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® Macroscopic-microscopic approach
® Experimental shapes of deposited clusters and mass spectrum of free clusters
® Liquid drop model of metallic clusters (binding and deformation energy)

® Neutral free spheroidal Na cluster
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® Simulating the interaction with the surface
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® Deformed single particle shell models
® Spheroidal harmonic oscillator
® Hemispheroidal harmonic oscillator
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® Microscopic shell and pairing corrections
® Equilibrium shapes of Na clusters
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Liquid Drop Model + corrections

John William Strutt (Lord Rayleigh), Phil. Mag. 14 (1878) 184: Capilarity instability of a
jet of fluid.

Niels Bohr, Nature 137(1936) 344: LDM applied to atomic nuclei

Explained the induced nuclear fission:

e Lise Meitner and O. Frisch, Nature 143(1939) 239

e N. Bohr and J. Wheeler, Phys. Rev. 56 (1939) 426

V.M. Strutinsky Nucl. Phys. A 95 (1967) 420: shell+pairing corrections. Since 1967, the
Macroscopic-Microscopic method successfully used in Nuclear Physics.

Adapted to atomic cluster physics in the 90s.
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Macroscopic-microscopic metn.

LDM is suitable since delocalized conduction electrons of a
metallic cluster form a Fermi liquid like the atomic nucleus.

* Macroscopic Liquid Drop Model: E;p

* Single-particle shell model (SPSM): energy levels vs.
deformation time consuming computations

* Shell + pairing correction method: 0E = U + 6P
* Total deformation energy: Eg.r = Erp + 0E

for a given parametrization of the drop surface p = p(z). The
potential part of SPSM Hamiltonian should admit p = p(z) as an
equipotential surface.

For deposited clusters we choose the hemispheroidal shape,
allowing to obtain analytical results.
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Compare M-MA: nuclel & AC

Orders of magnitude for a Na cluster. 1 A= 0.1 nm.

Quantity Nucleus Atomic Cluster | Ratio N/A
Binding Energy | 8 MeV/nucleon 2 eV/atom 4.100
Radius constant 1.16 fm 2.117 A 5.1076

Shell gap Aw
for Aorn =125 8.2 MeV 0.61 eV 1.3-107

For a neutral atomic cluster there is no Coulomb energy. The
curvature energy should be taken into account. When we
calculate microscopic corrections for a nucleus we have to
consider separately the level schemes of protons and neutrons.
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Cluster shapes and volumes

Cylindrical symmetry.

sphere, V9 =4rR}/3, Ry=r,N'?
spheroid, V9 = 4ra*cR3/3

hemisphere, V3 =2rR3/3, R, = 23R,
hemispheroid, V3 = 2ra*cR?/3

short spheroidal cap (h = ¢ — d),
V() = TR3 .25 (3¢ — ), Ry = 43 Ro[h3(3 — ho)]~1/3

long spheroidal cap (h = ¢+ d),
V(0) = 7R3 h2%; (3¢ — h)

Equilibrium shapes — minima of deformation energy.
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FEW EXPERIMENTAL FACTS



Prolate clusters on a surface

Ultrasensitive microscopy: Scanning tunneling microscope
(STM) — 1981 Gerd Binnig and Heinrich Rohrer (Nobel
Prize 1986). Atomic Force Microscope (AFM), etc.

Au colloids deposited on a special
glass. B. Bonanni and S. Cannistraro,
J. Nanotechnology Online, Nov. 11,
2005. DOI: 10.2240/azojono0105.

Clusters projected with energy close
to the threshold stay at the impact
point. Loughborough University &
University of Birmingham.
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Oblate clusters on a surface

AFM image of Bi clusters supported on
a SIO, surface. J.C. Partridge, S.A.

Brown et al., Phys. Stat. Sol. (a) 203
(2006) 1217

One of the cluster from the above fig-
ure. Simon A. Brown, private com-
munication, 2008
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Mass spectrum Na free clust.
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(a) Mass spectrum detected with
a quadrupole mass analyser.
Major peaks at 8, 20, 40, 58.

