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Abstract

It is shown that anharmonic corrections to the elastic energy may lead to unphysical solutions for the elastic mo
The equation of motion for longitudinal deformations with third-order anharmonic terms is identified as the continuu
of the Fermi–Pasta–Ulam equation. This equation is solved exactly by elementary quadratures, and the correspon
dependence is shown to exhibit singularities at finite times. The first terms in the asymptotic series of the quasi-pla
solution are also computed for this equation. It is also shown that resonances may appear in the elastic waves as a co
of their mutual coupling through non-linearities, and an example is explicitly computed for a transverse wave coup
longitudinal one, propagating along the same direction.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction

In spite of the great deal of work on non-linear ph
nomena, the wave equation with anharmonic corr
tions has still received little attention in the continuu
limit. Cubic and quartic anharmonicities have be
considered in a one-dimensional discrete lattice
and exact solutions have been identified as sinuso
waves of finite amplitudes for certain wavevectors, a
amplitude-dependent frequency, in general (see
Ref. [2]). Non-linear structures arising from mod
lated strain in ferroelectrics have also been stud
within a semi-discrete approach to Ginsburg–Lan
equations [3]. However, the continuum limit is us
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ally quite different from the discrete lattice mode
A connection has also been discussed of non-lin
wave equations with the well-known anharmonic
cillators [4]. A breakthrough has been recorded
cently [5] by applying Lie algebras of the equati
symmetry group to the exact solutions of a class
non-linear wave equations, which includes the w
known Fermi–Pasta–Ulam equation in the continu
limit. Herein, we discuss cubic anharmonic corre
tions to the elastic waves equation, and identify
corresponding equation of motion for longitudinal d
formations as the continuum limit of the Fermi–Pas
Ulam equation. The exact solution of this equat
is obtained by elementary quadratures, and show
be unphysical, in the sense that it is boundless
finite times and space boundaries placed at infin
However, the non-linear term in this equation m
.
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act as a perturbation on plane waves, and the co
sponding asymptotic series is relevant for waves pr
agating over finite space regions and time interv
The first terms in this asymptotic series are exp
itly computed. The transverse waves with cubic anh
monic corrections are also analyzed, and a reson
is shown to appear as a consequence of the non-li
coupling of these waves to the longitudinal deform
tion waves.

2. Anharmonic corrections

As it is well known, terms of order higher tha
second in the strain tensor must be considered in
elastic energy for large values of the elastic de
mations. These higher-order terms generate non-li
equations of motion, and they are usually called
harmonic corrections to the wave equation. The
harmonic corrections to the elastic energy and eq
tions of motion may change drastically the characte
the elastic movement. Indeed, the superposition of
solutions does not hold anymore for anharmonic c
rections, in general, and the elastic waves exhibit
combined-frequency phenomenon and temporal
onances. The third-order anharmonic corrections
considered here for an isotropic elastic body, and
equation of motion is solved exactly for longitudin
deformations, by elementary quadratures. It is sho
that this equation is the continuum limit of the we
known Fermi–Pasta–Ulam equation. The solution
hibits a singular time-dependence at finite times,
ing, therefore, unphysical. In addition, it is boundle
at the space boundaries placed at infinity. The con
bution of the non-linear terms in this equation is a
treated as a small perturbation to the plane waves,
the first terms in the asymptotic series are compu
explicitly. The non-linear coupling of the transver
waves to the longitudinal waves is also considered,
a resonance is shown to occur for a frequency wh
depends on the ratio of the waves velocities.

Linear elasticity [6] assumes a linear strain
deformation) tensor

(1)uij = 1

2

(
∂ui

∂xj
+ ∂uj

∂xi

)
,

which has a weak spatial variation, whereui is theith
(Cartesian) coordinate of the displacement vectoru at
r

positionr of coordinatesxi (i = 1,2,3). The elastic
energy for an isotropic body is then written as

(2)E =
∫
dr

(
λ

2
u2
ii +µu2

ij

)

in the linear approximation, whereλ and µ are
(constant) Lame’s coefficients (λ > −2µ/3, µ > 0)
andu2

ii andu2
ij are the two second-order scalars un

rotations (u2
ij = uij uji ). Equations of motion

(3)ρ
∂2ui

∂t2
= (λ+µ)

