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TheSawadaHamiltonianmodelisgeneralizedto include theback-
scatteringinteractionin aone-dimensionalmany-fermionsystem.The
collectiveexcitationsof the particle-densityfluctuationsandtheback-
scatteringdielectricfunctionareobtained.It is shownthat thegiant
Kohnanomalyof thelongitudinalphononspectrum,observedin the
quasi-one-dimensionalconductors,is qualitativelyreproducedwithin the
presentapproach.

1. INTRODUCTION attractiveinteractionfor aparticularvalueof theback-

THE LOW EXCITED statesof thenon-interactingone- scatteringcouplingconstant.Within therenormaliza-
dimensionalmany-fermionsystemcanbeconstructed tiongroupapproachthevertexpart (scattering
with particle—holepairswhich involve single-particle amplitude)hasbeencalculatedfor aparticularchoice
statesin the neighbourhoodof thetwo ±kr Fermi of its externalvariables(±kp) [1]. Thisquantityis very
points(kF beingthe Fermimomentum).In orderto get usefulfor treatingthevariousinstabilitiesof the system
aprecisedescriptionof thesestatesweshallrestrict but it ismoredifficult to beusedfor gettingthedis-
ourselvesto thosesingle-particlestateswhosewave- persionrelationof theparticle-densityexcitations.
vectorp runswithin therange— k, — k~~ <— k~ The aimof thispaperis to studythebackscattering
+ k~and+ kp — k~<p < +k, + k~,whereic~is the processwith repulsivespin—independentinteraction
bandwidthcut-off,muchsmallerthank,. A linear [8]. Our approachis basedupon theSawadaHamilton-
dependencecan readilybeobtainedfor theunperturbed ian modelwhichhasbeenemployed[9] for treating
energylevelsof thesesingle-particlestates:�~= CF + thelong-rangeinteractionin thethree-dimensional
vF(IpI — kF), whereEp is the Fermi level andVF is the electrongas.This approachis slightly modifiedinorder
Fermivelocity. Much theoreticalwork, recentlyre- to studytheforwardscatteringin theone-dimensional
viewedby Sdlyom [I] , reliedon thissimple relation- systemandis generalizedto includethebackscattering
shipwhich is the essentialfeatureof themodel. interaction.The dispersionrelationsof theparticle-

In the one-dimensionalmany-fermionsystem~ densityexcitationsaswell asthebackscatteringdielec-
formulatedabovetherearetwo typesof interaction tric functionareobtained.it is shownthatthe giant
processes.The first oneis theforward scatteringprocess Kohnanomaly,observedin the longitudinalphonon
thatinvolvesasmall momentumtransfer.This process spectrumof thequasi-one-dimensionalconductors,is
excitesoneparticle—holepairin theneighbourhoodof reproducedby ourapproach.A possibleconnectionis
+ kF andanotherone in the neighbourhoodof — kF. discussedbetweenour resultsandtheoptical dataof
Thesecondoneis thebackscatteringprocess,with thequasi-one-dimensionalconductors.
momentumtransfernear2k,., thatexcitestwo particle—
holepairsacrossthe Fermisea.Onecan seethat the 2. FORWARD SCATI’ERING
excitationenergiesinvolvedinboth processesarevery Thesystemof interactingfermionsis describedby
small. Consequently,the dynamicsof thesystemis theHamiltoman
governedbothby the forward scatteringandback-
scatteringprocess. H = H0 + H1,

The forward scatteringinteractionhasbeentreated
within theTomonaga—Luttingermodel [2—5]. The H0 = ~ �pC~pCp,

backscatteringinteractionhasbeenstudiedby meansof
both thebosomzationtechnique[6] andrenormaliza- H1 = ! ~ V(k)C;1+kC;2_kCP2CP1, (1)
tiongroupapproach[7]. A remarkableexactsolution
hasbeengivenby LutherandEmery [6] in the caseof wherec~,(c,)is thecreation(annihilation)operatorof
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thep-fermion stateandv(k) is the Fourier transform of H0~= ~ vFk(AikAlh + A~~A2~). (6)
the interaction.Althoughthe spin indexis omitted in
equation(1) the spincontribution (a factor 2) will be Looking for the forward scattering processesthe inter-
consideredin counting the single-particle states. action Hamiltonian H1 [equation(1)] can be written