(b) Calculated 2nd differences in
AU total electronic energies.

Next magic numbers: 92, 136, 198, 264, 344, 442, ...

From W. D. Knight et al. Phys. Rev. Lett. 52 (1984) 2141-2143.
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NEUTRAL FREE SPHEROIDAL
NA CLUSTER




Binding en., spherical Na clusters
Eyx = ayN + asN?3 + a N1/3

—— with curvature en.
---- without curvature en.

60 80 100 120 140
N

Fig: Binding energy per atom (—E3 /N)
Material properties: volume, surface, curvature coeff. of Na
a, = —2.252, as = 0.541, a. = 0.154, determined by fitting the
Extended Thomas-Fermi-LDA for spherical shapes.
(C. Yannouleas, U. Landman, Phys. Rev. B 51 (1995) 1902)
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Geometry and material properties

Energies in eV for Na (monovalent) spherical cluster with N
atoms
E? = —2.252N

Volume energy is proportional to the volume.
E? = 0.541N?/?

Surface energy iIs proportional to the surface area and to the
surface tension o: E? = 4nR%0 = 4nr20N?/3, 4nr20 = 0.541 eV

E0  —(0.154N1/3

curv

Curvature energy is proportional to the integrated curvature,
Ky = | dSk = 47 Ry, and to the curvature tension ~.:
EY =47 Ry, = 47?7“5%]\71/3, drrsy. = 0.154 eV

curv
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Prolate & oblate spheroids
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Spheroidal deformation

Spheroidal deformation ¢
0 < 0 oblate 0 > 0 prolate
(K.L. Clemenger, PhD Thesis, Univ. of California, Berkeley, 1985)

Dimensionless semiaxes (units of Ry, = r,N'/3 for
spheroid and of R, = 2'/3R;) for hemispheroid

2_§ 1/3 2_|_5 2/3
a<2+5> ;C<2—5)
9_2—5_ 3
c_2+5_a

r, — Wigner-Seitz radius. N — number of atoms

(delocalized conduction electrons)
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LDM for spheroidal Na cluster

Volume Is conserved. The vol. energy Is
Independent on deformation.

Deformation energy with respect to spherical
shape (surface + curvature)

E—E'=(E,—E)+(E.— EY)

E E
O ()

E—-E’ = ES(BSWJ” — 1) + Egurv(Bcurv — 1)

Dimensionless deformation-dependent terms:
Bsurfa Bcurv
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Cylindrically symmetric shapes

The deformation-dependent surface and curvature energies for
cylindrical symmetry (surface equation p = p(z) with —c, 4-c tips
on z-axis and p’ = dp/dz, p" = d*p/d=?) are

G 1 [*e 1 [*e
Bsury = = —/ dzpy/1+ p = 5/ dzv/p? + (pp')?

47TR8 2
1 1 +c 1 e ,0/2 . ,0,0//
B — dSKk = — d
curv 471' RO / K 4 /_ . < 1 + :0/2

The local curvature k = 0.5(7%1_1 + 722_1) where the principal radii
of curvature (D.N. Poenaru, R.A. Gherghescu, W. Greiner, Nucl.
Phys. A 747 (2005) 182)

Ri=Rop\/1+p? Ra=—Ro(1+p?)>2/p"
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Energies of spheroidal shapes

+c
a
—C

c a’c® [T¢ dz C c/+c dz

Boury = s+ —— -
curv 2—|— 1 . c4—|—z2(a2—62) 2+4 i C4_|_z2(a2_c2)

Oblate (a > ¢ , eccentricity e = \/a?/c2 — 1 ):

Qa C a + ce C a2

Bowrf = 5 (a—l— e In p— ce) Bewrv = 5 + Y arctane

Misprint in formula of B, ¢ in a book by Hasse & Myers, Geometrical ... (Springer,1988).
Correct in Beringer & Knox, Phys. Rev. 121 (1961) 1195.
Prolate (a < ¢ , eccentricity e = /1 — a?/c? ):