∂(divu)
∂xi

+µ�ui,

follow, where ρ is the density and� denotes the
Laplacian, which describe longitudinal and transve
plane waves with velocitiesvl = √

(λ+ 2µ)/ρ and,
respectively,vt = √

µ/ρ.
Non-linear contributions to elasticity appear fi

through the full expression

(4)uij = 1

2

[
∂ui

∂xj
+ ∂uj

∂xi
+ ∂uk

∂xi

∂uk

∂xj

]

of the strain tensor (finite strain theory), and secon
through higher-order terms in the elastic energy. Th
are three scalars of the third order that must be ad
to the elastic energy (2), which now reads

(5)

E =
∫
dr

(
λ

2
u2
ii +µu2

ij + 1

3
Auij ujkuki

+Bu2
ij ukk + 1

3
Cu3

ii

)
,

whereA,B,C are constant coefficients. Fourth- a
higher-order terms do not appear in Eq. (5) as o
third-order terms are retained. It is worth noting th
in general, the elastic energy given by Eq. (5) has
an absolute minimum value for∂ui/∂xj = 0, so that
deviations of the strain tensor around vanishing val
may lead to a non-equilibrium motion and to t
unstability of the elastic body. Therefore, addition
restrictions are necessary to be imposed upon
values of the deformation tensor, in order to desc
a physically meaningful motion.

First, we note that the third-order non-linear con
butions to the elastic energy (5) do not affect a tra
verse wave of the form, say,u2(x1) = u(x), which
obeys the same equation of motion (3) as for lin
elasticity.
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(7)
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-

the

n.
For a longitudinal displacementu1(x1) = u(x) the
strain tensor has only one component

u11 = ∂u

∂x
+ 1

2

(
∂u

∂x

)2

= u′ + u′2

2
,

and the energy reads

(6)E =
∫
drρ

(
1

2
v2
l u

′2 + 1

6
v2u′3

)
,

wherev2 = [3(λ + 2µ) + 2(A + 3B + C)]/ρ. The
density of energy has a minimum value foru′ = 0 and
a maximum value 2v6

l /3v
4 for u′ = −2v2

l /v
2. For |u′|

larger than 2v2
l /|v|2 the elastic deformation becom

unstable. We assume, therefore, that the initial st
tensoru′ is much smaller than this limiting value
everywhere in the body. On the other hand, we a
assume thatu′ is sufficiently large (u′ ∼ 1) so that
non-linear terms be considered in the elastic ene
It is worth noting that even if the explicit third-orde
contributions to the energy are absent, i.e.,A = B =
C = 0, the third-order non-linearities do occur
the energy, through the non-linear terms in the str
tensor. The coefficientv2 becomes in this casev2 =
3v2

l (corresponding toA+ 3B +C = 0).
For the elastic energy given by Eq. (6) the equat

of motion reads

(7)
∂2u

∂t2
= ∂2u

∂x2

[
v2
l + v2 ∂u

∂x

]
.

This is the continuum limit of the Fermi–Pasta–Ula
equation [5,7]. It ensures the conservation of ene
(continuity equation)∂w/∂t + div j = 0, where

w = ρ

(
u̇2

2
+ v2

l u
′2

2
+ v2u′3

6

)
is the energy density (both kinetic and elastic) and

j = −ρ
(
v2
l u

′ + v2u′2

2

)
u̇

is the energy flow. It is easy to see that Eq. (7) can a
be written as

(8)
∂2u′

∂t2
= ∂2

∂x2

(
v2
l u

′ + 1

2
v2u′2

)
,

or

(9)
∂2

∂t2
U = 1

2
v2 ∂2

∂x2
U2,
whereU = u′ + v2
l /v

2 (U > −v2
l /|v|2). This equa-

tion has been analyzed in Ref. [5] by making u
of the symmetry approach and the prolongation te
nique. The solution of this equation can be written
U(t, x)= g(t)f (x) by the separation of the variable
leading to

(10)g̈ − 3

2
ω2g2 = 0,

(11)
(
f 2)′′ − 3(ω/v)2f = 0,

whereω2 is a (real) constant of integration. The
equations can be integrated by elementary qua
tures. Details of these computations are given in A
pendix A. The temporal dependence is given by

(12)

g(t)= |s|
[√

3
1− cn

(√√
3|s| |ωt|)

1+ cn
(√√

3|s| |ωt|) − 1

]
sgn

(
ω2)

