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v~yN�av7�[z|w
−α/r
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α > 0

n�Û��KÜ|y�z|��� s|v7��yC{Ï�CyN�av7{~z|w¢r¢sAv~yC��v7�[z|w6�av7��y.�u{7z:Ø��gvZzAv7��su��z|wqr¢sAv~yC��v7�[z|wj�Cs|��t7yN{,ØuyNt
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L
�qt7s�v~�	y§}�s|v7��su�×�Kt!�Csu��Ýq��yCÕÖv~s�z�r�w[z|�	y|�qz|�	Õ

L = mr2ϕ̇ , Þ �3ß
ÙÚ��yC{,y

ϕ
��tàv7��y�z|�	�u��w[zA{à�Cs"su{,Õ����qz%v~y|nâá�ãa�qzAv7��su� Þ �)ß t,��s3ÙÚtäv~�qzAvàv~��y�}�s|v~�Ksu�åtWÙ�yNyCr�t�yNã"��z|w!z|{,y:z|t
�K�

yCãa�qz|wæv7��}�yCt Þ Ñ�yNr�w�yN{CÒ¤tÚt7yC�Nsu��Õ_w[z:Ù ß n�!��y�yC��yN{7�|�çsA�cv7��y�}�s|v7��su��{,y:z|Õ	t
E = mṙ2/2 + mr2ϕ̇2/2 − α/r = mṙ2/2 + L2/2mr2 − α/r , Þ6è ß

z|tÚ�K��v~�	y§r�z|{,v7���CwKy.}�s)Ø|yCt<���Öz|�çyNé¢yC�'v~�gØuy§r¢s|v7yC��v~��z|w
U = L2/2mr2 − α/r , Þ � ß

y'�����KÓ��Kv7�����Öv~��y��NyC��v~{,�K�D����zAw
1/r2 �.yC��yN{7�|�|nÅ�!�	y×�CwKsut7yNÕêsu{7Ó��gv~tär	{7s"�CyCyNÕ�t
Ó1yNv�ÙÏyCyC�

r1 = a(1 − e)
z|��Õ

r2 = a(1 + e)
�	ÙÚ�	yC{7y

a = α/2 |E|
z|��Õ

e =
√

1 − 2L2 |E| /mα2 ÞRë ß
��t�v7��y�yC�C�NyC��v~{,���N�Kv��u���Ds|{!��yC��z%v~�KØ|y�yC��yN{7�u�KyCt<z|Ó1s)Ø|y

Emin = −mα2/2L2 n
�!��y�yNé¢yC�'v~�KØ|yìr1s|v7yC��v~��z|w Þ � ß {7y:zA�Z��yCt<�Kv7t!}��K����}ä�	}íØAz|wK��y

Emin

�Ds|{
r0 = L2/mα , Þ � ß

ÙÚ��yC{,y�v7��y�yC�C�NyC��v~{,���N�Kv���ØAz|���Kt7��yNtàz|�	ÕÅv~�	y�s|{7Ó��gvì�Kt��C�K{7�C�	w[z|{.ÙÚ�gv~�o{~z|Õ��K��t
r0
n��Ï� ÞRë ß �@v7��y�yC��yN{7�|�o�Cz|�

z|w�t,s�Ó¢y�{,yCr�{,yCt7yN��v~yCÕ�z|t
|E| =

α

2r0
(1 − e2) , Þ � ß

su{
r0 = a(1 − e2)
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U = −
α

2r0

+
α

2r3
0

(r − r0)
2 −

α

r4
0

(r − r0)
3 + ..., Þ6ù ß

úRûRüCû z
t7}�z|wKwg��s|t7�C�Kw�w�zAv~�Ksu��t�y'��rqzA��t7�Ksu�ÖØAz|wK��Õ×�Dsu{
|r − r0| � r0

n
�ývÚ��t!�Nsu��ØuyC�	��yC��v<v~s
ÙÚ{7�gv~y

r − r0 = Au
��ÙÚ��yC{,y

u
��t!Õ��K}�yN��t7�Ksu��wKyCt7tN��z|�	ÕÖ�Cz|t,vÚv7��y�yC��yN{7�|���|�KØuyN�çÓa� ÞEè ß �

Þ � ß zA��Õ Þ6ù ß ����v7s�v7��y��Dsu{7}
E = −α/2r0 + mA2u̇2/2 + (αA2/2r3

0)u
2 − (αA3/r4

0)u
3 + ..., ÞRþ ß

su{
E = −α/2r0 + mA2[u̇2/2 + ω2u2/2 − (A/r0)ω

2u3 + ...], ÞRÿ ßÙÚ��yC{,y
ω2 = α/mr3

0

z|��Õ
A/r0 = ε

�Cz|�çÓ¢y�Ø��KyNÙÏyCÕ_z|tÚzät7}�z|wKw�r1yC{,v7��{7Ó�zAv~�Ksu�×rqz|{7z|}�yNv~yN{Cn�á�ãa�qzAv7��su� ÞRÿ ß�:z|�_z|wKt7s
Ó1y�ÙÚ{,�Kv,v~yC�_z|t
e2 =

2ε2

ω2
(u̇2/2 + ω2u2/2 − εω2u3 + ...) , Þ ���uß

ÙÚ�����Z�Öv~yNw�w�t!v7�qzAvÚv~��y§yC�N�CyN�av7{7�K�C�Kv��
e
�KtÚ{7yCw�zAv~yNÕÖv7s�v7��yìr1yC{Wv~��{,ÓqzAv7��su�Örqz|{7z|}�y'v~yN{

ε
n�á�ã"��zAv~�Ksu� ÞRÿ ß w�y:zAÕ�tv~s
v~�	y§}�s|v7��su��s|�kz|�Öz|����z|{7}�su���K�.sut7�N��wKw[zAv7su{

ü + ω2u − 3εω2u2 + ... = 0 . Þ �|�)ß
� �Kv7�����âv~��y��qz|{,}�su�	����z|r�r�{,s:�	�K} z%v~��s|�âv7��y�t7suwK�	v~�Ksu�ÅsA�!yCãa�qzAv7��su� Þ �u�3ß �Cz|�åÓ1y {,yCr�{,yCt7yN��v~yCÕ zAt

u(0) =
− cos ωt

�qz|�	Õ
r(0) = r0 − A cos ωt . Þ � è ß�!��y!z|}�r�wK�Kv~�	Õ�y

A
�Cz|�äÓ1y�Õ�yN{7�KØ|yCÕä�D{,su} yC��yN{7�|�

E = −α/2r0+mA2ω2/2
�u�KØ|yC�äÓ�� Þ6ÿ ß su{C�AyCãa���gØ|zAw�yC��v7wK�u��D{7su} yCãa�qzAv7��su� Þ ����ß nÌ�ýv<wKy:z|Õ�t�v7s

ε = A/r0 = e � 1 , Þ � � ßúRûRüCû v7��y�yC�C�NyC��v~{,���N�Kv��
e
s|�cv7��y�su{,Ó��KvÚ�Kt�v~��y�{~z%v~��s

ε
s|�@v~��y�zA}�r�wK�Kv7��Õ�y

A
s|�@v~�	y§��z|{7}�su���K�.sut7�N��wKw[zAv7��su��v~s

v~��y�su{,���u�K�qz|w1su{7Ó	�KvÚ{~zAÕ�����t
r0

n��!��y�t7}�z|w�w·��sut,�C��wKw[zAv7��su�	tÌv~{7yCzAv~}�yC��vÚ�Kt�Ø|zAw���Õ×�Ds|{!t7}�z|w�w¢yC�C�NyC��v~{,���N�Kv~�KyCtNn
�!��yC{,yN�Dsu{,y|�qv~�	y§t,suw���v~��s|��s|�cv7��y�}�sAv~��s|�×�u�KØ|yC�ÖÓ�� Þ � è ß �:z|�ÖÓ¢y�ÙÚ{,�Kv7v7yC�Öz|t