It iswell known[9] thatthebasicquantities in the as(up to a constantterm)
SawadaHamiltonianmodelarethe creationand anni-
hilation operators of the particle—hole pairs. These H1~= ~ g~(AjaA1a+ A~~A2~
operatorsareof the form c~cpwherep lies insideand
p +k outsidethe Fermi sea.As weshall restrict our-
selvesto the low excitedstatethe wave-vectorsp and + A~aA~a+A i~A2~), (7)
p + k will beconfined to small regionsaround the where theinteraction hasbeentaken as constantv(k) =

Fermi points,definedby thebandwidthcut-offk~. ~, for small k, 0<k < 2kg. The full Hamiltonian H~=

Usingthe linearp-dependenceof theunperturbed single- H0,. +H1~of the forward scatteringcanstraightfor-
particle energylevelsit is easyto seethattheexcitation wardly by diagonalizedby meansof the Mattisand Lieb
energyof a particle-hole pair with small momentum unitary transformation [4]. We get the dispersion
transfer (forward scattering)dependson the momentum relation of theparticle-density excitationsassociated
transfer only. Consequently,it is convenientto usea with the forward scattering process:
superpositionof particle—hole pairs operators defused tvpk(l +2v/irvp)”2, 0<k<k~,
by ~,(k)=~ 1/2

= gj1 ~ 4
4j,cp, ~ = ~ c~p_,,cp, ~[vi.ic~+ vvpk(2k~— k)J , k~<k <21cr.

pEö, PE&~ (2) (8)

andthecorrespondingannihilationoperators.In equ- For 0<k <k~thisdispersionrelationhaspreviously
ation(2) theregIons61 and62 aregivenby beenderived [2,4, 5] by various techniques.

(k, —k <p <k,., 0<k <kg, 3. BACKSCATFERING
61 =~

kp—k~<p<kp+k~—-k,k~<k<2k~,
Weintroducetheexcitationoperatorsof theback-

(~kF<p <—k, +k, 0<k <ks, scatteringparticle—holepairs
62 =

—k,—k~+k<p<—k,.+k~,k~<k<2k~, b~,(k)= 4+2k,.+kCp, pE63,

(3) (9)
andthenormalizationfactor b~sp(k)= c~2kF.kcP, i~

((k/ir)
112, 0<k <k

0, (andthecorrespondingannihilationoperators)where
= (4) theregions

[(2k~—k)/ir]”
2, k~<k<2k~ I —kF<p<—kF+kc—k, 0<k<k~,

ischosensoas(OIAi~A~l0)=(0IAs~A~aI0)=1, 0) 63 =
I.—kp—k<p<—kF+kc, —k~<k<0,

beingthegroundstateof thenon-interactingsystem.
For commutationrelationsoftheA-operatorsthe I k, —k~+ k <j,<k,., 0<k <kr,
averageswill be usedof their commutatorson thenon- 64 =

interactinggroundstate10>. This approximation,which k,. — k~<p <kF + k, — k
0 <k <0 (10)

is thecharacteristicfeatureof the SawadaHamiltonian havebeenchosensoasto have— kF <p <— kF + k~,

model,isvalidlnthelimitofweakcouplingstrengths kp<p + 2k,. +k <kF +k~for thefirst setofoper-
whenthe interaction doesnot distortappreciablythe ators [b~~(k),b1~(k)]and k, — k~<p <kF, — k, —

Fermiseaofthe system[4, 5, 10]. Usingthisapproxi- k~<p — 2k,. — k <—k,. for the secondone
matlon weget boson-likecommutation relations [A1k. b2,(k)].The approximate commutation relations of

= [A2~,A~~’]= 8,,,~’and [Aia,A2a1 = 0. theseoperators are obtained,asin the caseof the for-
With thelinearized form for e~weobtainthe corn- ward scattering, by takingthe averagesof their com-

mutators of thekinetic Hamiltonian H0 [equation(1)1 mutators on thenon-interacting ground state ID). We
with the operatorsMa andMa: getboson-likecommutation relations