(Eq. (A.5) in Appendix A), where cn is the Jaco
elliptic cosine-amplitude, ands = −g(0) is a con-
stant of integration. Functiong(t) given by Eq. (12)

is a periodic function with period
√√

3|s| |ωt| = 4K,
whereK is the complete elliptic integralF(π/2, k)
(∼ 4) for k2 = (2 + √

3)/4. It has also singularitie

at
√√

3|s| |ωt| = 4K(n + 1/2), wheren is an inte-
ger. These singularities make the solution of Eq.
unphysical. The spatial dependencef (x) of the solu-
tion of Eq. (11) is given by the implicit equation (A.7
in Appendix A. It goes likef ∼ |h|sgn(ω/v)2 +
(ω/2v)2x2 for x ∼ 0, andf ∼ (ω/2v)2x2 at infinity
(x → ±∞), whereh= f (0) is another constant of in
tegration. It is worth noting thatf (x) is boundless for
spatial boundaries placed at infinity, which adds to
unphysical character of the solution.

3. Exact solution

A general solution of Eq. (7) reads

(13)

u(t, x)= g(t − t0)

x∫
0

dx f (x − x0)− (vl/v)
2x + c,

where time and space originst0 and, respectively,x0
are introduced, andc is another constant of integratio
These constants of integration, together withω2, s and
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h introduced previously, are determined from init
and boundary conditions. The movement descri
by Eq. (13) looks like a vibration rather than
propagation. The density of kinetic energyρu̇2/2
increases boundlessly in time, while the density
elastic energy

e= ρ

2

(
v2
l u

′2 + v2u′3

3

)

= ρv2

6

(
f 3g3 − 3v4

l fg

v4 + 2v6
l

v6

)

(which requiresfg >−v2
l /|v|2 for avoiding the unsta

bility of the body), decreases initially with increasin
time and thereafter increases boundlessly. This bo
less increase in both energies is performed at the
pense of the energy flow

j = −ρ
(
v2
l u

′ + v2u′2

2

)
u̇= −ρv2

(
f 2g2 − v4

l

v4

)
f ġ,

which, although acquires the same value at symme
boundariesx = ±L (due to the fact thatf is an even
function of x), increases itself boundlessly in tim
Indeed, the main characteristic of the solution (13
its singular behaviour near the periodical times

t = 4K

|ω|
√√

3|s|

(
n+ 1

2

)

as indicated by Eq. (12). These singularities are
physical, they lead to ruptures in the elastic body, c
responding to jumps of the solution from one temp
ral oscillating branch to another, with correspond
singularities in the time derivative of the solution (a
gular points of solution) at the singularities times, a
with corresponding loss of energy. This singular b
haviour of the solutions of the non-linear elastic mo
ment indicates a main mechanism of energy tran
and dissipation through ruptures. It is a general p
nomenon exhibited by non-linear equations of ela
motion, because for large values ofu′ in Eq. (8) the
r.h.s. of this equation reduces to(∂2/∂x2)u′n, wheren
(n = 2,3, . . .) is an integer corresponding to the no
linearity degree, and such an equation can be i
grated by separation of variables, leading to singu
solutions for finite times. The ruptures associated w
such non-linear elastic movements are non-unifor
distributed in space and propagates (from the bou
aries) with a non-uniform velocity given by

v = dx

dt
= ∂u/∂t

∂u/∂x
.

For third-order non-linearities discussed here the t
dependence is given byg ∼ 1/(ω2(t − T )2) near a
singularity, where

T = 4K

|ω|
√√

3|s|
is the period, and the spatial dependence is g
by

∫ x
dx f ∼ (ω/v)2x3 for large values of|x|. It

follows that ruptures appears during a time of
order of a periodT propagating with a velocity o
the order ofv. ForA + 3B + C = 0 this velocity is
v = √

3(λ+ 2µ)/ρ = √
3vl .

