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Spontaneous fission of superheavy nuclei

In a fiision process a parent nucleus deforms becoming longer, then a neck appears and it breaks
up into two fragments, usually with different masses. In a “static” approach one would expect
that fission “trajectory (or path)” is determined by the minima of deformation energy, Edef .
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Figure 1: PES of 286Fl vs (R−Ri)/(Rt−Ri) ≥ 0 and η = (A1−A2)/(A1+A2). Y+EM (bottom),
Shell + Pairing corrections (center), and total deformation energy (top).

Strutinsky introduced his macroscopic-microscopic method in 1967 by adding to the macroscopic
deformation energy (e.g. given by Yukawa plus Exponential model (Y+EM), shell and pairing
corrections calculated based on the proton and neutron energy levels of a single-particle shell
model (e.g. the asymmetric two center shell model (ATCSM) [1])

Edef = EY+E + δE ; δE = (δU + δP )p + (δU + δP )n (1)

An example for fission of 286Fl is given in figure 1. For pairing corrections, δP , we find solutions
λ and ∆ of a system of two BCS (Bardeen, Cooper, Schrieffer) equations.

A typical potential barrier shape of heavy and superheavy nuclei with two humps is given in
figure 2. Barrier tunnelling was for the first time studied by G. Gamow in 1928 for α decay. We
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Figure 2: Deformation energy of 286Fl symmetrical fission. Important characteristics of the two
humped barrier: first and second minima, Em1, Em2, first and second barrier height, B1, B2, and
the two turning points, xi, xexit.

have to study the dynamics of fission process, in which one have not only the deformation energy
Edef but also the nuclear inertia tensor B.

Within WKB (Wentzel–Kramers–Brillouin) quasiclassical approximation the half-life of a parent
nucleus AZ against the split into a light fragment A2Z2 and a heavy fragment A1Z1 is given by

T = [(h ln 2)/(2Ev)]exp(Kov +Ks) (2)

where the action integral is expressed as

K =
2
√
2m

h̄

∫ Rb

Ra

{[(B(R)/m)][Edef (R)− Edef(Ra)]}1/2dR (3)

with B = the cranking inertia, K = Kov+Ks, and the E(R) = Edef potential energy of deforma-
tion. Ra and Rb are the turning points of the WKB integral where Edef = Edef (Ra) = Edef (Rb).
The two terms of the action integral K, correspond to the overlapping (Kov) and separated (Ks)
fragments.

The least action trajectory is the one along which the action integral has a minimum value. We
studied two kinds of parametrization of 286Fl nucleus: 1) twodimensional (R, η) with R separation
distance of the fragments and η = (A1 − A2)/A the mass asymmetry. In this case the radius

of the light fragment R2 decreases exponentially towards the final value R2f = 1.16A
1/3
2 and 2)

onedimensional, in which R2 = R2f = constant.

According to the cranking model, introduced by Inglis, the components Bij of the inertia tensor
ar given by

Bij = 2h̄2
∑

νµ

〈ν|∂H/∂βi|µ〉〈µ|∂H/∂βj|ν〉
(Eν + Eµ)3

(uνvµ + uµvν)
2 (4)

where H is the single-particle Hamiltonian allowing to determine the energy levels and the wave
functions |ν〉, uν , vν are the BCS occupation probabilities, Eν is the quasiparticle energy and βi, βj

are the independent shape coordinates. Again we follow the procedure for proton and neutron
levels and the final result is obtained by adding the two contributions. For two independent shape
coordinates we have

B(R) = BRR(R,R2) + 2BRR2

dR2

dR
+BR2R2

(

dR2

dR

)2

= B11 +B12 +B22 (5)

where B11 = BRR, B12 = 2BRR2

dR2

dR
, B22 = BR2R2

(

dR2

dR

)2

.

Calculating the cranking inertia tensor

An example of variation with x = (R − Ri)/(Rt − Ri) and η is given in figure 3. For only one
deformation parameter, R, B(R) = BRR(R).
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Figure 3: Decimal logarithm of inertia tensor, log10(B/m), for fission of 286Fl.

A comparison between nuclear inertia for two kinds of shape parametrization is given in figure 4.
There are very large values of inertia when R2 decreases exponentially. At the peak we compare
B/m = 13000 with 2000.

Least action trajectory

As input data in the FORTRAN minimization programme we use a matrix with 61 rows for every
one of the 24 mass asymmetries. In every row we give the following quantities R,R2, Edef , BRR, BR2R,
BR2R2, x, η.

For the most probable mass assymetry 0.0870 or 0.0430 we found necessary quite large zero point
vibration energies Ev = 4.2678, 4.3774 MeV in order to reproduce experimental half-lives.

Much smaller values of Ev (1.3370, 1.4052, 1.4544, 1.5438, 2.0780 MeV) are needed when R2 = con-
stant for fission of 286Fl with light fragments 132Sn, 130Te, 134Sn, 134Te and 136Xe, respectively.

Half-lives against spontaneous fission of already measured nuclei 282,284Cn si 286Fl

The experimental values are log10 T
exp
f (s) = −0.523,−3.086,−0.980 for 286Fl and 282,284Cn re-

spectively. Other calculation examples may be also found [2, 3, 4, 5, 6, 7, 8]. The results are,
generally speaking, very different from the experimental ones. Previously [9, 10] we reported
calculations for 282,284Cn. We realized that the Werner-Wheeler inertia tensor [9] is too small,
and the cranking inertia [10] is more realistic.

An exponential variation similar with cranking inertia allowed us to reproduce the experimental
half-life for 284Cn with a parameter Ev = 0.5 MeV [9]. For 282Cn we used cranking inertia; in this
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Figure 4: Cranking inertia for symmetrical fission of 286Fl within parametrization with variable
R2 (BOTTOM) and for fission of 286Fl with light fragment 132Sn for R2 = constant (TOP).
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case log10 T
exp
f (s) = −0.523 was reproduced by using Ev = 0.4368, 0.60289, 1.9662 MeV for light

fragments 130Pd, 134Cd and 132Sn, respectively.

In conclusion, with our method of calculating the spontaneous fission half-life including macroscopic-
microscopic method for deformation energy based on asymmetric two-center shell model, and the
cranking inertia for the dynamical part, we may find a sequence of several trajectories one of
which gives the least action. The shape parametrization with one deformation coordinate (R)
and R2 =constant is more suitable to describe the fission process of SHs in comparison with that
of two deformation coordinates (R, η) in which at a given mass asymmetry, η, the radius of the
light fragment, R2, decreases exponentially toward the final value R2f which remainds us about
the alpha or cluster preformation at the nuclear surface [11, 12].
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Citations, Hirsch index, i10 index, factor G
With more than 144 citation in 2015 we had in November 2015 3184 citations by others, H=29, i10=50,
G=53.

In 2015 I found 4 PhD thesis citing my works hence until now I know about 43 such PhD thesis. Link to my
Google Scholar Profile http://scholar.google.com/citations?hl=ro&user=SH1MaoIAAAAJ Link to Ghergh-
escu’s Scholar Profile http://scholar.google.ro/citations?user=4ckbd0gAAAAJ&hl=en
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