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Abstract

It is shown that by testing an ensemble of n objects the probability can be determined
with an error ~ 1/4/n.

Suppose that we have N objects, out of which ¢ have a certain feature that occurs with the
probability p and the remaining N — g have not that feature. Testing the whole ensemble of N
objects the probability p will be given by the binomial distribution

flp)=Ck-p*1—p)N 7. (1)

This function is positive and less than unity, because, for example,

N
Y flp)=1. (2)
q=0
Its first derivative
f(p)=C%-p (1 =p)"~""} (¢ — Np) (3)
vanishes at
pn =q/N (4)

where its second derivative

"

f(p) = C% - p" (1 = p)N T2 [N(N = 1)p* = 2N(N — 1)pyp + Npx(Npy —1)]  (5)

is negative,
f'ow) = =N-Ck-pi (1 —pn)V " . (6)

Using n! ~ n™ for large n, it is easy to show that f(py) goes to unity for ¢ and N large enough,

and
N

f (pN)%—m%—OO . (7)

In addition, making use of (5), the second derivative vanishes at p & py + \/pN(l —pn)/N. For
N large enough the distribution f(p) is sharply peaked at p = pxn, where it approaches unity. One
can say therefore that for large /N the probability p is given by the empirical probability px with
an error

5p 2= \/pn(1—p)/N . (8)



2 J. 1heor. hys.

In practice it might often be inconvenient to test the whole ensemble of N objects, and one
may wish to test only n < N; in which case one may ask what is the error made in assigning the
empirical value p,, = ¢;/n to the probability p, or py. The value p, occurs with the probability

flpn) = G- p" (1 —p)" @ (9)
and we may restrict to n < min(g, N — ¢), such that 0 < ¢; < n. Introducing

n

Je)=>) C&-(ap)®(1—p)" 2 =Q01—-p+ap) (10)

q1=0
it is easy to show that the average empirical probability is p,

L 1 dJ
= 35 cr = |

T la=17— ) 11
L = (1)

and its spread is given by

2
Opn)? = Tho - (2 —p) -p(1—p)" 2 =
(12)
:#(%“{—i_%) |a:1 —p2:@ .

For fixed n and N large enough one may say that p and py are given by the empirical probability

p, with an error ~ \/ pn(1 — pn)/2n, which is less accurate than testing the whole ensemble by a

factor \/N/2n. For n large enough but still smaller than N one can say that the error made in
attributing to py the value p, is

5pn = pn(l - pn)/Zn : (13)
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