C C CL2

a .
Bourf = 5 (a + Earcsm e) Bewro = 5 + Ton In

1+e
1l —e€
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NEUTRAL HEMISPHEROIDAL
NA CLUSTER ON A PLANAR
SURFACE




Surface parametrization

Hemispheroid with z-axis 1 on the surface plane

c > a — prolate

(a/c)?(c? — 2°) z>0

0 z <0

c < a — oblate
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Binding en. of hemisph. clusters

Volume: 1)sphere VY = 4wa*cR3/3;

2)hemisphere V5 = 2ra*cR? /3

[ = 21/31%
Binding energy for Na hemispherical cluster with
N atoms:

3 1
0.541N?2/3 4 0.154N1/3

By = ~2.252N + o e
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Binding energy for Na clusters

S
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L]

— semi-sphere
---- Sphere

60 80 100 120 140
N

Binding energy per atom (—E,/N) versus the

number of atoms N for Na clusters. Hemisphere

& sphere.
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Def. en. hemisph. clusters

Oblate (a > ¢) hemispheroid, ¢* = a*/c* — 1

e =5 20+ Sl (e 7))
= — a —1mn\le —
surf 3 e c

C CL2

B = _— 4+ —arctane
curv 2 266

Prolate (¢ > a) hemispheroid, ¢ = 1 — a*/c?

= 3 20+ Cancsine)
= — a — arcCsli e
sur f 3 e
2
1
Bgurvzg‘|‘a—ln e
2  4ce 1 —e
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Surface area of Nag cluster
Liquid drop stability

The spherical shape is
SEMI-SPHEROID Sy = 9.11 N the most stable for a
spheroid.

The prolate superde-
formed shape Is the
most stable for a hemi-
spheroid because the
surface of a circular
base is decreasing with
deformation while the
external area is smaller
at o = 0.
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LDM hemisph. Nasg cluster

Surface plus curvature deformation energy with respect to
a hemisphere and absolute values. The minimum is
around the supereformed prolate shape with

0 = 0.65 (c/a = 1.96), unlike for a spheroid (6 = 0).
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Surface + curvature energy

Deformation energy contour plot with respect to a
hemisphere and absolute values. Equilibrium for
uperdeformed prolate shape at all V.
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SIMULATING THE
INTERACTION WITH THE
SURFACE




Water droplet - LDM

surface tension

>90°,”

"v gravitational

force
Liquid on a non-wettable surface, When attractive forces to surface
surface tension dominating exceed surface tension, the liquid

attractive forces on surface. wets the surface.

surface attractive forces

In contact with a solid the liquid behavior depends on the surface
tension ¢ and the attractive forces between the molecules of the
liguid and of solid. If an H,O molecule is more strongly attracted
to its own kind, then ¢ will dominate, increasing the curvature of
the interface. A clean glass surface has -OH groups which attach
to water molecules through hydrogen bonding; this causes the
water to wet the surface. A detergent added to water reduces o.
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Simulating the interaction

Surface tension of the base is changed from o to o,
ie (—1.98, 2).qis the interaction factor.

For : = 1 one has the previously studied case:
Our group, EPL 79 (2007) 63001,

EPJD (2008) online, doi: 10.1140/epjd/e2008-00066-6 — HIGHLIGHT PAPER
B = Bygse + Bezt = iO-Sbase + OSemt

The curvature of a planar surface is zero, hence E.,,,
remains unchanged. For § = 0 (hemisphere):

B0 = jo(nR%) 4+ o(2nR?) = 4723(2 + () E?

B0 = 21 Ry, = 473 E°

curv

= . — curvature tension
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Deformation energy analytical rel.

With respect to hemispherical shape

Esi . ESZO EszO ( surf . 1) i ESZO (Bsz 1)

curv

Oblate hemispheroid (a > ¢, € = a*/c* — 1)

si " a’® + ! {a L — ln(e+a)}
surf =9 4 g 247 e C
B% — BS —§+2‘L—;arctane

curv curv

Prolate hemispheroid (c > a, e*c? = ¢* — a?)