4. Asymptotic series

It is useful to compute the asymptotic series of
solution of Eq. (7) by viewing the non-linear ter
as a small perturbation. To this end, we introdu
the parameterε = (v/vl)

2, so that Eq. (7) read
now

(14)ü− v2
l u

′′ = εv2
l u

′u′′.
The solution of Eq. (14) can be written as an exp
sion

u= u0 + εu1 + ε2u2 + · · ·
in powers ofε, whereu0 = a cos(ωt − kx) is a plane
wave of amplitudea and frequencyω = vlk, k being
the corresponding wavevector. The first-order appr
imationu1 obeys the equation

(15)ü1 − v2
l u

′′
1 = −1

2
v2
l a

2k3 sin
[
2(ωt − kx)

]
,

whose solution is of the formu1 = f cos[2(ωt − kx)],
with f a linear function of time and space. Similar
the second-order approximation includes a seco
orderf -function of time and space. Straightforwa
computations lead to

u= a cos(ωt − kx)

+ 1

16
εa2k2(x + vlt)cos

[
2(ωt − kx)

]
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+ 1

128
ε2a3k4(x + vlt)

2

(16)
× [

cos
[
3(ωt − kx)

] − cos(ωt − kx)
] + · · · ,

which is, in fact, a triple expansion in powers ofε,
ak and lk, where l = x + vlt is a characteristic
length. It is worth noting the expansion parame
ak ∼ a/λ in Eq. (16), whereλ is the wavelength
which shows indeed that the non-linear contributio
are controlled by the ratio of the wave amplitude
the wavelength, as expected. The asymptotic cha
ter of the solution, however, makes these contri
tions boundless over the characteristic lengthl. We
note here the higher harmonics appearing in the
ymptotic series (16), as well as various amplific
tion factors of the order of 1+ εal/4λ2 in the am-
plitude, velocity and acceleration of the asympto
solution. A similar asymptotic series can be co
puted for higher-order anharmonic corrections to
elastic waves equation. It is worth noting that t
plane waves are a good approximation to the s
tion as long as the inequalityF = εal/λ2 � 1 is sat-
isfied, whereF can be seen as a non-linear effe
factor. The characteristic lengthl is generally much
longer than the wavelengthλ, so that the amplitud
must be much smaller than the wavelength for t
inequality be satisfied. At the same time, the char
teristic lengthl must be bounded, which means th
the quasi-plane waves are a satisfactory approxi
tion over finite distances and time intervals. Inde
for instance, the time intervalt must be such tha
t � T (λ/a), whereT is the wave period; otherwise
the non-linearities become important, and their con
butions cannot be treated as a small perturbation
more. TheF -factor introduced above can, therefo
be viewed as characterizing the non-linear effects
the plane waves.

5. Coupled equations

Let us assume both a longitudinal displacem
u1(x1)= u(x) and a transverse displacementu2(x1)=
v(x). The strain tensor has then the componentsu11 =
u′ + u′2/2+ v′2/2 andu12 = u21 = v′/2. Making use
of Eq. (5) the equations of motion are obtained as

ü− v2
l u

′′ = εv2
l u

′u′′ + ζv2
l v

′v′′,
(17)v̈ − v2
t v

′′ = ζv2
l u

′v′′,

whereζ = 1 + (A+ 2B)/2ρv2
l . The solutions can b

written as a double expansion in powers ofε andζ .
The zeroth-order approximation are plane wavesu0 =
a cos(ω1t − k1x) and v0 = b cos(ω2t − k2x), where
a and b are amplitudes andω1,2 = vl,t k1,2. Apart
from the asymptotic character, the solution exhib
a new feature originating in the combined-frequen
phenomenon. Indeed, the first-order approximatio
the transverse wave obeys the equation

(18)v̈1 − v2
t v

′′
1 = −1

2
v2
l abk1k

2
2 sin(Ωt −Kx),

whereΩ = ω1 ±ω2 andK = k1 ± k2. The solution of
this equation isv1 = B sin(Ωt −Kx), where

B = 1

2
abk2

v2
l k1k2

Ω2 − v2
t K

2

(19)= 1

2
abk2

vl

vl − vt

vlk2

(vl + vt )k1 ± 2vtk2
.

It is worth noting here that a resonance may appea
(vl + vt )k1 − 2vt k2 = 0, which corresponds to

ω2 = ω1

2

(
1+ vt

vl

)
, i.e., Ω = ω1

2

(
1− vt

vl

)
.

Similar resonances may also appear in higher-o
approximations to both longitudinal and transve
waves, as a consequence of the combined-frequ
phenomenon originating in the non-linear couplin
The damping can be considered here, by introd
ing the termη(u̇ − vlu

′) in the original wave equa
tion, whereη is the damping coefficient (it leads to
damped plane wave of the formu = ae−ηt cos(ωt −
kx) for t > 0; a similar term holds also for th
transverse waves). The resonance singularity is
smoothed out by the small damping coefficientη,
while the asymptotic series (16) is not changed s
nificantly.