[H0,A~~] = VpkA~~,[HO,A~~] = VpkA~~,(5) [b1,(k),b~,’(k’)] = [b2,(k),b~~’(k’)1 = &pp’&ka’,

sothatthe following expressioncanbe usedinsteadof ~,1,(k) b2,’(k’)] = 0 (11)
H0:
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H,, = ~ w(k)(BtaBlk+B~aB2k) (15)
a

Mw
by meansof the well-known [9] unitary transformation

U ~ = const I ~ [w — c.,p(k)]’ b~(k)
1PE83

+ ~ ~ , (16)
5 pE64

E

B~a= const I ~ — w_,(k)]
1b~(k)

._)

+ ~
W~evedor peas )2k~ 2kp+kc

Fig. 1. The 2k,. anomalyfor KCP renorted by Carneiro if wobeysthe condition
eta!. [11] (dashedcurve)andgiven byequation(20)
(full curve).The parametersinequation(20)havebeen e(k, w) = 1 —UI ~ [c~,—
takenfromtheexperimentaldata[11]at T= 160K
(~‘1M=8 meV, ~ = 3.1 meV,k~= 668x iO~A’, (17)
the slopeat k~= 0.7x 10~msec1, v, = 11 x l0~m
sec~).With thesedatawegetfor the electron—electron — E [‘~ + w_~(k)1’)= 0,
interactionu/2wv,. = 2.82andfor the parametera = DEÔ

4
exp (— 2irv,./u)the value0.7. e(k, w) beingthebackscatterlngdielectric function. By

performingthe summationsin equation (17) weget
andall the b-operatorscommutewith theA-operators.

The commutatorsof thekineticHamultonianH0 e(k, w) = 1 + —f-- In ~ — vi.(2k~— IkI)
2I

with the operatorsb~,(k)andb~~(k)are 2irv,. — 4k2
IkI<k~, (18)[H

0,b~,(k)J=

(12) whence
[H0,b~~(k)J=

= v,.[k
2 +4k~(k~—IkI)/(1 a)]’~’2, kI<k~,

wherew~(k)= vp(2k,+ 2p + k) wasobtainedby using
the linearizedform of the unperturbedsingle-particle (19)
energylevels. It results thatthe backscatteringkinetic with a= exp (— 2irv,./u). This is thedispersionrelation
Hamiltoniancanbewritten as of the particle-densityexcitationsinducedby theback-

scatteringinteraction.For repulsiveinteractiona<1
Hob = ~ [~,(k(k~(k)+w_~(k)b~,(k)b

2,(k)]. the frequencygivenby equation(19) exhibItsagapat
pk (13) k 0 (momentum transfer 2k,.)of magnitude2v,.k~

In the interactionHamiltonianH1 weshallpick out (1 ~aT”
2. For attractiveinteractiona> 1 thebranch

thosetermswhich describethebackscatteringprocess, of the frequencywhichcontains1—abecomesimag-
that is the termswith momentumtransfernear±2kp. maryat wavevectorssmallerthan2k~(v’~+ 1)’. This
Thenthe interactionHamiltonianbecomes(up to a resultpointsout an instability of the systemagainst
constantterm) attractive backscatteringinteraction.

H,,, = u ~ [bt~
1(k)+ b2~1(k)] 4. KOHN ANOMALY

The neutron scatteringexperimentsperformedon
x [b~3(k)+ b,~,(k)], (14) KCP [11] and TI’F—TCNQ [12] revealedthe softening

of the 2k,. phononsin thesequasi-one-dimensional
wheretheinteractionhasbeentakenasconstant,v(2k,. conductorsaboveandbelowthe metal—insulatortrait-
+k) =v(—2k,.—k)=u,forsmallk,—k1,<k <ic. sitiontemperature.Thisanomalyiscausedbythe
We emphasizeherethatthep-subscriptsof theb1 - and electron—electronbackscatteringprocess(via electron-
b2-operatorsin the H01, andH1,, shouldbe takeninside phononcoupling)andit hasbeenshown[13] thatthe
the regions83 and64,respectIvely.The full Hamilton- dip around2k,. in thedispersionrelationof the longi-
ianHb = H0,, +H11, of thebackacatteringprocesscan tuclinal acousticphononsshouldbeconsiderably
easilybebroughtInto thediagonalizedform
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