r(0) = r0(1 − e cos ωt) , Þ � ë ß
z|��Õæ�qÓ�� Þ �)ß ���

ϕ = ωt + 2e sin ωt . Þ � � ß�ýv�Õ�yCt,�C{7�KÓ¢yNt×zâ�C�K{7�C�	w[z|{ä}�s|v7��su�æ��t,���K�½v7yCÕ Ó��
r0e

n ����Õ�yNyCÕæ�
x = r0e + r(0) cos ϕ

z|��Õ
y = r(0) sin ϕ

�
t7���Z�_v~�qzAv

x2 + y2 = r2
0

ÙÚ�gv~���K�çv7��y§�qz|{7}�su���K��z|r�r�{,s:�	�K} z%v~��s|�æn�����z|Õ	Õ��Kv7��su�æ�
ω2 = α/mr3

0

t7�	s)ÙÚt<v~�qz%v
v~��yàt7ãa�qz|{,yäs|��v~�	yä}�sAv~��s|��r1yC{7�Ks�Õ_��t�r�{7sur1su{Wv~��s|�qz|w�v~s v7��yàv7����{,Õ�r1s)ÙÏyC{�sA��v~��yäwK����yCz|{Út7���Cyäs|��v7��yäsu{,Ó��Kv
Þ Ñ�yCr	w�yC{NÒ5t!v7����{,ÕÖw�z:Ù ß n	� �Ï� Þ � � ß � ωt = ϕ − 2e sin ϕ

n
�!��y�Ýq{7tWv,�ýsu{7Õ�yN{Ú�C��Ó��K���Csu{,{7yC�'v~�Ksu��v~s�yCãa�qzAv7��su� Þ �u�)ß w�yCz|Õ�t!v~s

u = u(0) + εu(1) = − cos ωt − ε cosωt +
ε

2
(3 − cos 2ωt) , Þ � � ß

z|��ÕÖyCãa�qzAv7��su� Þ ����ß �u�gØuyCt ε = e(1 − e)
n��!��y��Cs|{7{7yNt7r1su��Õ��K����{~z|Õ��K��t!{7yCz|Õ�t

r = r0[1 − e cos ωt +
e2

2
(3 − cos 2ωt)] , Þ � ù ß
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ÙÚ�����Z���qÓa� Þ �)ß �	w�y:zAÕ�t�v~s
ϕ = ωt + 2e sin ωt −

e2

2
(3ωt −

5

2
sin 2ωt)] . Þ � þ ß

á�ã"��zAv~�Ksu� Þ � þ ß �Cz|�Öy:z|t,��wK� Ó¢y��K��ØuyC{Wv~yNÕ_v~s��u�gØuy

ωt = ϕ − 2e sin ϕ +
3e2

2
(ϕ +

1

2
sin 2ϕ) , Þ � ÿ ß

ÙÚ�����Z�çv~{7z|��tW�Dsu{7}�t Þ � ù ß ����v~s
r = r0(1 − e cos ϕ + e2 cos2 ϕ + ...) . ÞEè �uß

� �Kv7�����×v7����tÚz|r	r�{7s:����}�zAv~�Ksu�æ��yCãa�qzAv7��su� ÞEè ��ß Õ�yCt,�C{,��Ó1yCt<z|�ÖyCw�wK��r�t,y|�

r/r0 = 1 − e cos ϕ + e2 cos2 ϕ + ... = 1/(1 + e cos ϕ) , ÞEè �3ßÙÚ�Kv7��v7��y!t7yN}��·��}�z8;,su{kz%����t
a = r0/(1−e2) = r0(1+e2 + ...)