6. Conclusion

The main conclusion of this Letter is that anh
monic corrections to the elastic energy may le
in general, to unphysical solutions of the elas
movement, which involve singularities in the tim
dependence at finite times and boundless movem
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at the space boundaries placed at infinity. This p
nomenon is illustrated in the present Letter by solv
exactly the equation of motion for a longitudinal defo
mation with third-order anharmonic corrections to t
elastic energy. It is shown that this equation is the c
tinuum limit of the Fermi–Pasta–Ulam equation, a
a solution obtained by elementary quadratures is
vided. This phenomenon is rather general, it appe
also for higher-order non-linear equation of motio
which makes unphysical the solutions of these eq
tions. It follows that, for a consistent physical pictu
the elastic energy both for small and for large deform
tions is distributed among wave-like solutions, whi
obey linear equations of motion with a satisfactory
proximation over finite spaces and times, while
non-linear contributions act as a small perturbati
The first terms in the asymptotic series of the qua
plane waves solution are computed here for long
dinal deformations with third-order anharmonic co
rections, and their effect is estimated through the n
linear factorF introduced previously.

It is interesting to introduce at this point the d
tribution of the elastic energy among various pla
waves. Indeed, for an initial elastic disturbance c
centrated in a spatial region of radiusR0 the density
of elastic energy can be written asµ(A/R0)

2, where
µ stands for a generic elastic modulus andA � R0
is the amplitude of the disturbance. This energy
distributed among plane waves of amplitudeA and
wavevectorsk with a distribution functionρ given by
ρ dk = Ce−βA2k2

dk, whereC ∼ β
√
βA3 andβ is a

constant to be determined. Equating the initial den
of energy with the average density of energyµA2k2

in the plane waves we getβ ∼ R2
0/A

2, so that the dis-

tribution readsρ ∼ R3
0e

−R2
0/λ

2
, where the wavelengt

λ has been introduced. One can see that it does
depend on the amplitudeA, as expected, and almo
all the energy is concentrated on wavelengths m
longer than the average wavelengthλc ∼ R0. There-
fore, in estimating the non-linear factorF = al/λ2

we limit ourselves to the most relevant waveleng
λ > λc = R0. In addition, the quasi-plane waves a
in fact spherical waves with a good approximation
large distancesl = R, so that their amplitude is give
by a =Aλ/R. Under these circumstances we getF =
al/λ2 ∼A/λ <A/R0 = Fc � 1 according to the con
ditions imposed above upon the original disturban
Therefore, a statistical model of distribution of t
elastic energy among plane waves is consistent
small effects of the non-linear contributions. In ad
tion, this result can also be cast in a slightly differe
form. Making use of the critical-point theory [8] of th
distribution of the elastic energy through the scal
hypothesis [9], the energy propagating by the wa
is written usually asE = µ(A/R0)

2R3 =E0(R/R0)
3,

whereE0 = µA2R0. In general, the second equati
introduced here, namely,E = E0(R/R0)

3, is more
general, pointing out the existence of a scale ene
E0 corresponding to an elastic disturbance locali
over a scale lengthR0. For our non-linearF -factors, it
follows

Fc = A

R0
=

(
E

µR3

)1/2

=
[

E

µR3
0

(
R0

R

)3
]1/2

�
[
E

E0

(
R0

R

)3
]1/2

= 1,

sinceA � R0. Therefore, one may conclude that i
deed, under the conditions given above, the assu
tion that the non-linear effects are small is a consis
assumption, leading to quasi-plane waves as a s
factory approximation to the solution of the non-line
equations of motion.