5 1 ac
a -+ . {a + — arcsin e}
+ 1 €
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Minima of deformation energy, Nasg
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Equilibrium shapes of Nag

S
i=2,cla=29 i=1,cla=19 i , i=-0.58,alc=2 i=-0.76,alc=3

» = 2 hyperdeformed prolate
» =1 superdeformed prolate
» =0 hemisphere
» = —0.58 superdeformed oblate
» = —0.76 hyperdeformed oblate.
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Contour pl E;per, 1 =—0.76, — 0.58

15 -1-05 0 05 1

Minima practically independent on N
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Contour plot E;pe, 1 =0, 2
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SHORT AND LONG
SPHEROIDAL CAPS




Short Spheroidal Cap,h < ¢

Shape independent variables: ¢ , dj

5 (a/c) (c? — 2°) z>d
0 z <d

\

lengths in units of

R, = 43y, NY3[hZ(3 — h)]~1/3
given dyp = d(6 = 0)

ho =1 — dg

TOZ\/l—d(%

= (a/c)?*(c* — d?) Volume conservation leads to
h3 — 3ch? + ¢3h3(3 — hg) = 0 with a real solution h = chy
see also V.V. Semenikhina, A.G. Lyalin, A.V. Solov’yov, W.
=e=tor€iner, J.E.T.P. 106 (2008) 679.
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Long Spheroidal Cap,h > ¢

lengths in units of R, = 4Y/3r NY3[h2(3 — hg)]~1/?

givendy =d(0 =0), hg=1+dy, r9 =+/1 — d?
r* = (a/c)*(¢* —d*)  h = chg
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Spherical cap,0 = 0, various |

2ho +ir2 [ R,\* 2ho +ir2 [ R\’
Ech: OIZTO (E) Eg: OIZTO (R()) 47TR30'

oo _ hoRs g hoRs
C 2R0 curv 2R0

47TRO Ve

Deformation energy relative to the spherical cap

Es¢ — ESCO ESCO ( 1) i ESCO (Bsc 1)

surf curv
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Analytical relationships, short cap

Oblate shape (a > ¢, e? = a?/c? — 1)

1 d c a + ec
BSe o = - ir2—|—a(a——\/02—|—d262—|——1n )}
T irg + 2hg { ¢ e ed+ V2 4 d?e?
sc h a? de
Bl ., = T + - (arctan e — arctan ?)

Prolate shape (c > a, e?c? = c¢? — a?)

1 d p
h 2 1 d—
Bgzrv — + a (hl re + In c ¢ )
2ho  4ec l—e ed+ c
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Analytical relationships, long cap

Oblate shape (a > ¢, e? = a?/c? — 1)

1 d c a+ ec
Bsc — . 2 - 2 d2 e2 ~1
surf iT%—I—QhO |:’1,7“ —|—CL(CL—|— C\/C - e + - n\/02+d262—ed):|
h 2 d
Bl . = T (arctan e + arctan _e)
2ho 2ec C

Prolate shape (c > a, e?c? = c¢? — a?)

1 d d
B = —5 {ir2 +a {a—i— SV —qze2 4 & (arcsine—l— arcsin j)]}
irg + 2ho c e C
h 2 1 d
Bgzrv — + . (hl e + In care )
2hg  4ec 1—e ed — ¢
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Deformation energy Nag: =0, 1
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Contour plot E;p,e, Nag, 1 = —0.76

(5, hO)mz’n = —0.96,0.92; Erprei = —0.237; Erpaps = 0.964 eV
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Contour pl E;pqo; Nag, Najss 2 = 1
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Contour p|0t Erpres Najigs 2 = —0.76

(5, ho)mm = —1.02,1.05; Erprei = —1.778 ; Erpaps = 0.429 eV
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Contour pl Erpret Nag, Najys 2 = —0.58

(8, ho)min = —0.64,0.98, N=8  —0.74,1.12, N=148

IRREY
RN
[N

L
R RN
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Contour pl Erprs Nag, Najss 2 = 0

N = 8: Min. at 0.54,0.44. Max. at 0.06, 1.96
N = 148: Min. at 0.62,0.44. Max. at —0.02,1.96
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Contour p| Erprs Nag, Najus 2 = 1