�av7��y!t7yN}��·��}�����s|{kz%���Kt
b = r0/(1−e2)1/2 =

r0(1 + e2/2 + ...)
zA��ÕÖv7��y�su{7�K�u��� Õ���t,r�w[z|�NyCÕçÓ��

ae = r0e + ...
����v~��y��Ds"�C��t

ae Þ Ñ�yCr�wKyC{NÒ5t�Ýq{,t,v<w[z:Ù ß n=<p!�C�Nsu{7Õ��K����v~s�yCãa�qzAv7��su� Þ � ÿ ß v~�	y§r1yC{,��s"Õ T
s|�cv~��y�}�s|v~�Ksu�×�Kt!�u�KØ|yC�ÖÓa�

ωT = 2π(1 + 3e2/2) , ÞEèuè ß
ÙÚ�����Z�ot7�	s)ÙÚt�v7�qzAv�v~�	yä�D{7yCãa��yN���N�

ω
��t�t7���g�½v~yCÕ�v7s

Ω = ω(1 − 3e2/2) = (α/ma3)1/2 nä�!��y
�D{7yNã"�	yC���'�t7���g�½v
∆ω/ω = −3e2/2

yN��t7�	{7yCt�v7��yä�:zA���CyNw�w[z%v~��s|�_s|��v7��yä{7yNt7su��z|��v��Csu��v7{7��Ó	�	v~�Ksu��t�v7s×v~��yàt7yC�Nsu��Õ��ýsu{7Õ	yC{
�C��Ó	�����Csu{,{7yN�Nv~�Ksu�Öz|��Õ�Ýq{,t,v,�ýsu{7Õ	yC{Úãa�qz|{,v7�����Nsu{7{,yC�Nv7��su��v7s�v7��y§z|���qz|{,}�s|�����.}�s|v7��su�æn
Û�yNv

v(r)
Ó1y�z|� zAv,v~{~zA�Nv~�gØuy×�NyC��v~{7z|wg�EÝqyCwKÕêr¢sAv~yC��v7�[z|w6�Ìt7���Z� v~��zAväv~�	y�{~z|Õ���z|w�}�s|v7��su�År�{7s"�CyNyCÕ�t�Ó1yNv�ÙÏyCyC�

r1

z|�	Õ
r2

�u�gØuyC�ÖÓ��?>
L2/2mr2

1,2 + v(r1,2) = E < 0 . ÞEè � ß�!��y�y'é�yN�Nv7�KØuy�r¢s|v7yC��v~��z|w
U(r) = L2/2mr2+v(r)

�qzAtkz�}����	��}ä��} ØAz|w���y
−u0 = r0v1(1/2+v0/r0v1) < 0�Dsu{

r0

�u�gØuyC� Ó��
L2 = mr3

0v1

��ÙÚ��yN{7y
v0

�
v1

�
v2

�àngnKn Õ�yC�	s|v~y�v~�	y�r¢s|v7yC��v~��z|w.zA��Õæ��{,yCt,r¢yN�Nv~�gØuyNwK�u���Kv7t
Õ�yC{,�KØAzAv7�KØuyNtÚzAv

r0

n�}�z|Üa�����
��t,y�s|�
r − r0 = Au

z|��Õ
A/r0 = ε

v~��y�yN��yC{,�|�
E
�:z|�ÖÓ1y.ÙÚ{7�Kv,v~yN��z|t

E = −u0 + mA2[u̇2/2 + ω2u2/2 − εβω2u3 + ε2γω2u4...] , ÞEèAë ßÙÚ��yC{,y
mω2 = 3v1/r0 + v2

�
β = (2v1 − r2

0v3/6)/(3v1 + r0v2)
z|�	Õ

γ = (5v1/2+ r3
0v4/24)/(3v1 + r0v2)

n
m�z|Üa���	���	t7y�s|�@v~��y�yC�N�CyN�av7{7�K�C�Kv��

e
Õ�y'Ýq��yCÕ_Ó��

e2 = δ(1 − |E| /u0)
�	ÙÚ�	yC{7y

δ = −(v1 + 2v0/r0)/(3v1 +
r0v2)