The transverse waves are not affected by the th
order non-linearities, though a superposition of tra
verse and longitudinal deformations propagating al
the same direction exhibits resonances for certain
quencies that depend on the ratio of the waves ve
ities, as a consequence of their mutual coupling
non-linear terms. Such non-linear couplings betw
waves propagating along different directions is wo
of a more detailed investigation.
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Appendix A

A.1. Time dependence

Equation given by (10) leads straightforwardly to

(A.1)
∫
−s

dg√
g3 + s3

= ωt,

where s3 is another (real) constant of integratio
ω2s3 = ġ2(0)− ω2g3(0) (the origin of time has bee
put equal to zero, andt can assume both positive an
negative sign). First, we assumes > 0 andωt > 0, so
that Eq. (A.1) becomes

(A.2)

ξ∫
−1

dx√
x3 + 1

= √
s ωt,

whereξ = g/s > 0. It corresponds to initial condition
g(0) = −s, ġ(0) = 0 (for more general condition
we may change the origin of time). The integrati
in Eq. (A.2) can be performed straightforwardly
the substitutionx + 1 = √

3 tan2(α/2), leading to the
elliptic integral of the first kind

(A.3)F(ϕ, k)=
ϕ∫

0

dα√
1− k2 sin2α

= ωt

√√
3s,

where

k2 = 2+ √
3

4
(< 1) and ξ + 1 = √

3 tan2(ϕ/2).

Introducing the notationτ = ωt
√√

3s we obtain
immediately the Jacobi elliptic sine-amplitude [1
p. 910] sinϕ = snτ , or

(A.4)ξ = √
3

1− cnτ

1+ cnτ
− 1,

where cnτ is the cosine-amplitude; the functionξ can
also be written as

ξ = √
3
[
sn(τ/2)dn(τ/2)/cn(τ/2)

]2 − 1,

where dn(τ/2) is the delta-amplitude ofτ/2. It can
also be expressed in terms of the elliptic Weierstr
function [5,10]. A similar substitution allows th
integration fors < 0 (as well as forω2 < 0; we note
that sgn(ω2)= sgn(g + s)= sgn(s)). Noting also that
g(t) is an even function of time, we can finally wri
down the solution of Eq. (10) as

(A.5)

g(t)= |s|
[√

3
1− cn

(√√
3|s| |ωt|)

1+ cn
(√√

3|s| |ωt|) − 1

]
sgn

(
ω2).

This is a periodic function with period
√√

3|s| |ωt| =
4K (�ϕ = 2π ), whereK is the complete elliptic in-
tegral F(π/2, k) (∼ 4). It has also singularities a√√

3|s| |ωt| = 4K(n + 1/2), wheren is an integer
(corresponding toϕ = (2n + 1)π ), as expected di
rectly from Eq. (A.1). These singularities make the
lution of Eq. (7) unphysical. We note here that a si
ilar treatment is applicable to the classical cubic
harmonic oscillator, leading to an exact (oscillato
solution which can be expressed in terms of ellip
functions [11].

A.2. Spatial dependence

We note that solutionf of Eq. (11) changes sign a
(ω/v)2 does and it is an even function ofx. Making
use of the substitution(f/h)2 = F , where h is a
(real) non-vanishing constant of integration, the spa
equation (11) becomes

F ′2 = 4ω2

v2|h|
(
F 3/2 − 1

)
,

which leads to

(A.6)

z∫
0

dt t−1/2(1+ t)−1/3 = 3|ωx/v|√|h| ,

whereF 3/2 − 1 = t = |f/h|3 − 1> 0. It corresponds
to the boundary conditionf (0) = h and f ′(0) = 0
(the origin of space is set equal to 0). Usingt → −t
one can see that the integral in Eq. (A.6) is an anal
continuation of the incomplete beta function

B−z
( 1

2,
2
3

) = 2
√−z 2F1

( 1
2,

1
3,

3
2;−z),

where 2F1 is the Gauss hypergeometric functionF
[10, pp. 950, 1039]. Therefore, the spatial functionf
is given by the implicit equation

(A.7)

√
|f/h|3 − 1F

( 1
2,

1
3,

3
2;1− |f/h|3) = 3|ωx/v|

2
√|h| ,
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n as
ion
3],
we

t

97)

h.

1

a,

40,
. 2,

81;
4.

and

ki,

49;
up to a constant of integration (which can be chose
the origin of space). Making use of the transformat
formulas of the hypergeometric function [10, p. 104
or using directly the integral representation (A.6),
find the solution of this equation

(A.8)f ∼ |h|sgn(ω/v)2 + (ω/2v)2x2, x ∼ 0

near the origin, and

(A.9)f ∼ (ω/2v)2x2, x → ±∞
for large x. The remarkable particular caseh = 0,
corresponding tof = (ω/2v)2x2 has been pointed ou
in Ref. [5].
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