N =8: Min. at1.1,0.44. Max. at 0.14,1.96
N = 148: Min. at 1.18,0.44. Max. at 0.06, 1.96
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Contour p| Erpres Nag, Najsg 2 = 2

N = 8. Min. at 1.34,0.44. Max. at 0.14,1.96
N = 148: Min. at 1.42,0.44. Max. at 0.06, 1.96
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Equilibrium shapes

Equil. shapes of short oblate spheroidal caps (: < 0) are
less deformed than of long oblate spheroidal caps with the
same hy. On the contrary for prolate shapes (: > 0).

l 0 for hg = 0.5 o for hg =1 1| 0 for hg = 1.5
short cap | hemispheroid long cap

—0.76 —0.53 —1.00 —0.62
—0.58 —0.16 —0.67 —0.50
0.00 0.52 0.00 —0.18
1.00 1.09 0.63 0.24
2.00 1.36 0.97 0.52

For + < 0 the minimum deformation energy occurs around
Yo = 1 (hemispheroidal shape)

P FIAS
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DEFORMED SINGLE
PARTICLE SPHEROIDAL
SHELL MODEL

In a small metalic cluster the conductions electrons are

confined. Consequently their guantum energy level
spectrum is discrete, in contrast to the continuous

spectrum of the infinite bulk.
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Spherical shell model

o
&

L e ]

T T

NS
70
i~

Spectroscopic notation of clusters follows that of nu-
clei. The letters s, p, d, ... are associated to angular
momentum I.

The spectrum depends on the well shape. High |
states probe mainly the outer regions of the poten-
tial (centrifugal effects). The sensitivity to the details
of the potential is greatest for higher energy elec-
trons, because the electronic wavelengts are smaller
for those energy levels.

Jahn-Teller effect (studied for nuclei by Nilsson): for

]
11
17171

letter name I

S SEE 0 open shell clusters (which are degenerate in their
P principal 1 spherical state), the total energy can be lowered by
d diffuse 2 distorting the cluster (lifting the degeneracy).

f fundamental 3

g 4

h 5
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Spheroidal harmonic osclillator |

The harmonic oscillator (HO) potential part of the
Clemenger-Nilsson model (K.L. Clemenger, Phys. Rev. B 32
(1985) 1359)

MR2
2

Mw3 R2
2

2 2.2

V= (wi p*+w?z?) =

2/3 o\ 4/3
220N, 2 (20
2—0 240

The eigenvalues of the 3-dimensional Hamiltonian are

1
E=h(n, +1)+ hw, <n2—|—§>

The main quantum number n = n | + n,. In units of Awy

_i_ 2 _|_§_|_5 _24_1
T hwe (2-0BetaA | T2\ "2
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Spheroidal HO I

The single-particle shell gap (K.L. Clemenger, 1985):.

h _ A9eVbole® [t 177 1372¢V A” LA
wo = —
° T p2N1/3 reN1/3 rsRo reN1/3

S

rs 1S the Wigner-Seitz radius (atomic units), ¢ Is the electronic
spillout of the neutral cluster (we assume ¢t = 0).

Levels are labeled by two quantum nbers (n,n | ) — integers. For
everyn =0,1,2,...onehasn; =0,1,2,....,n. Each level may
accomodate 2n, + 2 particles. One has (n + 1)(n + 2) atoms in
a completely filled shell. The magic nbers for spherical shapes
(0=0)are (n+1)(n+2)(n+3)/3 =2,8,20,40,70,112, 168...
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Spheroidal HO energy levels

Label: n,n;.

For 6 > 0 (prolate shape)
at n, = 0 the energy de-
creases with deformation,
except for n = 0, e(n;, =
0) = [2n+3—6(n—1/2)]/[(2—
5)1/3(2 _|_5)2/3]

When n;, = n It Increases
eny =n)=02n+3+d(n+
1/2)]/[(2 = 6)'/3(2 + 6)*/°]
Remark a 2nd degeneracy

1
06 04 02 00 02 04 06 08
8 (spheroidal deformation) at o = 2 / 3
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Magic nbers of spheroidal HO

The spherical magic num-
| bers

: (n+1)(n+2)(n+3)/3 are
d 2, 8, 20, 40, 70, 112, 168 ...
The magic numbers at the oblate spheroidal
superdeformed shape (6 = —2/3) are: 2, 6, 14, 26, 44, 68,
100, 140, ...
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Magic nbers of spheroidal HO |

Sphere (6 = 0): 2, 8, 20, 40, 70, 112, 168 ...