�qyNã"��zAv~�Ksu� ÞEèAë ß �Cz|�çÓ¢y�{,yNÙÚ{7�gv7v7yC�_z|t

e2 =
2ε2

ω2
(u̇2/2 + ω2u2/2 − εβω2u3 + ε2γω2u4 + ...) . ÞEè � ß

�!��y�yCãa�qzAv7��su�Ös|�c}�sAv~��s|�×�u�KØ|yC�ÖÓ�� ÞEèAë ß {7y:zAÕ�t
ü + ω2u − 3εβω2u2 + 4ε2γω2u3... = 0 , ÞEè � ß

z|��Õçv~��y�t,suw��	v7��su���Kt!�u�KØ|yC�çÓ��

r = r0[1 − e cos ωt +
βe2

2
(3 − cos 2ωt)] , Þ6èuù ß

@ P½(%*3+,+,*A�8�B
6$�� IKJ)T7O$�
cosϕ = x/(r0 − ex)

-/(A*
sinϕ = y/(r0 − ex)

�8�)+,(�C�+Ì4��)+�+WF F52 ?%B6+Ì+�DC&%-Z4E25$N(a=
E P½(.$�
ý*3+�
�4E$Ú-GF'$'2Ã*!4��)+H�g-/F F�$'(�4��)+IC�+,(N4�
6+k4��)+�?A$'46+,(N4E2 -'F

v(r)
��&%BR4�8A+�F +,BEB�B625(8JN&)FÃ-"
�-Z4�4��)+�$�
E2=JN25(<4��%-'(

−L2/2mr2.
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v~säv7��y.Ýq{7tWv,�ýsu{7Õ�yN{�s|��v~�	y��C��Ó��K��z|����z|{7}�su���K�C�Kv��|�"ÙÚ�	yC{7y

e = ε(1 + βε)
n K��K}��Kw[z|{,wK�|�|v~��y�zA���u��w�z|{ÏØAz|{,�[z|Ó�wKy

��t!�u�gØuyN�_Ó��

ϕ =
√

v1/(3v1 + r0v2){ωt + 2e sin ωt −
e2

2
[3(2β − 1)ωt −

2β + 3

2
sin 2ωt]} . ÞEèAþ ß

�.��y��:z|�Öt7yNy�v7�qzAvC�q���ç�uyC�	yC{~zAwE�	v7��y�v~{~z�;,yC�Nv7su{,�×s|�cv7��y�}�sAv~��s|�×��t!��sAv��Nw�sut,yCÕæ�	y'���CyNr	v��Dsu{
√

v1/(3v1 + r0v2) = p/q ÞEèAÿ ß
ÙÚ��yC{,y

p/q
��t<z�t7��}�r�wKy.�D{~z|�'v~��s|�ænÏ�!�	yì�u{7z:Ø��gvZzAv7��su��z|wær1s|v~yN�av7�[z|w

v(r) = −α/r
�u�gØuyCt

p/q = 1
�qÙÚ����wKy.v~��y

t7rqz%v~�[zAwg��s|t7�C�Kw�w�zAv~su{�r1s|v~yN��v~�[zAw
v(r) = const + αr2 �u�KØ|yCt p/q = 1/2 Þ β = 1/2

�
γ = 5/8

ß n
x�yC�	s|v~�K���

1/ν =
√

v1/(3v1 + r0v2)
zA��Õå�K�av7{7s"Õ����N������v~�	y��	yNÙør���z|t7y

χ = νϕ
yNãa�qzAv~�Ksu� ÞEè|þ ß �Cz|�åÓ1y

{7y'ÙÚ{7�Kv,v~yN��z|t
χ = ωt + 2e sin ωt −
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∆ϕ/2π = (1/π)

∫

r2

r1

dr · (L/r2)/
√

3m(E − v(r)) − L2/r2 = p/q .
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