s commutator (6) [andeqs. (5)]. The propercut-
off procedureis that givenby eq.(4).

The generalizationof theJordantheoryto thetwo-fermionmodel is straightforward.Thismodel is described
in terms of the fermion fields ~,

5(x)= ~ elPxaj~5(f = 1, 2 and s= ±I is thespinindex) andthekinetic hamilto-
nian

H0 5~0pat~5ai~5+5~0p(aTpsaips — 1)_5~<0Pa~psa2ps ~ —1), (13)

the ground state being filled withj = 1 particles from p = _00 top = +kF and with! = 2 particlesfromp = —kF to
p = 4-oo~The chargeoperatorsare

B18 ~0at~5ai~5 +E (at~5ai~5— 1), B28 +~J~(4~5a2~5—1), (14)

and the operators ~ have the properties

SfrB/s’Sis = 511’~8~’(B,~R 1) +(1 — ~11’655’)B1’5~, S~5H0S~
1=H

0 ; 2ir(B15 R 1/2) , (15)

the upper (lower) signcorrespondingto! = 1 (2). The bosonrepresentationis

= c18S~
1exp[±i2ir(B

15— 1/2)x]exp(_21r ~ k_1e~1~~pZC÷k))exp(21rk>O k_1e±1~Pj5(Rk)), (16)

where shouldsatisfy theconditions

c~7c15 = cjscZ = 1, {c15,c1.5.} = {c15,c5’} = 0, (is) ~ (l’s’) , (17)

so that the Dirac matrices may be taken as a matrix realization of c15. The representation given by eq. (16) should
beusedwith thefollowing prescriptionof introducingthecut-off parametera:

~i~(x)ti15(y)= ljm0 [i,Li~~(xR ia/2)]~ti15(y~ ia/2), 1p18(x)PZ(y)= lim ~ ±ia/2)[~Li15(y±ia/2)1~. (18)
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Thebosonizedform of H0 givenby eq.(13) is

H0 = ir ~ B1
2~+ 2ir ~ p~(Tk)p

15(~k). (19)
js js,k>0

All thepropertiesof the field operatorslistedbelow

[~i15(x),p,’8’C÷k)]= ~ [Li15(x),B18] =

S18i,1i1’8.(x)S1
1= ~~jj,bss,e_i2~~1ijs(x)+ (1 — 6

11’b55’)1i1’5’(x), [i~15(x),H0]= Ria~4~15(x)/ax

{q1~(x), ~/‘8’(y)} = ~1p~58’ö(x—y), {~~~(x),~5(y)} = 0, [~i)(x), ~~~(x)]= 2B15 + IT~[F~5(x)+F~(x)],
(20)

whereF18(x) = 2ir ~k>O e±1
1~~~p

15(Tk),aresatisfiedby thebosonrepresentation(16) andthecut-off procedure
(18). The lastline in eq.(20)is theJordancommutatorfor the two-fermionmodel.Theaforementionedinconsis-
tenciesof the two-fermionmodel are also removedby thecut-off procedureproposedhere,althoughthisproce-
durediffers from that given in ref. [3]. Theseresultswill be publishedin a forthcomingpaper.
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