Oblate shapes:

0 =—-0.8/3 2,8, 18, 20, 34, 38, 58, 64, 92, 100, 136, 148,
0 =-—-04 2,6, 8, 14, 18, 28, 34, 48, 58, 76, 90, 114, 132,
0 =-2/3 2,6, 14, 26, 44, 68, 100, 140,

0o=-1 2,6,12, 22, 36, 54, 78, 108, 144,

Prolate shapes:

60 =0.8/3 2,8, 20, 22,42, 46, 76, 82, 124, 134,

0 =04 2,8, 10,22, 26, 46, 54, 66, 84, 96, 114, 138, 156,
0 =2/3 2,4,10, 16, 28, 40, 60, 80, 110, 140,

0=1 4,12, 18, 24, 36, 48, 60, 80, 100, 120, 150,
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DEFORMED SINGLE
PARTICLE HEMISPHEROIDAL
SHELL MODEL




New (hemispheroidal) HO

Axially-symmetric 3dim
HO HV =FEU

H =T+ Vp(p) + Va(z
U = hp () Prn () Zn, (
E, = hvi(n, + 1)
hw,(n, +1/2)

The main quantum numbern =n, +n, =0,1,2,3,...n
Zn (&) = Npe €2H, (&) € = 2Ry/\/h/Muw, - dim.less

N,. - ortonorm.constant Hermite polynomials with par-
ity (—1)"s meaning Ha,_ (—¢) = Han. (§) and Ha, 1(—§) =
—Hsy, +1(£). For hemispheroidal HO V,(0) — oo. One

should have Z, (¢ = 0) = 0. Only odd n, values remain.
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Hemispheroidal HO en. levels

At every pair (n,n, ), la-
beling an energy level,
only those values are
acceptable which lead
ton, =n—n; > 1—
odd numbers.

The hemispherical
magic numbers are
equal to those obtained
at the oblate spheroidal
superdeformed shape,
04 02 00 02 04 06 08 0 = _2/3 le. 2, 6, 14,
os (Spheroidal deformation) 26, 44’ 68, 100’ 140’
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Magic nbers of hemispher. HO

&M | he contrib. to the hemispher-

ical magic numbers of shells
M 608/3 N with:
SR, ). -

AT M (2) evenn: n(n+2)/2.

- Semi-spherical m.n. are iden-

‘ tical to those obtained at the

oblate spheroidal superde-
8 formed shape (6 = —2/3: 2,

Bl 6, 14, 26, 44, 68, 100, 140, ...)
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Magic nbers of hemisph. HO I

Semi-sphere (6 = 0): 2, 6, 14, 26, 44, 68, 100, 140, ...
Oblate hemispheroidal shapes:

0 =-0.8/3 2,6,12,22, 26, 36, 42, 56, 64, 82, 92, 114,
126, 154,

0o=-04 2,6,12, 22, 36, 54, 78, 108, 144,

60 =-2/3 2,6,12, 20, 32, 48, 68, 92, 122, 158,

0o=-1 2,6, 20, 30, 42, 58, 78, 102, 130,

Prolate hemispheroidal shapes:

0 =0.8/3 2,6,8, 14, 18, 28, 34, 48, 58, 76, 90, 114, 132,
0=04 2,8, 18, 20, 34, 38, 50, 58, 64, 80, 92, 100,

0 =2/3 2,8, 20,40, 70,112, 168,

0o=1 2,8,10, 14, 22, 26, 46, 54, 66, 84, 96, 114, 138,
156,
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Comparison of degeneracies

20 40 60 80 100 120 140 20 40 60 80 100 120 140

sk =0 SPHEROID 6 =2/3 SEMI-SPHEROID

20 40 60 80 100 120 140 20 40 60 80 100 120 140
N

Striking: magic nbers at the prolate superdef. shape (6 = 2/3)
are identical to those obtained at the spherical shape
(m+1)(n+2)(n+3)/3=2,8, 20, 40, 70, 112, 168 ...
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Influence of I¥ term (I)

H=—— osc 12_1277,
o Vo — haoU (12 = (12),)

Vose = 2458 (2,1 2} U = 0.04 and (1), = n(n +3)/2

1= VVese xp 12=051T1" +1711) + 12

E, nL—|—1_|_nz—|—1/2 Um? Un(n+3)

B hwo a c 4a4 2

m|=n, —2¢ +=0,1,... (np —1)/2forodd n, or (n, —2)/2
for even n .

€n

The possible nondiagonal terms coming from (111~ + [—[1)/2
are not present since their contribution vanishes (n, odd).
im| = (n, —2i) withi =0,1,... U — strength of interaction
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Influence of I term (I1)

For lower levels (say up to 10
closed shells), the sequence of the
magic numbers at the maximum
degeneracy, § = 2/3, remain the
same: N = 2,8,20,40,70,112, 168.
At very large oblate deformations,
leading to “pan-cake” shapes ap-
proximating a 2D situation, one of
the magic number is 6, in agree-
55 (spheroidal deformation) ment with the experiments of Chiu
et al.

Ya-Ping Chiu et al., Magic Numbers of Atoms in Surface-
Supported Planar Clusters, Phys. Rev. Lett. 97 (2006) 165504.
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MICROSCOPIC SHELL AND
PAIRING CORRECTIONS




Shell corrections (I)

The average potential felt by one atom can be either of fimh(e.g.
Woods-Saxon) or of infinite depth (e.g. harmonic osc. paént
Clemenger-Nilsson potential, or the two-center shell nhpdéential).
We know the doubly degenerate dicrete energy levels E; /hwy in
units of hw) ~ (13.72 eV A”)/(r2N1/3), arranged in order of
Increasing energy.

The smoothed-level distribution density is obtained byragag the
actual distribution over a finite energy intental= yhwy, with v ~ 1,
g(e) =

{S0m 12,1875 + y; (y:(1.75 — y;/6) — 4.375)]e ¥} (1.77245385) !
wherey = 22 = [(e — ¢;)/~]°. The summation is performed up to the
level n,, fulfilling the condition|xz;| > 3.
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Shell corrections (Il)

The Fermi energy), of this distribution is given by

N = 2f_>\00§(€)d€
leading to a non-linear equation &y solved numerically.
The total energy of the uniform level distribution
i = U/l = 2f_>‘oo g(e)ede
In units of iwy the shell corrections are calculated for each
deformationy

Su(n,d) = Z 2¢:(8) — a(n, o)

n = N/2 particles.
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Pairing corrections ()

For atomic clusters there is no pairing force. We only cosisphiring
corrections for a technical reason: to obtain smoothedaosaapic
corrections.

Doubly degenerate levelg; } in units of iwy. N/2 levels are occupied.
n levels below &n’ above Fermi energy contribute to pairing,
n=n' = Qg,/2. Cutoff energyQ ~ 1 > A = 1.3416/(v/ NHw])
The gapA and Fermi energy are solutions of the BCS egs:
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Bardeen, Coor, Scieffe

.

I

John Bardeen, Leon N. Cooper, John R. Schrieffer
Nobel Prize 1972: theory of superconductivity.

guasiparticle — a free particle (combination of a particle and its pairing interaction). The
same spin (1/2) as the particle.

Cooper showed that an arbitrarily small attraction between electrons in a metal can
cause a paired state of electrons to have a lower energy than the Fermi energy, which
implies that the pair is bound. In normal superconductors, this attraction is due to the
electron-phonon interaction. A Cooper pair is a boson. The tendency for all the Cooper
pairs in a body to condense into the same ground state is responsible for the
superconductivity.
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Pairing corrections (Il)

As a conseguence of the pairing correlation, the levelsibtie Fermi
energy are only partially filled, while those above the Feznergy are
partially empty. Occup. probab. by a quasipartielg)(or hole @)

v =[1— (ex — \)/Ex] /2; ui =1 — vz, Quasip. energy

E, =+/(e, — A2 + A2

The palring correctionp = p — p, represents the difference between
the pairing correlation energies for the discrete leverihstion

p = szzki 2uiey — 2 Zfﬁ 2y — %2 and for the continuous level
distributionp = —(§A2)/2 = —(§sA2)/4. Compared to shell
correction, the pairing correction is out of phase and sndience it
has a smoothing effect.
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Shell and pairing corrections

Plateau condition for N =90, § = —2/3. We choose
v =1.2

Variation with N for
0o = 0. HO magic
numbers: (n 4+ 1)(n +
2)(n+3)/3 =2, 8, 20,
40, 70, 112, 168, ...
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RESULTS OF MACROSCOPIC-
MICROSCOPIC
CALCULATIONS FOR
HEMISPHEROIDAL CLUSTERS




M-MA: hemisph. Na clusters

Ep+6U (V)

Ground state defor-
mations:

0 = 0.04 for Nagg

0 = 0.84 for Nay, de-
i spite it is a closed

o shell cluster

0 = 0.38 for the mid-
shell Nasg cluster

W
9
L3

Pairing smoothing (right-hand side). 26 and 44 are hemi-

spherical magic numbers; 56 is a mid-shell nber.
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M-MA hemisph. Naj,s cluster

E, = —333 eV was not
Included In E;p and FE.
Liquid drop and total de-
formation energy (top),
shell plus pairing correc-
tions for hemispheroidal
harmonic oscillator en-
ergy levels using the de-
formation parameter ¢
(bottom). Ground state
shape prolate

0 = 0.47

sU, 6P, 6E (eV)
o . N

1
|
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Shell corrections hemispheroid

4“ ‘\ y
s “‘ ‘ M
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Contour plot

Special Lecture MesoBioNano Sci. FIAS, December 5, 200875/p3



Pairing corr. hemispheroid

In a 9, N plane valleys and ridges are progressing
parabolically

; T I
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Contour plot
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Shell+pairing corr. hemisph.
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Total M-M rel. def. energy

Ejt = Erp — E}p + 0E

Contour plot
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CONCLUSIONS |

* Neutral, free hemispheroidal clusters were investigated, as
a 1st approx. to study cluster deposition on a surface

* They allow to obtain analytical results: surface, curvature
deformation energy, shell model energies. Easy to interpret
and short computer running time

* Within the LDM the most stable shape is a superdeformed
prolate hemispheroid
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CONCLUSIONS i

A new hemispheroidal harmonic oscillator was derived.
Z(z) component of wave function has negative parity

Its hemispherical (6 = 0) magic numbers are identical with
those obtained at the oblate spheroidal superdeformed
shape: 2, 6, 14, 26, 44, 68, 100, 140, ...

Maximum degeneracy at superdeformed (6 = 2/3) prolate
shape. Magic numbers identical with those of the spherical
shape: 2, 8, 20, 40, 70, 112, 168 ...

Pairing may be used to obtain smoother microscopic
corrections

In a 6, N plane shell corr., pairing corr. and total def. energy
valleys and ridges are progressing parabolically
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CONCLUSIONS 1l

* [Interaction with the substrate was simulated by multiplying
the surface tension of the base with a real number
1 = Interaction factor

* Equilibrium shapes are
® oblate hyperdeformed hemispheroids (6 = —1,a/c = 3) when i = —0.76
® superdeformed oblate semi-spheroid (§ = —0.68,a/c = 2) when i = —0.58
® hemisphere (6 = 0,c/a = 1) wheni =0
® superdeformed prolate semi-spheroid (6 = 0.63,c/a = 1.9) when¢ =1
® prolate hyperdeformed hemispheroids (§ = 0.97,c/a = 2.9) when i = 2

* The LDM was also applied to short and long spheroidal
caps.
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